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"TN prepaiiiio' tliii work tKo aim ha'5 been to iuriush ju'.t so nm h 
o£ Tiigoaometry as is actually taught in oui best school'; ami 
colleges Conaequentlj , all investigations that aie importaiit oiilv 
for the special "diudent have been omitted, except the development of 
functions in series The piinciplea h-xve been unfolded with the 
utmost brevity consistent with simflicity and cleirnees, and intei- 
esting problems have been selected with a view to awoken a real 
love for the study Mut-h time and laboi have been spent in di-visiug 
the simplest proofs for the propositions, and in exhibiting the best 
methods of arranging the logarithmic work. 

The object of the work on Surveying is to present this subject in a 
clear and intelligible way, according to the beat methods in actual 
use ; and also to present it in so small a compass that students in 
general may find the time to acquire a competent knowledge of this 
very interesting and important study. 

The author is under particular obligation for assistance to G. A. 
Hill, A.M., of Cambridge, Mass., to Prof. James L. Patterson, of 
Schenectady, N.T., to Dr. F. N. Cole, of Ann Arbor, Mich., and to 
Prof. S. F. Non-is, of Baltimore, Md. 

G. A. WEWTWOKTH. 
Exeter, N.H., July, 1895 
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PLAICE TRIGONOMETEY. 



CHAPTER I. 

TRIGONOMETRIC FUNCTIONS OF ACUTE 
ANGLES. 

§ 1, Anguiak Measuke. 

As lengths are measured in terms of various conventional 
units, as the foot, meter, etc., so different units for measuring 
angles are employed, or have been proposed. 

In the common or sexagesimal system the circumference of 
a circle ia divided into 360 ecLual parts. The angle at the 
centre subtended by each of these parts is taken as the unit 
angle and is called a degree. The degree is subdivided into 
60 minutes, and the minute into 60 seconds. A right angle is 
equal to 90 d 



le sexagesimal system waa Invented, by the early Baljy Ionian 
a conformity with their year of 360 days. 

In the cireular system an arc of a circle is laid of£ equal in 
length to the radius. The angle at the centre subtended by 
this are is taken as the unit angle and is called a radian. 

The number of radians in 360° is equal to the number 
of times the lengtli of the radius is contained in the cir- 
cumference. It is proved in Geometry that this number is 
2;r(7r^=3.1416) for all circles; therefore the radian is the 
same angle in all circles. 
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2 TKIGONOMETEY. 

Since the eireumferenee of a circle is 2 ir times the radius, 

27r radians;^ SCO", and jr radians ;^ 180" ; 

1 R(i° 1 R(i° 

Therefore, 1 radian = = ;-— — — = 57''17'45" 

TT ^.1416 

and 

By the last two ecLuations the measure of an angle can be 
changed from radians to degrees or from degrees to radians. 
Thus, 2 radians = 2 X — = 2 X (57° 17' 45") ^ 114° 35' 30". 

Note. The circular system came into use early in tlie last century. 
It is found more convenient in tlie liigtor mathematics, where the radians 
are simply expressed as numbers. Thus the angle tt means jt randiauB, 
and the angle S means S radians. 

On the introduction of the metric system of weights and measures at 
the close of the last century, it was proposed to divide the right angle into 
100 equal parts called grades, which were to be taken as units. The 
grade was subdivided into 100 miniries and the minute into 100 seconds. 
This French or centesinuU system, however, never came into actual use. 

Exercise I. 
[Assume )r = 8.1416.] 

1. Eeduee the following angles to circular measure, express- 
ing the results as fractions of x, 60°, 45°, 150°, 195°, 11° 15', 
123° 45', 37° 30'. 

2. How many degrees are there in - tt radians '^ i'^ radians ? 

o 16 15 

3. What decimal part of a radian is 1° ? 1'? 

4. How many seconds in a radian ? 
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TRIGONOMETRIC FUrTCTIONS, 3 

■ 5. Express in radians one of the interior angles of a regular 
octagon ; dodecagon. 

6. On a circle of 50 ft. radius an are of 10 ft. is laid off ; 
how many degrees does the arc subtend at the centre ? 

7. The earth's equatorial radius is approximately 3963 
miles. If two points on the equator are 1000 miles apart, 
what is their difference in longitude ? 

8. If the difference in longitude of two points on the equator 
is 1°, what is the distance between them in miles ? 

9. What is the radius of a circle, if an arc of 1 foot sub- 
tends an angle of 1° at the centre ? 

10. In how many hours is a point on the equator carried 
by the earth's rotation through a distance equal to the earth's 
radius ? 

11. The minute hand of a clock is 3^ ft. long ; how far 
does its extremity move in 25 minutes ? [Take ir — \^,] 

12. A wheel makes 15 revolutions a second; how long 
does it take to turn through 4 radians ? [Take tt = ^.'] 

§ 2. The Trigonometric Functions. 

The sides and angles of a plane triangle are so related that 
any three given parts, provided at least one of them is a side, 
determine the shape and the size of the triangle. 

Geometry shows how, from three such parts, to construct 
the triangle and find the values of the unknown parts. 

Trigonometry shows how to compute the unknown parts of 
a triangle from the numerical valu f th g n parts. 

Geometry shows in a general way that th sides and 
angles of a triangle are mutually d penl n T igonometry 
begins by showing the exact natu f tl s d pendence in 
the riffht triangle, and for this pu pose employ the ratios 
of its sides. 
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Let MAN (Fig. 1) be 




acute angle. If from any points 

B, D, F, in one of its sides 

perpendiculars BC, DB, FG, 

are let fall to the other side, then 
the right triangles ABC, ADS, 

AFG, thus formed have the 

angle A common, and are there- 
fore mutually equiangular and 
similar. Hence, the ratios of 
their corresponding sides, pair by 



pair, are equal. That 



AC_AB^AG AC^AF^AG 
AB AD AF' BC~ DF FG' 

These ratios, therefore, remain unchanged so long as the angle 
A remains unchanged. 

Hence, for every value of an acute angle A there are certain 
numbers that express the values of the ratios of the sides in 
all right triangles that have this acute angle A. 

There are altogether six different ratios : 

I. The ratio of the opposite leg to the, hypotenuse is called 
the iSine of A, and is written sin A. 

II. The ratio of the adjacent leg to the hypotenuse is called 
the Cosine of A, and written cos A. 

III. The ratio of the opposite leg to the adjacent leg is 
called the Tangent of A, and written tan A. 

IV. The ratio of the adjacent leg to the opposite leg ia 
called the Cotangent of A, and written cot A. 

V. The ratio of the hypotenuse to the adjacent leg ia called 
the Secant of A, and written sec A. 

VI. The ratio of the hypotenuse to the opposite leg is called 
the Cosecant of A, and written cso A. 

These six ratios are called the Trigonometric Functions of 
the angle A 
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To these six ratios are often a^Scled the two following fune- 
tioQS, which also depend only on the angle A : 

VII. The versed sine of .4 ia 1 — cos A and is written vers A. 

VIII. The eoversed sine at A is X—amA and is written 



In the right triangle ABC (Fig. 
2) let a, h, c denote the lengths of 
the sides opposite to the acute an- 
gles A, B, and the right angle G, 
respectively, these lengths being all 
expressed in terms of a common 
unit. Then, 




opposite leg 
liypotenuse ' 



hypotenuse 
"adjacent leg' 



hypotenuse ' 

adjacent leg 
~ opposite leg' 

_ hypotenuse 



covers ^=1 — ■- 



1. What are the functions of the other acute angle B of 
the triangle ABC (Fig. 2) ? 

2. If ^ + i? ^90", prove 



cos A = sin B, 
tan A =^ cot S, 
cot^=tan£, 



sec A = CEC B, 
cse A = see B, 
vers A ^= covers B, 
covers A ^vers B. 
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3. Find the ralues of the functions of A, if a, b, e respec- 
tively have the following values : 

(i.) 3, 4, 5. (iii.) 8, 15, 17. (v.) 3.9, 8, 8.9, 
(ii.) 5, 12, 13. (iv.) 9, 40, 41. (vi.) 1.19, 1.20, 1,69, 

4. What condition must be fulfilled by the lengths of the 
three lines a, b, c (Fig. 2) in order to make them the sides of 
a right triangle ? Is this condition fulfilled iu Example 3 ? 

5. Find the values of the functions of A, if a, b, c respec- 
tively have the following values : 



(i.) 2mn, w? — w', 






(iii.) pqr, qvs, rsp. 



6. Prove that the values of a, b, c, in (i.) and (ii.). Example 
5, satisfy the condition necessary to make tbem the sides of 
a, right triangle. 

7. What ecLuations of condition must be satisfied by the 
values of a, b, o, in (iii.) and (iv.), Example 5, in order that 
the values may represent the sides of a right triangle ? 

Compute the functions of A and B when, 

8. a = 2i,b = U3. 11. a^V y+g', b=V2^. 

9. a -^0,264, c^ 0.265. 12. a=^ p^-\-pq, c=p-\-q. 
10. 5 = 9.5, e^l9.3. 13. 5 = 2 V^, G=p-\-q. 

Compute the functions of A when, 

14. a=2b. 16. o: + i = |e. 

15. «=tc. 17. «-5 = |. 

18. Find a if sin ^ = | and c = 20,5. 

19. Find & if cos 4 = 0.44 and c = 3,5. 

20. Findaif tan4=J3L and5 — 2^. 
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21. FindSif cot^ = 4 and a = 17. 

22. Find c if sec J = 2 and 6 = 20. 

23. mndeif csc^ = 6.4fiaiida.=36,6. 

Construct a right triangle r given, 

24. c = 6, tan^ = f. 26. 6 = 2, sin ^ = 0.6. 

25. a^3.5, cos-4 = f 27. 6=4, csc^ = 4. 

28. In a right triangle, c = 2. 5 miles, sinj4 = 0.6, cos j4^= 
0.8 ; compute the legs. 

29. Construct (with a protractor) the A 20°, 40°, and 70° ; 
determine their functions by measuring the necessary lines, 
and compare the values obtained in this way with the more 
correct values given in the following table ; 



20» 
40* 

70- 


«. 


„. 


(on 


cnt 


... 


... 


0.342 
0.643 
0.940 


0.940 
0.766 
0.342 


0.364 
0,839 
2.747 


2.747 
1.192 
0.364 


1.064 
1.305 
2.924 


2.924 
1.556 
1.064 



30. Find, by means of the above table, the legs of a right 
triangle if -4 = 20°, c~\; also if ^ = 20°, c = 4. 

31. In a right triangle, given a^3 and 0=^5; find the 
hypotenuse of a similar triangle in which a ^240,000 miles. 

32. By dividing the length of a vertical rod by the length 
of its horizontal shadow, the tangent of the angle of elevation 
of the sun at the time of observation was found to be 0.82. 
How high is a tower, if the length of its horizontal shadow at 
the same time is 174.3 yards ? 

§ 3. Representation of the Functions bt Lines. 

The functions of an angle, being ratios, are numbers ; but 
we may represent them by lines if we first choose a unit of 
length, and then construct right triangles, such that the 
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S TBIGONOMETBT. 

denomiuators of the ratios shall he equal to tliis unit. The 
most convenient way to do this is as follows : 

^ ^ Abont a point O (Tig. 3) as 

a centre, with a radius equal to 
one unit of length, describe a 
circle and draw two diameters 
AA' and BB' perpendicular to 
each other. 

The circle with radius equal 
to 1 is called a unit circle, AA' 
the harisontal, and BB' the 
vertical diameter. 
^"^■^- Let.iOPbe an acute angle, 

and let its value (in degrees, etc.) be denoted by x. We may 
regard the Z « as generated by a radius OF that revolves 
about from the position OA to the position shown in the 
figure ; viewed in this way, OB is called the moving radius. 

Draw BM _L to OA, FN _L OB. In the i-t. A OFM the 
hypotenuse OP — 1; therefore, sin.a: = Pilf; cosa;— OJf. 

Since FM is equal to ON, and ON is the projection of OP 
on SB', and since OM is the projection of OF on AA', there- 
fore, in a unit eircle, 

sin X =^ proiection of moving radius on vertical diameter ; 

cos a; =^ projection of moving radius on horizontal diameter. 

Through A and B draw tangents to the circle meeting OF, 

produced in T and S, respectively ; then, in the rt. A OAT, 

the leg OA = 1, and in the rt. A OBS, the leg OB = 1; while 

the Z OSB = Z.x. Therefore, 

tana! = ^2'; cota; — S^; Tersa; = ^J!f; 

sec X = OT ; CSC a: = OiS ; covers x = BN. 



These eight liim values (as they may be termed) of the 
functions are all expressed in terms of the radius of the circle 
as a unit : and it is clear that as the angle varies in value the 
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line values of the functions ■will always remain equal numer- 
ically to the ratio values. Hence, in studying the changes in 
the functions as the angle is supposed to vary, we may employ 
the simpler line values instead of the ratio values. 

EXEBCISR III. 

1. Represent by lines the functions of a larger angle than 
that shown in Fig. 3- 

If X is an aeute angle, show that 

2. sino! is less than tanic. 

3. seca; is greater than tana;. 

4. csciC is greater than cota;. 
Construct the angle x if, 

5. tanx=:3. 7. eosa;=-^. 9. sin a; = 2 COS a;. 

6. csca! = 2. 8. sina;^=C03rB. 10. 4sina; = tana;. 
'11. Show that the sine of an angle is equal to one-half the 

chord of twice the angle. 

12. Find x if sina; is equal to one-half the side of a regular 
inscribed decagon. 

13. Given x and y, x-\-y being less than 90"; construct 
the value of sin (x-\-y) — sin x. 

14. G-iven x and y, x-\-y being less than 90"; construct 
the value of tan (x-\-y')—- sin (x~\-y)-\- tana; — sin a;. 

Given an angle x ; construct an angle y such that, 
15; sini/=^2sina;. 17. tany^:3taniC. 

16. cos)/ = ^cosa:. 18. secy^^esea;. 

19. Show by construction that 2 sin .4 > sin 2 A. 

20. Given two angles jI andj5, A-\-B being less than 90°; 
shoT that sin (^ + ^) < (sin A -{- sin B). 

21. Given sin a; in a unit circle; find the length of a line 
corresponding in position to sin x in a circle whose radius is r, 

22. In a right triangle, given the hypotenuse o, and also 
Bin.<^ = m, oos.^^n; find the legs. 
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S 4. Changes in the junctions as the Angle Changes. 
If we suppose the ^ AOP, or x (Fig. 4) to increase gradu- 
ally hy the revolution of tha moving radius OP about 0, 
the point P will move along the arc 
T" AB towards B, T will move along 

the tangent AT away from A, S wQl 
move along the tangent B3 towards 
B, and M will move along the radius 
OA towards 0. 

Hence, the lines PM, AT, OT will 
gradually increase in length, and the 
lines OM, BS, OS wiU gradually 
decrease. That is, 

As an acvie angle increases, its 
sine, tangent, and seeant also increase, 
while Ha cosine, cotangent, ami cose- 
cant decrease. 
On the other hand, if we suppose x to decrease gradually, 
the reverse changes in its functions will occur. 

If we suppose x to decrease to 0°, OP will coincide with OA 
and be parallel to ^iS". Therefore, PM and AT will vanish, 
OM will become equal to OA, while BS and OS will each be 
infinitely long, and be represented in value by the symbol go. 
And if we suppose x to increase to 90°, OP will coincide 
with OB and be parallel to AT. Therefore, PManA OS will 
each be equal to OB, OM and BS will vanish, while AT and 
OT will each be infinite in length. 
Hence, as the angle x increases from 0" to 90°, 
sinx increases from to 1, 
COS a; decreases from 1 to 0, 
tana; increases from to oo, 
cota; decreases from cc to 0, 
secx increases from 1 to oo, 
CSC a: decreases from oo to 1. 
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The values of tlie functions of 0° and of 90° ate the KinifAny 
values of the functions of an acute angle. It is evident that 
(disregarding the limiting values), 

Sines and cosines are always less than 1; 

Secants and cosecants are always greater than 1; 

Tangents and cotangents have all values between and od. 

Eemakk. We are now able to understand wliy the sine, cosine, etc., 
of an angle are called ^ncfions of the angle. By a/unctiore of any mag- 
nitude is meant another magnitude which remains the same so long as 
the first magnitude remains the same, but changes in value for every 
change in the value of the lirst magnitude. This, as we now see, is the 
relation iu wliioli the sine, cosine, etc., of an angle stand to the angle. 

§ 5. Functions of CoMriEMENTAEv Angles. 

The general form of two complementary angles is A and 
90- -A 

In the rt. A ABC (Fig. 5), 
^ + £ — 90°; hence 5 ^90°— A 

Therefore (§ 2), 

sin A = ao^B = cos (90" — A), 

cos A^&a\B=^ sin (90'' — A), 

tan ^ = cot £ = cot (90° — A), 

cot A = tsM.B = tan (90° — A), 

sec ^ = esc ^ = cso (90° — A), ^'^- ^■ 

CSC ^ = sec .B = sec (90° — A), 

Therefore, 

&<.ch function of an aeuie angle is equal to the co-named 
function of the complem&ntary angle. 

Note. Cosine, cotangent, and cosecant are sometimes called co- 
functions ; the words are simply abbreviated forms of complement's sine, 
complement's tangent, and complement's secant. 

Hence, also, 

Any function of an angle between 45° and 90° may he found 
by takintf the co-named function of the complem&ntary angle 
between 0° and 46°. 
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Exercise IV, 



) the following functions as functions of the 
complemectary angle : 

sin 30°. tan 89°. esc 18° 10'. cot 82" 19'. 

cos 45°. cot 15°. cos 37° 24'. cse 54° 46'. 

2. Express the following functions as functions of an 
angle less than 45°: 

sin 60°. tan 57'. esc 69° 2', cot 89° 59'. 

cos 75°. cot 84°. COS 85° 39'. ese46°l'. 

3. Given tan 30° = J VS ; find cot 60°. 

4. Given tan A ^= cot A ; find A. 

5. Given cos ^ =^ sin 2 ^ ; find A. 

6. Given sin A = cos 2 A ; find A. 

7. Given cos A = sin (45° — ^A); find A. 

8. Given cot |: ^ =; tan A ; find A. 

9. Given tan (45° + ^) — cot ^ ; find A. 

10. Find J: if sin ^ = cos 4^. 

11. Find A if cot ^ ^ tan 8 ^. 

12. Fiad.4if ^ot^ = tanwA 

§ 6. Relations of the Functions of an Angle. 
rormula [1]. Since (Fig, 5) «.^ + i^— c^, therefore, 



©^G> 



Therefore (§ 2), (sin Af + (cos Ay = 1 ; 
or, as usually written for convenience, 

sin^A + cos'A^l. [1] 

That is : The sum of the squares of the sine and the cosine of 
an angle is equal to unity. 
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Formula [1] enables us to find the cosine of an angle when 
the sine is known, and vice versa. The values of sin A and 
of eoa A deduced from [1] are : 



sin^ = 


= Vl-cos% cos^ = Vl- 


- sin^A. 


Formula [3]. 


Since 




lerefore (§ 2), 


tanA-^- 





That is : The tangent of an angle is equal to the sine divided 
by the cosine. 

Formula [2] enables us to find the tangent of an angle 
when the sine and the cosine are known. 



Formula [3]. Since 



therefore (| 2), sin A X cse A =^ 1 1 

cOBAX8ecA=l V [3] 

tan A X cot A = 1 J 

That is ; The sine and the cosecant of an angle, the cosine 
and secant,, and the tangent and cotangent, pair by pair, are 



The eq^uations in [3] enable us to find an unknown func- 
tion contained in any pair of these reciprocals when the other 
function in this pair is known. 
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14 TKIGONOMBTET, 

EXEECISE V. 

1. Prove Formulas [1] - [3], using for the functions the 
line values in the unit circle given in § 3. 

Prove that 

2. 1 + tan'^A = sec^A. 

3. 1 + cot^A = csc^A. 

KOTE. — Equations 2 and 3 sliould bo remembered. 

__cos^ 
sin^ 

5. sin A setiA = tan A. 

6. sin ^ cot -4^ COB A 

7. coa.^ CBG.4 = cotJ. 

8. tan-4 cos-4 = BinX 

9. ein^i sec^ cotji = l. 

10. cos^ CSCj4 tan^ — 1. 

11. (1— sin=^)ta!iM = sin''A 

12. Vl — cos"^ cotJI = CosJ. 

13. (1 + tanU) sin*-i = tan=-i. 

14. ese^^(l — sin^^) = cot*<4. 

15. tan^^ cos'A + cos''^ — 1. 

16. (sin^^ — eos^^)^ = l — i sitv'A cos'A 

17. (1 — tan'-4)^ = sec^J — 4 tan''^. 

^c, sin^ , cos^ , , 

18. 7 + -^ — T=Eeo-4cscA 

cos.d sin.4 

19. sin*^ — 003^-4 = ein'^ — cos^^. 

20. sec^ — coa^=!ein-4 tan-4. 

21. CSC ^ — sin j4 = cos .4 cot^i. 

cos-^ _ l-|-sin.i ^ 
1 — sin.4 cos.4 
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§ 7. Application op Fokmulas [1]-[3]. 

formulas [1], [2], and [3] enable us, when any one func- 
tion of an angle is given, to find all tlie others. A given value 
of any one function, therefore, determines all the others. 

Example L Given sin^=J; find the other functions. 

By [1], cos ^= Vl^= V|=i Vs. 

Ey[2], tan^^|^iV5 = |x^ = -'' 



By [3], cot A — 



V5 Vs 
V5 _ ,_ 3 _ ,_3 



Example 2. Given tan A^^S; find the other functions. 

By [2], SLA 3. 

•''--" coa A 

And by [1], sin'.^ + cosU = 1. 

If we solve these equations (regarding sin A and coa A a; 
two unknown quantities), we find that, 

sin -i = 3 VT , cos ^ = V^r ■ 
Then by [3], cot ^ = i, sec^ = Vio, cac^^jVlO. 
Example 3. Given secA^^m; find the other functions. 
By [3], cos^ = ^- 

By[l], sin^ = Vl-~^ = V^^^^^^^^^- 

By [2], [3], tan ^ = Vm= — 1, cot A ^ 



"V^^^^' 
^ 
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Exercise VI. 
Find the values of the other functions, when 

1. sin^=:^^. 5. tanyf — ^. 9. ese -4= V2. 

2. sill ^ = 0.8. 6. cot^ = i. 10. siii^ = m. 



13. Given tan 45° = 1 ; find the other functions of 45°. 

14. Given sin 30° = J; find the other functions of 30°. 

15. Given cse 60° =^| V3; find the other functions of 60°. 

16. Given tan 15°— 2— VS; find the other functions of 15°. 

17. Given cot 22°30'= V2+1; find the other functions 
of 22° 30'. 

18. Given sin 0°=0; find the other functions of 0°. 

19. Given sin 90° = li find the other functions of 90°. 

20. Given tan 90° = od ; find the other functions of 90°. 

21. Express the values of all the other functions in terms 
of sin A. 

22. Express the values of all the other functions in terms 
of cos A. 

23. Express the values of all the other functions in terms 
of tan A. 

24. Express the values of all the other functions in terms 
of cot A. 

25. Given 2 sin ^ = cos A ; find sin A and cos A. 

26. Given 4 sin ^ ^ tan A ; find sin A and tan A. 

27. If sin ^ : cos ^ = 9 : 40, find sin A and cos A. 

28. Transform the quantity tanM + cofj4 — sin'-4 — cos'-i 
into a form containing only cos A. 

29. Prove that sin A + cos ^ =; (1 + tan ^1) ooa A. 

30. Prove that tan A -\- cot A ^ see A X esc A. 
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§ 8. Functions of 45°. 

Let AJiO (Fig. 6) be an isosceles right triangle, in whicli 
the length of the hypotenuse AB is 
equal to 1; then AC is equal to £C, 
and the angle A is equal to 45°. 
Since AC^ + BC^ — 1^ therefore 
2 AC' = 1, and AC = Vi = iV2. 
Therefore (S 2), 

sin 45° = cos 45° — ^ V2. 

tan 45° = eot45'' = 1. 

see 45° = esc 45° ^ V2. 




wVa 



§ 9. Functions 



!0° AND 60°. 



Let ABC he an equilateral triangle, in which the length of 
each side is equal to 1; and let CD bisect the angle C. Then 
CD is perpendicular to A£ and bisects AB ; hence, AD ^ ^, 
and CD = Vl — 1 = Vj = i Vs. 

In the right triangle ADC, the angle ACD = dQ°, and the 
angle CAB ~ 60°. Whence (§ 2), 



sin 30° = cos 60° = 4-. 


J 


cos 30° = sin 60° = ^ VS. / 


\ 


tan30° = cot 60° = ^ = ^ VS. / 


S5 \l 


cot 30° = tan 60° ^ VS. / 


S \ 


sec 30° = CSC 60°^-^^! Vs. / 


\ 



The results for sine and cosine of 30°, 45°, and 60° may he 
easily remembered by arranging them in the following form : 
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CKIGONOMETKY. 




Angle 


30° 


45° 


60° 


^Vl-0.5 


Sine 


Wi 


i-J-2 


iV3 


^V2 = 0,70711 


Cosine . . . 


iV3 


iV5 


Wi 


J V3 = 0.86603 


Exercise VII. 




Solve the following equations : 




1. 2 cos a; = see a;. 7. 3 tan^^ic — 3ec'iB = ]. 


2. 4 Bin « = CSC a;. S. tan 


ic + cot ic = 2. 


3. tana! =2 sin a;. 9. sin= 


« — Goa x = i. 


4. sec »! = V2 tan x. 10. tan= 


x-aec x^l. 


5. sin^a! = 3cos'a:. 11. sin 


a! + V3cosa: = 2. 


6. 2sin'a: + cos=« = f. 12. tan'' 


a: + CBC=a! — 3. 


13. 2cos a;-Fsec x = 3. 




14. coa'rc — sin'a; = sina: 




15. 2 sin a; + cot a; ^ 1 + 


2 COS X. 


16. sin^« + tan=a!^3co 


^x. 




17. taa a; + 2 cot a; = f cse x. 



Note. Wentworth & Hill's Five-place trigonometric and logatithmio 
tables have full explanations, and directions for using them. Before pro- 
ceeding to Chapter II. the student should learn, how to use these tables. 

Table VI. is to be used in solutions without logarithms. This four- 
place table contains the natural functions of angles at intervals of 1'. 
The decimal point must be inserted before each value given, except 
where it appears in the values of the table. 
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CHAPTER ri. 
THE BIGHT TRIANGLE. 

§ 10. The Gitbn Paets. 

In order to solve a right triangle, two parts besides the 
right angle must be given, one of them at least being a side. 
The two given parts may be : 

I. An acute angle and the hypotenuse. 
II. An acute angle and the opposite leg. 

III. An acute angle and the adjacent leg. 

IV, The hypotenuse and a leg. 
V. The two legs. 



§ 11. Solution without Logarithms. 

The following examples illustrate the process of solution 
when logarithms are not employed. 



Case I. 




eiven A = tS' 17', e = 26 ; find B, a, h. 




1. 2! = 90- -^ = 46" 43'. 


y 


2. ^^siii J; .-.e^csin^. 


X 


3. -^a,sA; .-.b^cmA. .A 
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= 0.6856 




cos 


A^ 0,7280 


41136 






c= 26 
43680 


13712 
= 17.8256 






14560 
I = 18.9280 




Case II. 




4 = 13" 58', 


= 15.2 


find B, h 


c. 




1. i; = 90'' — ^ = 76=2'. 

2, -^cotjl: .\li^aQ.otA. 



cot^= 4.0207 






o= 15.2, sin J = 0.2414 


«= 16.2 






0.2414)15,200(62.9 


80414 






14 484 


201035 






7160 


40207 






4828 


4 = 61.11464 






= 62.9 2332 




Cash III. 


iven^ = 27°12', i = 


= 31 


fi 


nd B, a, c. 




1. 5 = 00"- ^^62' 48'. 

2. y^=tan-d; .-.a^iiBja A. 

3. ^ = B0SJ- .-.,= ' 
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tan -4^ 0.5139 

b= 31 

51S9 

15417 

« = 15.9309 



&^ 31, cos ^ = 0.8894 
0.8894)31.000 (34.8 



= 47, c^CS; find^^, 6. 



1. sin ^ = 5. 


y 


2. _Z? = 90°-J. /^ ' 


a h — \h? — ^^~\l(^. — d\ir.A-n^. ./ 


= 47, « = 63 


c-\-a= 110 


63)47.0(0.7460 
441 
2 90 


c-a^ 16 
660 
110 


2 52 


^.^^1760 


8111.4 = 0.7460 380 
.■..4^48°13' 378 


b = V1760 
= 41.95 


£ = 41-46' 2 




Case V. 


Given a = 121, t = 37 ; find A, B, e. 


1. tan.4=^- y^ 


2. .B = 90°-X X 


3. o=V»- + 4'. 


.,/ „ 
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= 121, 6 = 37. 

37) 121 (3.2703 



tan ^ = 3.2703 200 
.-,^^73" 259 




§ 12. Genekal Method of Solving the Right Triangle. 

l^om these five cases it appears that the general method of 
finding an unknown part in a right triangle is as follows : 

Choose from the equation A~\- B=^ 90°, and the equations that 
define the functions of the angles, an equation in which the 
required part only is unknown ; solve this equation, if neces- 
sary, to find the value of the tmknovm part ; then compute the 
value. 

Note. In Case IV.,if thegiyensides (here a and c)8re nearly alike in 
value, then. A is near 00°, and its ralue cannot he accurately foand from 
the tables, because tlie sines of large angles differ little in Talue (as is 
evident from Yig. i). In this case it is better to find B first, by means of 
a formula proved later. See formula [18], 5 30; viz., 



*«=V°-Tf' 



BxwiiPtE. Given a = 19, t 
c-a-1, c + a==09. 
^^ = 0.01010 
tan -J B = 0.1005 



,-.iB = 



= 11° 28' 
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Exercise VIII. 

1. In Case II. give auothei way of finding o, after b has 
been found. 

2. In Case III. give another way of finding c, after a has 
been found. 

3. In Case IV. give another way of finding 6, after the 
angles have been found. 

4. In Case V. give another way of finding c, after the 
angles have been found. 

5. Given B and c ; find A, a, 6. 

6. Given B and h ; find A, a, c. 

7. Given B and «; find A, 5, c. 

8. Given b and e ; find A, B, a. 
Solve the following right triangles -. 



9 


GlYEB. 


BseniBED. 


a=?,. 


6 = 4. 


A - 36° 53' 


B=53°8', 


c = 5. 


10 


a =7, 


c=13. 


4 = 28° 18' 


B = 61=42', 


6 = 10.954. 


11 


a =5.3, 


A^ia'lT'. 


B = 77»48' 


6=24.342, 


= 24.918. 


12 


= 10.4 


B=43''18'. 


A = 48°42' 


6 = 9.800, 


c = 14.290. 


13 


= 26, 


^ = 37»42'. 


B = 53" 18' 


a = 15.iX)0, 


6 = 30.573. 


14 


c = 140, 


B = 34'12'. 


A = 65''48' 


« = 137.694 


6 = 67.886. 


16 


6= IS, 


c = 23. 


^ = 34=18' 


B=6&'=42', 


a = 12.961. 


16 


6 = 68, 


c = 135.2, 


A = 43=33' 


B= 40=27', 


a = 93.139. 


17 


6 = 42.4 


^ = 32=14'. 


B = 57=46' 


a = 26.733, 


c= 50.124. 


18 


6 = 200, 


JI = 46»ir. 


A = 43" 49' 


a =191.900 


c = 277.160. 


19 


a =95, 


6^37. 


A = 68" 43' 


S = 21° 17', 


c = 101,951. 


20 


a = 6, 


c = 103. 


^ = 3' 21', 


B= 86=39', 


5=102,825. 


21 


a = 3.12 


5=5" 8'. 


A = 81=52' 


6 = 0.280, 


c = 3.133 


22 


a = 17, 


c=I8. 


^ = 70" 48' 


B=19"12', 


6=5.916. 


23 


c=57. 


^ = 38=29'. 


B = 51" 31' 


a =85.471, 


6=44,620. 


24 


a+c=18. 


6=12, 


A = 23° 37' 


B = 67=23', 


a:^5, c=13. 


25 


a + 6 = 0. 


c = 8. 


^ = 82" 18' 


B=7=42', 


'6=1.073! 
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§ 13. Solution by Logakithms. 
Uask I. 
Given A = 34° 2S', c = 18.75 ; find B, a, h. 

1. B='dir~A = m''Z2\ 
"■ 2. - =siii^; .■. a=esin 

3. - =<!0S^; .'.h^^ocai, 




= log c + log sin J 
logo = 1.27300 
log sin .^= 9.75276 — 10 
loga = 1,02576 
a = 10.61 



logj ^^logC + logcos-i 
logc = 1.27300 
log cos ^= 9.91617 — 10 
logft = 1.18917 
b ~ 15.459 




Case II. 
62''10', a=78; Uml B, b, o. 

1. li = 90° -A ^21° 50'. 

2. - — cot^ ; .'. S^^acot^. 



log 6 = log a + log cot A 
loga = 1,89209 
log cot ^= 9-72262 ~ 10 
logS = 1.61471 
5 =41.182 



c sin , an c ^.^ ^ 

logc =loga+cologsin^ 

loga. = 1.89209 

cologBin^= 0.05340 
logc = 1.94549 

c =88.204 
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THE RIGHT TRIANGLE. 



Case III. 




Given A = 50° 2', 6 ^ 88 ; find B, a 


0. 


1. 5 = 90° — ^ = 39° 58'. 


y 


2. 7 ^:^taii-4; .■.a = btiinA. 
b 


'y 


3J=„,^. 


y^ 


/, 




.: b =cco3A,aMc = ^- 


. l.-to. 15. 


loga =^log5 + logtii,n^ 


logfl 


=log6-|- colog COS 


logs = 1.94448 


log 6 


= 1.94448 


logtaii^= 10.07670 — 10 


colog 


eos^^ 0.19323 


logs ^ 2.02118 


log. 


= 2.13671 


« = 105.0 




= 137.0 



Cjsi! ly. 

Given c = 58.40, ii = 47.55 ; find A, B, h. 



1. %ix\A = -- 






y 


B 


2. B = ^fi° — A. 




PK 




3. ^-cot^; .-.h^ 


«co 


^- A^ 


-^ 


O 






b 


logsiu^ = loga + cologc 




log 6 


= log a + log cot ^ 


loga =1.67715 




log. 


= 1.67715 


colog c =8.23359 — 10 




log cot A 


^ 9.85300 — 10 


log sin J = 9.91074 -10 




log^, 


= 1.53015 


^ = 54=31' 




h 


= 33.896 


.e = 35=29' 
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Casf. V. 


Given a = 40, fi = 27 ; find A, B, c. 




B 


1. tan^ = ^. 


<^/ 


a 


2. 7? 1=90° — ^. 


y^ 




3. ^=ainA 


1 y^ 


C 




h - 


■■■ *^<^sinJ; ■■■« = ^i^- 


log tan A — log 0, -\- colog h 




logo =loga-|-cologsiiiji 


Iog(f = 1.60206 




logtt = 1.00206 


colog 5 = S.5C864-10 




cologsin^= 0.08152 


logtan^ = 10.17070 — 10 


logo = 1.68368 


^ = 55° 59' 




e -48.259 


5=34'' r 









Note. In Cases IV. and V. the unknown side may also be found from 
the equations 

(for CaBe IV. ) 6 = Vc'-n^ = V(c + «)(<;- a) ; 

(for Case V.) c^V^Tft^. 

These equations express the yalues of 6 aJid c directly in terms of the 
two given aides ; and if the values of the sides are simple numbers (e.g. 5, 
12, 13), it is often easier to find 6 or c in this way. But this value of c is 
not adapted to logaritluns, and this value of 6 is not so readily worked out 
by logarithms as the value of 6 given under Case IV. See also % 12, Note. 

§ 14. Akea of the Bight Triangli!. 

It is shown in Geometry that tlie area of a triangle is eqnal 
to one-half the product of the base by the altitude. 

Therefore, if a and h denote the legs of a right triangle, 
and F the area, F^'^ah 

By means of this formula the area may always I 
when a and b are given or have been computed. 



found 
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For example : Find the area, having given ; 



Case I. (§ 13). 


Case IV. (§ 13). 


A = 34," 28', c = 18.75. 


a = 47.54, c = 58.40. 


First find (as in § 13) loga 


First find (as in § 13) loga 


and log b. 


and log 5. 


log#i=log<t + logS + colog2 


log^ = log« 4- log b + colog 2 


loga = 1.0257S 


loga =^1.67715 


logs = 1.18915 


logs =1.53025 


colog2= 9.09897 — 10 


eolog2=9.6989T — 10 


logi^= 1,91390 


Iog^ = 2.90637 


F ^82.016 


F =806.06 


EXEKC 


SE IX, 



Solve the following triangles, finding the angles to tho 
nearest minute : 



1 


Gjyen; 


IlEQIHIIJiU : 


a = 0, C=12. 


4 = 30°, S = 60°, 


6 = 10.302. 


2 


.4 = 60°, 6 = 4, 


B = 30°, c = 8, 


a = G.9282. 


3 


4=30", a = 3. 


j; = 60°' c = 6. 


6 = 5,1001, 


4 


a—i, 6=4. 


4 = B = 45°,c = 5.6588. 




5 


(( = 2, c = 2.82843. 


^ = JJ = 45=',6 = 2. 




6 


c = m, 4 = 23°30'. 


B = GG=30', a = 250.02. 


5 = 575.0. 


7 


c = 2280, 4 = 28=5'. 


B = 0r65', a = 1073.3. 


6 = 2011.0. 


8 


c = 72.15, 4 = 30''34'. 


B=50°2a', a=45,958. 


6 = 55,620. 


9 


c = l, 4 = .3G°, 


B=54°, a=0.58779, 


6 = 0.80002. 


10 


c = 200, £ = 21''47'. 


4=68''I3', a = 186,73, 


6=74.22. 


11 


c = fi3.4, B=W2y. 


4 = 13°35', a=21.93e, 


& = 90,788. 


12 


a=e37, A= 4°35'. 


B = 85°25', 6 = 7046, 


c = 7971.5. 


13 


a = 18.532,4 = 36°44'. 


B = 53°16', 6 = 65.031, 


c = 81.144. 


14 


(1 = 0.0008,4 = 80°. 


B= 4°, 6 = 0.0000559 


c = 0.000802. 


16 


6 = 50.937, 5 = 43° 48'. 


4=46»12', a = 63.il6, 


c = 73.59. 


16 


6 = 2, B= 3°38'. 


4=86°2a', a=31,497. 


c = 31.660. 
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17 


.™, 


«,,„.: 1 


a=003, B = 76'>11)'. 


^ = 18° 41' 


6 = 4074.5, 


c = 4103.6. 


18 


ffi = 73, £ = 08052'. 


A = 21= 8', 


6 = 188.80, 


c = 203.47. 


19 


a = 2.im, B=45°25'. 


A = 14° 35' 


6 = 2.2211, 


c = 3.1185. 


20 


b = 4, 4 = 37<'56'. 


B = 52°4', 


a =3. 1176, 


c = 6.0714. 


21 


= 8500, a = 447G. 


.4 =31° 24' 


£=58° 86', 


6 = 7332.8. 


22 


c=86.63, a = 71.78. 


4 = 66' 3', 


B = 33°6T, 


6=48.324. 


23 


c = 9.S5, a = 8.49. 


^=65-14' 


5 = 24° 43', 


6 = 3.917. 


24 


c = 2194, 6 = 1312.7. 


.4=63=' 15' 


B=36°46', 


a = 1768. 


26 


c=30.69, 6 = 18.256. 


^=58' 80" 


B = 86°30', 


o = 24.67. 


26 


a = 38.313, 6=19.522. 


A ^63", 


B = 27°, 


c=43. 


27 


a=1.22ei, 6 = 14.950. 


A= 4='42- 


5 = 85=18', 


c = 15. 


28 


a=415.38, 6=62.080. 


,4 = 81" 30' 


B= 8=30', 


c = 420. 


29 


<L = 1S.690, 6 = 16.S2G. 


4 = 38° 58' 


B = 5r3', 


c = 21,769. 


30 


c = 91.92, a = 2.10. 


^= P22' 


B = 88=38', 


6 = 91.894. 



Compute the unknown parts and also the area, having given : 



31. 


= 5, i = 6. 


36. 


c = 68, ^ = 69''54 


32. 


« = 0.616, » = 70. 


37. 


= 27, .8 = 44-4'. 


33. 
34, 

35. 


« = 7, A = W W. 
6 = 12, ^ = 29° 8'. 


38. 
39. 
40. 


»=47, .ff = 48°49 
J = 9, B = S4°U' 
c=8.462,B = 86°4'. 



41. Find the value of F in terms of c and A. 

42. Find the value of F in terms of a and ^. 

43. Find the value of F in terms of 5 and A. 

44. Find the value of F in terms of a and c. 

45. Given i?'=58, a = 10; solve the triangle, 

46. Given ii^= 18, 6 = 5; solve the triangle. 

47. Given J^= 12, J = 29° ; solve the triangle. 

48. Given .F=100, c = 22j solve the triangle. 

49. Find the angles of a right triangle if the hypotenuse is 
equal to three times one of the legs. 
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60. Find the legs of a right triangle if tlio hypottinnso — Ij, 
acd one angle is twice the otiier. 

51. Iq a right triangle given e, and A ^= nB; find a and b. 

52. In a right triangle the difference between the hypote- 
nuse and the greater leg is equal to the difference between 
the two legs ; find the angles. 



The angle of elevation of an object (or angle of d 
if the object is below the level of the observer) ia the angle 
which a line from the eye to the object makes with a horizon- 
tal line in the same vertical plane. 

53. At a horizontal distance of 120 feet from the foot of a 
steeple, the angle of elevation of the top was found to be 
60° 30' ; find the height of the steeple. 

54. From the top of a rock that rises vertically 326 feet out 
of the water, the angle of depression of a boat was found to be 
24° ; find the distance of the boat from the foot of the rock. 

65. How far is a monument, in a level plain, from the eye, 
if the height of the monument is 200 feet and the angle of 
elevation of the top 3° 30' ? 

66, In order to find the breadth of a river a distance AB 
is measured along the bank, the point A being directly op- 
posite a tree C on the other side. The angle jiSf? is also 
measured. If AB is 96 feet, and ABC is 21° 14' find the 
breadth of the river. 

If ABC were 45°, what would be the breadth of the rivet '! 

57. Find the angle of elevation of the sun when a tower 
a feet high casts a horizontal shadow h feet long. Find the 
angle when <s = 120, 6 = 70. 

58. How high is a tree that casts a horizontal shadow h feet 
in length when the angle of elevation of tho sun is A° ? Find 
the height of the tree when 6 = 80, J = 50°. 
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59, What is the angle of elevation of an iRclined plane if it 
rises 1 foot in a horizontal distance of 40 feet ? 

CO. A ship is sailing due north-east with a velocity of 10 
miles an hour. 'Find the rate at which she is moving due 
north, and also due east. 

61. In front of a window 20 feet high is a flower-bed 6 feet 
wide. How long must a ladder be to reach from the edge of 
the bed to the window 1 

62. A ladder 40 feet long may be so placed that it will reach 
a window 33 feet high on one side of the street, and by turn- 
ing it over without moving its foot it will reach a window 21 
feet high on the other side. Find the breadth of the street. 

63. From the top of a bill the angles of depression of two 
successive milestones, on a straight level road leading to the 
hill, are observed to be 5° and 15°. Find the height of the hill. 

64. A fort stands on a horizontal plain. The angle of 
elevation at a certain point on the plain is 30", and 0t a point 
100 feet nearer the fort it is 45°. How high is the fort ? 

65. From a certain point on the ground the angles of eleva- 
tion of the belfry of a chni-ch and of the top of the steeple 
were found to be 40° and 51° respectively. From a point 300 
feet farther oiT, on a horizontal line, the angle of elevation of 
the top of the steeple is foirnd to be 33° 45'. Find the 
distance from the belfry to the top of the steeple. 

G6. The angle of elevation of the top C of an inaccessible 
foi-t obseiwed from a point A, is 12°. At a point B, 219 feet 
from A and oo a line AB perpendicular to AC, the angle ABC 
is 61° 45'. Find the height of the fort. 
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§ 15. The Isosceles Tbiancle. 

An isosceles triangle is divided by the perpendiciilar from 
the vertex to the base into tvFO equal right triangles. 

Therefore, an isosceles triangle is determined by any two 
parts that determine one of these right triangles. 

Let the parts of an isosceles triangle ABC (Fig. 18), among 
which the altitude CD is to be in- 
cluded, be denoted as follows : 

a ^ one of the equal sides, 

e ^ the base, 

h = the altitude, 

A = one of the equal angles, 

C= the angle at the vertex. 

For example ; Given a and c ; 
quired A, C, h. 




.-. (7—180" — 2^ = 2(90° — ^). 



1. cosJ = 

2. (7+2-4 = 180"; 

3. h may be found by any one of the equations : 

T^ I 's' , k . . h , , 
ft +7-=^« ; - ^^sin^ : -;— :^taii^; 



= V(»-i-e) (" + *■'); ^ 



The area F of the triangle may be found, when a and h are 
given or have been computed, by means of the formula 
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Solve the following isosoeles triangles, finding the angles 
to the nearest second. : 

1. Given a and A ; find C, o, h. 

2. Given a and C ; find A, c, h. 

3. Given o and A ; find t7, «, A. 

4. Given a and C; find ^i, a, k. 

5. Given h and A ; find C, a-, e. 

6. Given h and (7; iind^, a, c. 

7. Given a and A ; find A, C, c. 

8. Given c and A; find -4, C, a. 

9.- Given ct = 14.3, c = ll; find^, C, A. 

10. Given a = 0.295, ^ = 68° 10'; find o, h,:F. 

11. Given e = 2.352, C=69° 49'; find », A, X 

12. Given A = 7.4847, ^ = 76° 14' i find a, g,F. 
IS. Given a = 6.71, 7;.=:6.60i finAA, C, e. 

14. Given e^ 9, A = 20; find ^, C, a. 

15. Given c = 147, F=2572.S; imAA, C, a, h. 

16. Given 7t = 16.8, i-'^ 43.68-; find^C, a, c. 

17. rind the value of F in terms of a and <!. 

18. Knd the value of F in terms of » and G. 

19. Find the value of F in terms of a and ^. 

20. Find the value of F in terms of h and C. 

21. A barn is 40 X 80 feet, the pitch of the roof is 45°; 
find the length of the rafters and the area of both sides of the 

22. In a unit circle what is the length of the chord corre- 
sponding to the angle 45° at the centre ? 

23. If the radius of a circle is 30, and the length of a chord 
is 44, find the angle at the centre. 

24. Find the radius of a circle if a cliord whose length is 
5 subtends at the centre an angle of 133°. 



y Google 



THE REGULAR POLYGON. 33 

25. What is the angle at the centre of a circle if the corre- 
sponding chord is equal to J of the ratlins ? 

26. Pind the area of a circular sector if the radius of the 
circle ^12, and the angle of the sector — 30°. 

§ 16. The Regular Polygon. 

Lines drawn from tlie centre of a regular polygon (Fig. 19) 
to the vertices are radii of the circumHcribed circle; and lines 
drawn from the centre to the middle points of the sides are 
radii of the inscribed circle. These lines divide the polygon 
into equal riglit triangles. Therefore, a regular polygon is 
determined l>y a right triangle whose sides are the radius of 
the circumscribed circle, the radius of the inscribed circle, and 
half of one side of the polygon. 

If the polygon has n sides, the angle of this right triangle 
at the centre is equal to 

1 /360°\ .. 180° 



2\ 







If, also, a side of the polygon, or one of the above-men- 
tioned radii, is given, this triangle may be solved, and the 
solution gives the unknown parts of the polygon. 
Let, 
m^^ number of sides, 
c = length of one side, 
)• = radius of circumscribed circle, 
h — radius of inscribed circle, 
ji^the perimeter, 
^=the area. 

Then, by Geometry, 
F — ikp. 
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Exercise XI. 

1. Given 91 = 10, e^l; find r, k, F. 

2. GiYenM = 12, p^70; find r, h, F. 

3. Given « = 18, ^■ = 1; find h, p, F. 

4. Given w = 20, r = 20; find h, c, F. 
6. Give!iji = 8, /(. = !; find r, e, F. 

6. GivenM = ll,^=20; find r, h, e. 

7. Given m = 7, F=7; find n h, p. 

8. rind the side of a regular decagon inscribed in a unit 
circle. 

9. Find the side of a regular decagon circumscribed about 
a unit circle. 

10. If the side of an inscribed regular hexagon is equal to 
1, find the side of an inscribed regular dodecagon. 

11. Given n and c, and let h denote the side of the inscribed 
regular polygon having 2?t sides; finds in terms of Hand o. 

12. Compute the difference between the areas of a regular 
octagon and a regular uonagon if the perimeter of each is 16. 

13. Compute the difference between the perimeters of a 
regular pentagon and a regular hexagon if the area of each is 
12. 

14. From a square whose side is equal to 1 the corners are 
cut away so that a regular octagon is left. Find the area of 
this octagon. 

- 15. Find the area of a regular pentagon if its diagonals are 
each equal to 12. 

16. The area of an inscribed regular pentagon is 33j 8; 
find the area of a regular polygon of 11 sides inseribeiJ in 
the same circle. 
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17. The perimeter of an equilateral triangle is 20; find the 
area of the inscribed circle. 

18. Tlie area of a regular polygon of 16 aides, inscribed in 
a circle, is 100; find the area of a regular polygon of 15 sides, 
inscribed in the same circle. 

19. A regular dodecagon is circumscribed about a circle, 
the circumference of which is equal to 1; iind the perimeter 
of the dodecagon. 

20. The area of a regular polygon of 26 sides is equal to 
40; find the area of the ring comprised between the circum- 
ferences of the inscribed and the circumscribed circles. 
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GONIOMETRY. 

§ 17. Definition of Gokiometry. 

In order to prepare the way for the solution of an oblique 
triangle, we now proceed to extend the definitions of the 
trigonometric functions to angles of all magnitudes, and to 
deduce certain useful relations of the functions of different 
angles. 

That branch of Trigonometry which treats of trigono- 
metric functions in general, and of their relations, is called 
Goniometry. 

§ 18. Angles of any Magnitude. 

Let the radius OP of a circle (Fig. 20) generate an angle by 

turning about the centre 0. This angle will be measured by 

the arc described by the pointP; 

and it may Lave any magnitude, 

because the are described by F 

may have any magnitude. 

Let the horizontal line OA be 

Jjl the initial position of OP, and 

let OP revolve in the direction 

shown by the arrow, or opposite 

to the way clock hands revolve. 

Let, also, the four quadrants into 

which the circle is divided by the 

horizontal and vertical diameters 

AA\ BE', bo numbered 1., II,, III., IV-, iu the direction of the 

motion. 
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During one revolution OF will form with OA all angles from 
0° to 360°, Any particular angle is said to be an angle of the 
quadrant in which OP lies; so that, 

Angles between 0° and 90° are angles of Quadrant I. 

Angles between 90° and 180° are angles of Quadrant II. 

Angles between 180° and 270° are angles of Quadrant III. 

Angles between 270° and 360° are angles of Quadrant IV. 

If OF make anotlier reyolution, it will describe all angles 
from 360° to 720°, and so on. 

If OF, instead of making another revolution in the direc- 
tion of the arrow, be supposed to revolve backwards about 0, 
this backward motion tends to undo, or cancel, the original 
forward motion. Hence, the angle thus generated must be 
regarded as a negative angle; and this negative angle may, 
obviously, have any magnitude. Thus we arrive at the con- 
ception of an angle of any magnitude, positive or negative, 

§ 19. General Definitions of toe Funotioxs. 

The definitions of the trigonometric functions may be 
extended to all angles, by making the functions of any angle 
equal to the line values in a unit circle drawn for the angle 
.in question, as explained in § 4. But the lines that represent 
the sine, cosine, tangent, and cotangent ntusf be regarded as 
negative, if they are opposite in direction to the lines that repre- 
sent the corresponding funntiims of an angle in the first quad- 
rant; and the lines that r^resent the secant and cosecant must 
be regarded as negative, if theg are opposite in direction to the 
■moving radius. 

Pigs. 21—24 show the functions drawn for an angle jiOP in 
eacli quadrant, taken in order. In constructing them, it must 
be remembered that the tangents to tbe circle are alioays 
drawn through A and B, never through A' or B'. 

Let the angle AOP be denoted by x ; then, in each figure, 
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the absolute values of the fmictions (that is, their \ 
■without regard to the signs + and — ) are as follows : 
s\-ax = MP, tanx=^2', a&ax=OT, 
Q.o&x~OM, cA>tx = BS, oBCx— OS. 




r1\ 


"^ 


B' \ 



I I/O ^ 

r\ / 




Keeping in mind the position of the points A and B, we may 
lefine in words the first four functions of the angle x thus: 
iina: =^ the vertical projection of the moving radius; 
K)sa! ^ the horizontal projection of the moving radius; 

the distance measured along a tangent to the circle 
from the beginning of the first c[uadrant to the 
moving radius produced; 
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( the distance measured along a tangent to the circle 
cotsc ^-! from the end of the first quadrant to tlie moving 

t radius produced. 
Seca; and csca; are the distances from the centre of the 
circle measured along the moving radius produced to the 
tangent and cotangent, respectively. 

§ 20. Algebkaic Signs of the Functions. 

The lengths of the lines, defined above as the functions of 
any angle, are expressed numerically in terms of the radius 
of the circle aa the unit. But, before these lengths can be 
treated as algebraic quautities, they must have the sign + or 
— prefixed, according to the condition stated in § 19. 

The reason for this condition lies in that fundamental 
relation between algebiuic and geometric magnitudesrin virtue 
of which contrary signs in Algebra correspond to opjjosite 
directions in Geometry. 

The sine MP and the tangent AT always extend from the 
horizontal diameter, but sometimes upwards and sometimes 
downwards; the cosine OM and the cotangent BS always 
extend from the vertical diameter, but sometimes towards the 
right and sometimes towards tko left. The functions of an 
angle in the first quadrant are assumed to be positive. There- 
fore, 

» 1. Sines and tangents extending from the horizontal 
: upwards, ai'e positive; doionwards, negative; 

and cotangents extending from the vertical 
diameter towards the right, are positive ; towards the left, are 
negative. 

The signs of the secant and cosecant are always made to 
agree with those of the cosine and sine, respectively. This 
agreement is secured if secants and cosecants extending from 
the centre, in the direction of the moving radius, are considered 
positive ; in the opposite direction, negative. 
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Hence, the signs of the functions lor each quadrant arc ; 

In Quadrant I, all the functions are positive. 

In Quadrant II. the sine and cosecant only are positive. 

In Quadrant III. the tangent and cotangent onlyax^ positive. 

In Quadrant IV. the cosine and secant onhj are positive. 

§ 21. ruNCTiONS OP A Variable Angle. 

Let the angle x increase continuously from 0° to 360°; 
what changes will the values of its functions undergo ? 

It is easy, by reference to Pig. 25, to trace these changes 
throughout all the quadrants. 



^ \^ M 



1. The Sine. In the first quadrant, the sine MP increases 
from to 1; in the second it remains positive, and decreases 
from 1 to 0; in the third it is negative, and increases in 
absolute value from to 1; in the fourth it is negative, and 
decreases in absolute value from 1 to 0. 
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2. The Cosine. In the first q^uadiant, the cosine OM de- 
creases from 1 to ; iu the second it becomes negative, and 
increases in absolute value from to Ij iu the tliird it is 
negative, and decreases in absolute value from 1 to ; in the 
fourth it 13 positive, and increases from to 1. 

3. The Tangent. In the first quadrant, the tangent AT 
increases from to oo ; in the second quadrant, as soon as the 
angle exceeds 90° by the smallest conceivable amount, the 
moving radius OF', prolonged in the direction opposite to that 
of OP', will cut AT at a point T' situated very far below A ; 
hence, the tangents of angles near 90° in the second quadrant 
have very large negative values. As the angle increases, the 
tangent AT' continues negative, but diminishes in absolute 
value. "When x = 180°, then 2" coincides with A, and tan ISO" 
— 0. In the third quadrant, the tangent is positive, and 
increases from to od ; in the fourth it is negative, and 
decreases in absolute value from <x to 0. 

4. The Cotangmt. In the first quadrant, the cotangent BS 
decreases from oo to 0; in the second quadrant it is negative, 
and increases in absolute value from to cc; in the third and 
fourth quadrants it has the same sign, and undergoes the same 

s in the first and second quadrants, respectively. 
The Secant. In the first quadrant, the secant OT in- 
I from 1 to o^ ; in the second it is negative (being 
measured in the direction opposite to that of OP'), and 
decreases in absolute value from co to 1; in the third it 
is negative, and increases in absolute value from 1 to (»; in 
the fourth it is positive, and decreases from oo to 1. 

6. Thd Cosecant. In tlie first quadrant, the cosecant OS 
decreases from oo to 1 ; in the second it is positive, and 
increases from 1 to oo ; in the third it is negative, and 
decreases in absolute value from oo to 1 ; in the fourth it 
is negative, and increases in absolute value from 1 to <». 
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:; values of tlie functions are aa follows ; 



Sine 


0' 

it 


00" 


180° 


370- 


360= 


1 


±0 


— 1 


±0 


Cosine 


1 


±0 


~ 1. 


± 


1 


Tangent 


± 


dz^ 


ihO 


± CO 


±0 


Cotangent .... 


±00 


±0 


tt CO 


±0 


±co 


Secanh 


1 


±^ 


— 1 


±r^ 


1 


Cosecant 


±^ 


1 


±c. 


- 1 


± rj^ 



Sines and cosines extend from +1 to —1; tangents and 
cotangents from -\- ca to — co ; secants and cosecants from 
+ 00 to + 1, and from —1 to — oo. 

In tlie table ^iyen above tlie double sign ± is placed before and a>. 
From the preceding iuvestlgation it appears lliat the functions always 
change sign in jiassing through and oo ; and tlie sign + or — prefixed 
to or 00 simply shows the direction from "which the value is reached. 

Take, for example, tan 90° ; The nearer an acute angle is to 90°, the 
greater the positive value of lis tangent ; and the nearer an obtuse angle 
is to 90°, the greater the negative value of its tangent. When the angle 
is 00°, OP (Fig. 25) is parallel to A T, and cannot meet it, But tan 90° 
may be regarded as extending either in the positive or in the negative 
direction ; and according to the view taken, it will be + co or — oo. 



§ 22. Functions ok Ang: 



: Lakgek than i 



The functions of 360° + a: are the same in sign and in 
absolute value s^ those of x ; for the moving radius has the 
same position in both cases. If re is a positive integer, 

The functions of {n X 360° + x) are the same as those ofx. 

For example: Tlie functions of 2200° (6 X 360°-!- 40°) are 
equal to the functions of 40°. 
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§ 23. Extension of Fokmulas [1]-[3] to ale Angles. 
The Formulas established for acute angles in § (> hold true 
for all angles. Thus, Formula [IJ, 

sm%-f-cos'3! = l, 
is universally true ; for, whether MP and OM (Fig- 25) are 
positive or negative, MP an d OM are always positive, and 
in each quadrant MP"- + 0M^= 0^ = 1. 

Al ron 4- ^^^^ 

Also, \2\ tan3; = - — ■> 

'- ■' cos a: 

rsin aTXcsca;=:l, 
and [3] < cos a; X sec a; ^ 1, 

Ltan a;Xcot3;:=l, 
are universally true ; for they are in liarmony with the alge- 
braic signs of the functions, given at tlie end of § 20 ; and wo 
have in each quadrant from the similar triangles OMP, OAT, 
OBS, (Fig. 25) the proportions 

AT : OA = MP: OM, 

MP: OP=OB : OS, 

OM: OP=OA : OT, 

AT : OA^OB : BS, 
which, by substituting 1 for the radius, and the right names 
for the other lines, are easily reduced to the above formulas. 
Formulas [l]-[3] enable us, from a given value of one 
function, to find the absolute values of the other five func- 
tions, and also the sign of the reciprocal function. But in 
order to determine the proper signs to be placed before the 
other four functions, we must know the quadrant to which 
the angle in question belongs ; or the sign of any one of these 
four functions ; for, by (§ 20) it will be seen that the signs 
of any two functions that are not reciprocals determine the 
quadrant to which the angle belongs. 
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Example. Given siua:^+ |, and tan a^ negative; find tlie 
values of tlie other functions. 

Sinoe sin x is positive, a: must be an angle in Quadrants I. or 
II. ; but, since tan x is negative, Quadrant I. is inadmissible. 

By [1], co3CC = ±Vl — U^ = ±g. 

Since the angle is in Quadrant II. the minus sign must be 
taken, and we have 

cosa; — — g. 
By [2] and [3], 

tana; = — f, cota; — — J, secai — — ^, esea; = |. 

Exercise XII. 

1. Construct tlie functions of an angle in Quadrant 11. 
What are their signs ? 

2. Construct the fiuictions of an angle in Quadrant III. 
What are their signs ? 

3. Construct the functions of an angle in Quadrant IV. 
What are their signs ? 

4. What are the signs of the functions of the following 
angles r 340', 239°, 145°, 400°, 700°, 1200°, 3800° ? 

5. How many angles less than 360° have the value of the 
sine equal to + ^, and in what quadrants do they lie ? 

6. How many values less than 720° can the angle x have 
if cosic — +f, and in what quadrants do they lie ? 

7. If we take into account only angles less than 180°, how 
many values can x have if sin i ^= ^ ? if cos « = | ? if cos a; = 
— I? iftana: = ^? ifcot3; = — 7? 

8. Within what limits must the angle x lie if cob x=^ — f ? 
ifcota;^4? ifseca;^80? ifcsC3; = — 3? (if a; < 360°). 

9. In what quadrant does an angle lie if sin and cosine 
are both negative ? if cosine and tangent are both negative ? 
if the cotangent is positive and tlie sine negative ? 
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10. Between 0° and 3600° how many angles are there whose 
sinea have the absolute value ^ ? Of these sines Low many 
are positive and how many negative ? 

11. In finding cos a; by means of the equation cosa:=^ 
iVl — sin'a;, when must we choose the positive sign and 
when the negative sign ? 

12. Given cos a; — — V ^ ; find the other fnnctions when 
re is an angle in Quadrant II. 

13. Given tan a; = V 3 ; find the other functions when x is 
an angle in Quadrant III. 

14. Given sec a: = + 7, and tan a; negative; find the other 
functions of x. 

15. Given cot k = — 3 ; find all the possible values of the 
other functions, 

16. . What functions of an angle of a triangle may bu nega- 
tive ? In what ease are they negative ? 

17. What functions, of an angle of a triangle determine the 
angle, and what functions fail to do so ? 

IS. Why may cot 360° be considered eqnal either to + co 

19. Obtain by means of Formulas [l]-[o] the other fnnc- 
' tions of the angles given : 

(i.) tan 90° ^00. (iii.) cot 270° =^0. 

(ii.) cos 1S0° ^ — 1. (iv.) CSC 360° = — v>. 

20. Find the values of sin 450°, tan 540°, cos 630°, cot 720°, 
sin 810°, CSC 900°. 

21. For what angle in each quadrant are the absolute values 
of the sine and cosine equal ? 

Compute the values of the following expressions : 

22. a sin 0° + 5 cos 90° — e tan 180°. 

23. a cos 90° — 6 tan 180° + o cot 90°. 

24. a sin 90° — 6 cos 360° + (a. — b) cos 180°. 
26. (a' — b^ cos 360° — ial> sin 270°. 
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§ 24. Eeduction of Functions to the Fiest Quadbant. 
In a unit circle (Fig. 26) draw two diameters PR and ^5 
equally inclined to the horizon- 
tal diameter AA', or so that the 
angles AOP, A'OQ, A'OR, and 
AOS shall be equal. From the 
points P, Q, E, S let fall perpen- 
diculars to AA' ; the four right 
triangles thus formed, with a 
common vertex at 0, are equal ; 
because they have equal hypote- 
nuses (radii of the circle) and 
equal acute angles at 0. There- 
fore, the perpendiculars PM, QN, BN, SM, are equal. Now 
these four lines are the sines of the angles AOP, AOQ, AOR, 
and AOS, respectively. Therefore, in absolute value, 




s'm AOP = &m AO Q = sm AOS =sm AOS. 
And from § 23 it follows that in absolute value the cosines 
of these angles are also equal ; and likewise the tangents, the 
cotangents, the secants, and the cosecants.* 

Hence, for every acute angle (AOP) there is an anr/le in each 
of the kiffher quadrants whose ftinctions, in absolute value, are 
equal to those of this aeiite angle. 

Het ZAOP = x, ZPOB~y; then a; + y = 90°, and the 

functions of x are eqiral to the co-named functions of y (§ 6) ; 

and Z ^0$ (in Quadrant II.) =180° — a;— 00° + y, 

Z.AOM (inQuadrant III.)=180'' + a; = 370'~7/, 

/. AOS (in Quadrant IV.) =360" — ;c = 270° + 2/. 

Hence, prefixing the proper sign (§ 20), ive have : 

» In future, secants, cosecants, versed sines, and coversed sines will be 
dieregarded. Secants and cosecants may lie found by [8], versed sines 
!3 by VII. and VIII., page 6, II wanted, but they are 
mputatioiis. 



Q used ii; 
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Angle in Quadrant II. 
sin (180" —x)= sin x. sin (90° -f j/) = cos y. 

cos (180° — x)^^ — cos a;, cos (90° + ?/) =— sin ?/. 

tan (180° — a;) — — tan x. tan (90° + ;/) = — cot y. 

cot (180°— 3^)=^ — eota^. cot (90° + */) = - tan?/. 

Angle in Quadrant HI. 

sin (180° + k)^ — sin x. sin (270° — y) =— cos y. 

cos (180° -\-J) = — cos «. COS (270° — y) = ~ sin f/. 

tan(180° + 4— tana;. tan (270° — 1/)= cot j/. 

cot (180° + 4 ^ cot a;. cot (270° — y) = tan y. 

Angle in Quadrant IV. 
ain (360° ~x)= — sin x. sin (270° + y) — — cos y. 

cos (360° — ;c) = cos x. cos (270° + y)= sin 1/. 

tan (360° — a;) = — tan x. tan (270° -|- y) = — cot y. 

cot (360° — x) = — cot a;. cot (270° + »/) = — tan «/. 

Remark. The tangents and colangents may be found directly from 
the figure, or by formula [2]. 

It is evident from these formulas, 

1. The functions of all angles can be reduced to the functions 
of angles not greater than 45°. 

2. If an acute angle be added to or subtracted from, 180° or 
360°, the functions of the resulting angle are e^ual in absolute 
value to the like-named functions of the acute angle ; hui if an 
acute angle be added to or svhtraeted front 90° or 370°, the func- 
tions of the resulting angle are equal in absolute value to the 
co-named functions of the acute angle. 

3. A given value of a sine or cosecant determines two supple- 
mentary angles, one acute, the other obtuse ; a given value of any 
other function determines only one angle ; acute if the value -is 
positive, obtuse if the value is negative. [See fnnctions of 
(180° — ^).3 
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§ 25. Angles whosr Difpekence is 90°. 
The general form of two such angles is x anil 90" + a:, and 
they must lie in adjoining quadrants. The relations between 
their functions were found in § 24, 
but only for the case when x ia 
acute. These relations, however, 
may be shown to hold true for all 
values of x. 

In a unit circle (Fig. 27) draw 
two diameters PR and QS per- 
pendicular to each other, and let 
fall to A A' the perpendiculars 
PM, QH, BK, and SN. The 
^''°- "■ right triangles OMP, OHQ, OKR, 

and ONS a,re equal, because they have equal hypotenuses 
and equal acute angles POM, OQJT, ROK, and OSN. 

Therefore, OM^ QH= 0K=: NS, 

and PM=OH=KB= ON. 

Hence, taking into account the algebraic sign, 




s\a.AOQ^ (^a&AOP; 
COsJ0$ = — sin JOP; 
sin^O^= amAOQ; 
cosAOR^ — siaAOQ; 



F; BvaAOS = ooaAOR; 

P; cosAOS =~aiaAORi 

Q; sin (360° + J OP) = cos^O^; 
Q; cos(360° + ^OP) = — sin^OAf. 
In all these equations, if x denote the angle on the right- 
hand side, the angle on the left-hand side will te 90° + x. 
Therefore, if x be an angle in any one of the four quadrants, 
sin (90° + x)= cos x, tan (90° + »;) = — cot x, 

eos (90° + x) = — sin x, cot (90° + x) = — tana;. 

In like manner, it can be shown that all the formulas of 
§ 24 hold true, whatever be the values of the angles x and p. 
Hence, in every case the algebraic sign of the function of the 
resulting angle toill be the same as when x and y are both acute. 
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§ 26. Functions of a Negativr Angle. 
If the angle AOF (Fig. 26) is denoted by x, the equal angle 
AOS, generated by a backward rotation of the moving radius 
from the initial position OA, will be denoted by —x. It is 
obvious that the position OS of the moving radius for this 
ang-le is identical with its position for the angle 360° — a;. 
Therefore, the functions of the angle — x are the same as 
those of the anglo 360° -x; or (§ 24), 

sin (— J- ) ^ ~ sin X, tan (_—x)^ — tan x, 

cos (_—»:)= cos«, cot (— a:) = — cot a;, 



Exekcist: Xni. 

sin 250° in terms of the functions of an acute 
angle less than 45°. 

Am. sin 250° = sin (270° — 20°) ^ ~ cos 20°. 

Express the following functions in terms of the functions 
of- augles less than 45° : 



2. 


sin 172°. 


8. 


sin 204°. 


14. 


sin 163° 49' 


3. 


cos 100°. 


9. 


COS 359°. 


15. 


cos 195° 33' 


4. 


tan 125°. 


10. 


tan .500°. 


16. 


tan 269° 15' 


5. 


cot 91°. 


11. 


cot 264°. 


17. 


cot 139° 17' 


6. 


see 110°. 


12. 


see 244°. 


18. 


sec 299° 45' 


7. 


CSC 157°. 


13. 


CSC 271°. 


19. 


CSC 92° 25' 



Express all the fnnetions of the following negative angles 
in terms of those of positive angles less than 45° : 

20. —75°. 22. —200°. 24. —52° 37'. 

21. —127°. 23. —345°. 25. —196° 54'. 
26. Find the functions of 120°. 

Hint. 120° - 180 - 60°, or, 120° = 90° + 30° ; then apply S 24. 
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Find the fnnRtions of the following angles : 

27. 135°. 29. 210=. 31. 240°. 33. —30°. 

28. 150°. 30. 225°. 33. 300°. 34. —225°. 

35. Given sin» = —V|, and coax negative; find the other 
functions of x, and the value of x. 

36. Given cotx^— V3, and x in Quadrant II. j find the 
other functions of x, and the value of x. 

37. Find the functions of 3540°. 

38. What angles les^ than 360° have a sine equal to — |? 
a tangent equal to — Vs ? 

39. Which of the angles mentioned in Examples 27-34 
have a cosine equal to —■4\ ? a cotangent equal to — V3 ? 

40. What values of v, between 0" and 720° will satisfy the 
equation sinx — +|? 

41. Find the other angle between 0° and 360° for which the 
corresponding function (sign included) haa the same value as 
sin 12°, cos 26°, tan 45°, cot 72°; sinl91°,cosl20°,tan244°,cot357°. 

42. Given tan238° = 1.6; find sinl22° 

43. Given cos 333° = 0.89 ; find tan 117°. 



Simplify the following e 

44. «cos(90° — a;) + 5cos(90°+a;). 

45. meos(90° — a;)sin(90° — ic). 

46. (a. - b) tan (90° - a;) + (a + i) cot (00° + x). 

47. «= + &" — 2a6cos(180° — a;). 

48. sin (90° + x) sin (180° + a^) + cos (90° + a:) eos (180°- a:). 

49. cos(180°+a:)cos(270°— «/)- siti(180°+a:)sin(270°-y). 

50. tana! + tan(— 4/)- tan(180°— ?/). 

61. For what values of x is the expression situc-j-cosa; 
positive, and for what values negative ? Eepresent the result 
by shading the sectors corresponding to the negative values. 

62. Answer the question of last example for sina;— cosa;. 
53. Find the functions of {x — 90°) iu functions of x. 

64. Find the functions of {x — 180°) in functions of x. 
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§ 27. FirsrcTiojTS of : 



In a unit circle (Fig. 28) let tho angle AOB 
BOC^y; then the angle AOC= 
x + y. 

In order to express sin(a; + y) 
and cos (x + y) in terms of the 
sines and cosines of a; and y, draw 
CF±OA, CD±OB, D£;±OA, 
BGX CF; then CI> = smy, OD 
= eosj/, and the angle DGG-^ 
the ai^le GDO = x. Also, 
sui(x-\-y)^CF=DE-\-CG. 
DE 
OD 
CG 



Sum of Two Angles. 

the angle 



/■ G 

/ lArt 


\\ 


\ 


\ 


^ 




\ 


1^: 










r S 





hence, DB= 



xXOB^&i 



CD 



hence, (?(?— coskXC^U^coscbsie)/. 



Therefore, sin (x + y) = sin x cos y + coa x sin y. 



[4] 



Again, 
OF 



OD 



cos (x + 7J} = 0F= OF~DG. 
hence, OS^ = COSa:XfW = 



hence, DG=- 



CD 

Therefore, c08(x + y) = cosxeoay — 

In this proof x and y, and also the s 
to be acnte angles. If the sum 
x-\-y oi the acute angles x and 
y is obtuse, as in Fig. 29, the 
proof remains, ivord for word, 
the same as above, the only dif- 
ference heing that the sign of 
OF will be negative, as DG is 

now greater than OF. The above formulas, therefore, hold 
true for all acute angles x and y. 
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If these fornmlas bold tnie for any two acute angles x and 
y, they hold true ivhen one of the angles is increased by 90°. 
Thus, if for a; we write a:' = 90° + a:, then, by § 25, 

aiii(a;' + )/)=sin(90° + cB + )/)= coa(3! + i/), 
COS (k' ■+?/) — cos (90° + as + !/) = — sin (as + »/) . 

Hence, by [5], sin {x' + j/) ^ cos x cos y — sin x sin y, 
by [4], eo3 ix' + !/) = — ain a; cos j/ — cos « sin y. 

Now, by § 25, cos x = sin (90° + *) = sin x', 
sin « = — C03 (90° + x) = ~ ooa a:'. 

Substitute those Taluea of cos x and sin x, then 

sin (ai' + ;/) = sin a;' eos j/ + cos x' sin j/, 
cos (x' -|- y) =: cos a' aosy — sin x' sin y. 

It foUowH that ^Formulas [4] and [S] hold true if either 
angle is repeatedly increased by 90° ; therefore they apply to 
all angles whatever. 



_ sin (x-{-y) __ sin a; cos y + cos x sin y 
2/^ — cos (a: + y) cos 3^ COS ?/ — sin LB sin (/ 

If we divide each term of the mimeiator and denominator 
of the last fraction by cos x eos y, and again apply § 23, we 
obtain 

. , . - tanx+tany 

to(x+y)= i_t„^t.„y - m 

In. like manner, by dividing each term of the numerator 
and denominator of the value of cot (x + y) by sin x sin y, we 
obtaia 



p] 
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§ 28. JUNCTIONS OF THE Di^jfEKENOE oil- Two Angles, 
In a unit circle (Fig. 30) let the angle AOB = x, COS = ■>/ ; 

then the angle AOC^x — y. 

In order to express sin (x — y) 

aud COS (x — y) in terms of tho 

sines and cosines of x and y, draw 

CF ± OA, CD X OB, DS J. OA, 

J)G X FG prolonged; then CD= 

sin!/, OD = ao&y, and the angle 

i>pff=the angle^i?C=fl;. And, 

6m.{x — y) = CF=DE-CG. 




DE . , ^ 

-^-=r ^ Sin X ; hence, 1 



xX OD=smx<ioay. 



Therefore, Bin 


(■i 


Again, cos 


(» 


OJS 


h 


DG . 




CI>~"'"'' 


h 


Therefore, cos 


(I 



licnoe, CG = cos a: X CZ> ^ C03 x sin y, 
y) = sin X cos y — cos X sin y, [S ] 

y)=OF^OE+l}G. 

hence, OS = cos cs X 0/> = cos x cos ;/. 

hence, I>G = sinccX CD^sincc sinv/. 
y) = cosxcosy+sinxamy. [9] 

In this proof, both x and y are aseiuned to be acute angles ; 
but, whateTer be the values of x and y, the same method of 
proof will always lead to Formulas [8] and [9], when due 
regard is paid to the algebraic signs. 

The general application of these formulas may be at once 
shown by deducing them from the general formulas estab- 
lished in § 27, as follows : 

It is obvious tliat (x—y)-\-y'^x. If we apply Formulas 
[4] and [6] to (« — ji) + ?/, tlien 
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shi\(x — y) + i/l or sin3; = sin(3! — y) cos y + coa (a; — !/)sin y, 
cos j(:c-y) + i/J oreos« = cos{3; — i/)eos!/ — ain(3; — )/)Bmj/. 

Multiply the fli'st equation by coa y, the second by sin y, 

sina;cos)/= sin(a;— y)cos'»/ + cos(3; — j/)siny cosy, 
cos a; sin y^^ — sin(x — y) sin*^ -|- cos (a; — y) sin y cos y ; 

whence, bj subtraction, 

sin X cos 5/ — coa 9: sin y — sin (3: -— y) (svahj + coa^y). 

But sin'^ + eos^y = 1 ; therefore, by transposing, 

sin (x — y)^= sin x coa y — cos « ain y. 

Again, if wo multiply the first equation by sin y, the second 
equation by cos y, and add the results, we obtain, by reducing, 

cos (a; — //) = cos a; cos J/ + sin a; sin )/. 

Therefore, Eormulas [8] and [9], like [4j and £5], from 
which they have been derived, are universally true. 
From [8] and [9], by proceeding as in § 27, we obtain 

tan (x — y) = ■; -r-. r-^- [10] 

^ "" l + tanxtany "- -" 

,. . eotxcoty+1 

eot(x — y) = ^ — - - •' , — [11] 

^ ' cot y — cot X ^ ■' 

formulas [■i]-[ll] may be combined as follows : 
sin (x^y) = sin x cos y ± cos x sin y, 
cos (a; ± 1/) = cos X cos y^sinx sin y, 
tan X ± tan y 
^ -^^ 1 + tan a^ tany 
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g 29. ruNC-rio>'S OP Twice an Angle. 




[f y=x, li'ormulas [4]-[7], become 




iiii3x = 29mxcosx. [12] cosSx — eos-x — sii 


I'x. [13] 


-^-iItS' M -^-IStF^- 


[15J 


By these formulas the functions of twice an -a 


ngle are 



found when the functions of the angle are given. 

§ 30. Functions of Half an Anglk. 
Take the formulas 





C0!-«-Silfc = C0B2j! 


[1] 
1-131 


Subtract, 

Add, 

Whence 


2sm^a;=l — cos2a; 
2cos'a^ =l + cos2a; 




™» = 


^ Jl-cos2i 1 Jl + cos2a! 





These values, if fJ is put for 2x, and hence ^.; for a:, become 
siiiiz = ±>/— ^— [16] cosi-a = ±-\/-~— [17] 

Hence, by division (§ 23), 

By these formulas the functions of half an angle may he 
computed when the cosine of the entire ^ngle is given. 

The proper sign to be placed tefore the root in each case 
depends on the quadrant in which the angle ^ z lies. {§ 20.) 

Let the student sliow from Formula [18] that 



y Google 



66 TKiGONOMETitr. 

§ 31. Sums and Diffekbkces of Punotions. 

From [4], [5], [8], and [9], by addition and subtraction; 

sin (x + yj + siii{x-y)= 2 sin x cos J/, 

sin (x-{-y) — sin (x—y)^=- 2 cos x ain y, 

cos (« + y) + cos {a; — y) = 2 cos x cos ji, 

cos(a;4";/) — cos(a; — j/)=^— 2sin»sinj/; 

or, by making x-\-i/^=A, and a; — ■y:^=B, 

and therefore, a; = ^(^ -i-i')i a""! !/^i{-^~-^)> 

sin A4- sin B= 2 sin i (A+ B) cosi-(A- B). [20] 
BinA-sinB= 2cosi(A + B)ainvJ-(A-B). [21] 
eosA+cosB= 2coa|(A + B)eosi(A— B). [22] 
cosA— cosB— — 2sini(A+B)Bini(A — B). [23] 
From [20] and [21], by division, we. obtain 
sin J + si 



tan^(^ + S)cot|(^ — i 



sin^ — 

or, since ^<'H(^--B) = tan U^^-^) ' 

BinA + sin B ^ tan^(A + B) _ 
sinA — sinB ^ tani(A — B) ^ ^ 

Exercise XIV. 

1. Find the value of sui(x-\-y) and coa (x-\-y), when sina 
:=^, cos a: :^ I, siny=^i^, <!0sy = ^3- 

2. Find sin (90° — y) and cos (90° — y) by making x = ^0° 
in Formulas [8] and [9]. 

Knd, by Formulas [i]— [11]) the first four functions of: 

3. 90" + 7/. S. 360°— y. 13. —y. 

4. 180° — 2^. 9. 360° + y. 14- 45° — */. 
6. 180° + y. 10. a; — 90°. 15. 45° + ^. 

6. 270° — i,. 11. » — 180°. 16. 30° + ?/. 

7. 270° + ;/. 12. a^ — 270'. 17. 60° — y. 
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18. Eind sin 3x in terms of sin x. 

19. Find COS 3x in terms of cos x. 

20. Given tan ^a; — 1 ; find cos x. 

21. Given eotix = -\JS; findsina;. 

22. Given sin x = 0.2 ; find ain ^x and cos ix. 

23. Given cos x=;O.S; lind cos2x and taJi2a). 

24. Given tan 45° = 1; find the functions of 22° 30'. 

25. Given sin 30° ^ 0,5 ; find the functions of 15°. 
. , sin 33° + sin 3° 



26. Prove that tan 18° = 



PS 33° + cos 3° 



Prove the foUovving formulas 

"i + ti 
28. 



-p-— ^- 29. tan^fl;^ 



1 +cosa: 



30. cot|3; = Tr 



1 + tank's; 

sin ^x ± cos ^x = Vlisina:. 

tan X ± tan w 

— —^ ^= ± tan X tan y. 

cot a; ± cot y 

If A, B, C are the angles of a triangle, prove that : 

34. sinjl + sinB + sin(7 = 4cos|-^cosJ^i?cos|C. 

35. cos^ + Cosj5 4-cosC = l + 4sin^^siniBsin^C. 

36. tan-4+taa5+tan(7— tan.^Xtan5XtanC. 

37. eoti^ + cot^iJ+cotjC = cot^j4Xcot^5Xcot J(7. 



CliangB to form 
tionr 

38. cot X -\- tan 

39. cot X — tan 

40. cot a; + tan J/. 

41. cota; — ta 
-cos 2; 



42. 



1 + C( 



s2a! 



e convenient for logaritlimic computa- 

43. 1 + tan x tan y. 

44. 1 — tan a; tan y. 

45. cot a^ cot 2/ + 1- 

46. cot X cot y — 1. 
. tan a: + tan j; 

cot a; -|- cot y 
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5 32. Anti-Trigonometkic Functions. 

If y is any ti'igonometrie fimotioQ of an angle x, then x is 

said to be the corresponding aiiti-ti'igonometric function of y. 

Thus, if J/ ;= sin 'x, x is the anti-sine of y, or inverse sine 

of y. The anti-trigonometric functions of y are written 

siar^y, tan"')/, sea-^y, veTS~'y, 

aos~^y, cot"~^y, csc~')/, covers~^y. 

These ai'e read, the angle whose sine is y, etc. 

For example, siii30° = |-; hence SC^sin"'^. Similarly 

90° = cos~'0 = sin~^l ; and 45° — tan~'l = sin~^— ;=; etc. 
V2 

Tlic sjmtiol -' must not be confuted with the exponent — 1. Tlius 
Bin.—' a^ ia a Tery different expression from -; — , which would be written 
(sinic)— '. On the Continent of Europe mathematical writers employ the 
3 cos, etc., forsin-i, cos-', etc. But the latter symbols 
n England and America. 

There is an important difference between the trigonometric 
and the anti-trigonometric functions. When an angle is given, 
its functions are all completely determined; but when one 
of the functions is given the angle may have any one of an 
indefinite number of values. Thus, if sin y= ^, y may be 30°, 
or 150°, or either of these increased or diminished by any 
integral multiple of 360° or 25r, but cannot take any other 
values. Accordingly sin^' J=30''±2w7r, or lS0''±2w7r, where 
n ia any positive integer. Similarly, tan-'l==45°±2w7r or 
225''+2ji7r; i.e., tan-il = 45''±w^. 

Since one of the angles whose sine is x and one of the angles 
whose cosine is x together make 90°, and since similar relar 
tions hold for the tangent and cotangent, for tbe secant and 
cosecant, and for the versed sine and coversed sine, we have 

sin~ X -\- COS" X ^= -^r sec a;-|-csc x=:—j 
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where it must be understood that each equation is true only 
for a particular choice of the various possible values of the 
functions. Por example, if x is positive, and if the angles 
are always takeu in the iirst quadrant, the equations are 
oorroct. 

Exercise XV. 

1. Find all the values of the following functions : 
sin-ijVS, tan-ijVS, vers"'^, cos-'{— ^V2), ese-'(V2), 
tan-icn, see-'2, eo3-»(— iV3). 

2. Prove that siti~'(— a;)=— sin-^a; ; cos"'(— x)— tt— cos^'k. 

3. If sin-^a;-|-sin~'2/^=T, prove that a^ — y. 

4. If j/^^sin"'^, find tan j. 

5. Prove that cos (sin"' a;) — Vl — v?. 

6. Prove thatcos(2siii-'3^) = l — 2*1 

7. Prove that tan (tan~^a! + tan~'w) ^ :; —■ 

^ ' \ — xy 

8. If x=^-4\, find all the values of sin""'a: + co3~"'iE. 

9. Prove that tan~' f ;■ ■■ 1 =^ sia~'3;. 

10. Find the value of sin (tan-' i^y. 

11. Find the value of cot (2 sin-^J). 

12. Find the value of sin(tan-''^-)-tan-'^). 

13. If sin-' a; — 2 COS-' a;, find a^. 
2a; 



14. Prove that tan(2tan-'x)=^ 

15, Prove that sin (2 tan-' fl;) = 



1 + a; 
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CHAPTEIt, IV. 

THE OBLIQUE TRIANGLE. 

§ 33. Law oi' Sines. 

Let a, B, G denote the angles of a triangle ABC (Figs. 31 
and 32), and a, b, c, reapeetively, the lengths of the c 



Draw CD LAB, and meeting AB (Fig. 31) or AB pro- 
duced (Fig. 32) at B. Let GD = h. 




lu both figures, - = sin A. 

hi Fig. 31, - = sin5, 

111 Fig. 32, - = sill (im''-B) = sin B. 

Tlicrefore, whether h lies within or without the triangle, 
/re obtain, by division, 

i = »i|. [25] 
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By drawing perpeiidicnlara from the vertices A and JJ to 
tlie opposite sides wo may obtain, in the same way, 



Hence the Law of Sinea, which may be thus stated : 
' The sides of a triangle are proportional to the sines of the 
opposite angles. 

If we regard these three equations as proportions, and take 
them by alternation, it will be evident that they may be 
written in the symmetrical form, 



siuji 



nif 



Note. Each of these equal ratloa 1 
which will appear if tJie Law of Sines is 

Circumscribe a circle about tlie triangle ABG (Fig 
and draw the radii OA, OB, OC; 
these radii divide the triangle into 
three isosceles triangles. Let E 
denote the radius. Draw OM 
JL^O. By Geometry, the angle 
B0C=^2 A; hence, the angle 
BOM=^A, then BM—SsmBOM 
^ li sin A. 

.-.BC or a. = 2SsiaA. 

In like manner, 5^=2fisin^, 
and c = 2 .B sin C. Wlience we 
obtain 



33), 




2ii = 



sin J 



That is : The ratio of any side of a tflangle to the sine 
opposite angle is nuvnericaUy equal to the diameter of ti 
mtmseribed circle. 
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§ 34. Law of Cosines. 

Tliis law gives tho value of one side of a triangle in tei'ins 
of the other two sidea aiid the angle included between them. 

In Tigs. 31 iuid 32, a^^h? + m>\ 

In Pig. 31, BD =G — AD; 

in Fig. 32, JBD=AD^-~e; 

in both cases, Bjf=Alf—2GX AI>+ c\ 

Therefore, in all C3.s&s,_(^ = h^-\-Alf''-\-c^—2<:XA.D. 

Now, 

There foi'e, 



law may be stated as follov/a : 

The square of any side of « tnangle is equal to the sum, of 
the squares of the other t>oo sides, diminished hy twice their 
product into the cosine of the included angle. 

% 35. Law of Tangents. 
By 5 33, a: i^sin^ : sin.B; 

whence, by the Theory of Proportion, 

a — h _ iiix\A — iiia.B 

■i + i""sin^ + sini?" 
But hy [24], page .^6, 

sin A — fimB__ tan ^ (A — B) 

smA + BinB ~~ tan ^ (A + B) 
Therefore, 

a — b ^ tan ^ ( A — B) 

a + h~tan>{A + B)* 





h' + AW = 
AD = 


■ ben?, A. 

:h= + c^ — 3hc 


cos A, 


[26] 


ler, 


, it may be proved that 
h^ = a^-\-c^ — 2acco3B, 
^ = a^J^i;'-2uhmsG. 






rm 


ulaa have p: 


recisely the s£ 


mie form, 


and tli8 



[27] 
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By merely changing the letters, 



a + o tmi(A+C) b + o UniiS + C) 

Hence the Law of Tangents : 

The difference of two sides of a triangle is to their sum as the 
tangent of half the differ&rwe of the opposite angles is to ilie 
tangent of half their aim. 

Note. If in [27] 6> a, then B> ^. Tlie formula is slill trae, but to 
avoid negative quantities, the formula in this case should he written 

b+a~i2ai(B + A)' 

ExERCis:: XVI. 

1. What do the formulas of § 33 become when one of the 
angles is a right angle ? 

2. Prove by means of the Law of Sinos that the bisector 
of an angle of a triangle diTides the opposite side into parts 
proportional to the adjacent sides. 

3. What does formula [26] become when A — 90° ? when 
J = 0°? when ,4^^180°? What does the triangle become in 
each of these cases ? 

Note. The case where A = 90" explains why the theorem of § 31 is 
sometimes termed the Generalized Theorem of Pythagoras. 

4. Prove (Figs. 31 and 32) that whether the angle B is 
acute or obtuse,c = «cofiB-|-6coa A What are the two sym- 
metrical formidas obtained by changing the letters ? What 
does the formula become when B = 90" ? 

5. From the three following equations (found in the last 
exercise) prove tho theorem of § 34 : 

c = ft cos B + i cos A, 

li = a cos C-\-e cos A, 

a=licos C + emaB. 

Hint. Multiply the first equation hy c, the second hy 6, the third 

hy a ; then from lie first subtract the sum of the second tind third. 
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C. Ill Pormnla [27] what is the niaximum Talue of ^ (A~B) ? 
7. Find the form to which rormula [27} reduces, and 
describe the nature of the triangle, when 

(i.) = 90"; (ii.) ^ — £ = 90", and ^=(7. 

§ 36. The Solution of an Oblique Triangle. 

The formulas established in §§ 33-35, together witli the 

ec[uation A-\-B-\- = 180°, are snfRcieiit for solving every 

case of an oblic[ne triangle. The three parts that determine 

an oblique triangle may be : 

I. One side and. two angles ; 
II. Two sides and the angle opposite to one of these sides ; 

III. Two sides and the included angle ; 

IV. The three sidea. 

Let A, B, C denote the angles, a, l>, c the sides respectively. 

§ 37. Case I. 
GHven. one side a, and two angles A and B; find the remain- 
ing parts C, b, and c. 
1. C = 180° ~(A+B). 



Example. a=24.31, ^=45° 18', ^=22° 11'. 
The work may be arranged as follows : 

Dg a ^1.38578 =1.38578 

.n^ = 0.14826 -^0.14825 

n.g = 9.57700 I log sin e = 9.96556 

Og6=1.11103 logci=1.49959 

5 = 12.913 I c^ 31.593 

Note. When — 10 ia omitted after a, logarithm or cologarithm, it must 

be remembereU tliat the log or colog is 10 too lai^e, 





a = 


24.31 




A = 


45 


18' 




B = 
+ B = 


22 


11' 


A 


67 


29' 




C = 


112 


81' 
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ESEICISE XVII. 




1. 


Given a = 500, 


^ = 10° 12', 


jS=46°36'i 




find (; = 123° 12', 


S = 2051.48, 


« =2362.61. 


2. 


Given a = 795, 


^ = 79° 59', 


B = 44°41'; 




find (7 = 55° 20', 


5=567.688, 


= 663.986. 


3. 


Given (1 = 804, 


^ = 99° 55', 


i;=46°l'; 




find C = 35° 4', 


5 = 577.313, 


c = 468.933. 


4. 


Givelnt = 820, 


^ = 12° 49', 


£ = 141° 59'; 




iinde=25°12'. 


I =2276.63, 


ii = 157389. 


5. 


Given e = 1005, 


^ = 78° 19', 


2J = 64°27'; 




findC=47«14', 


= 1340.6, 


i= 1113.8. 


C. 


Given S = 13.57, 


.8= 13° 57', 


C=57°13'i 




find ^ = 108° 50', 


«=53.276, 


c = 47.324. 


7. 


Given o = 6412, 


^ = 70° 55', 


C=52°9'i 




find .5 = 56° 56', 


h =5686.9, 


» =6357.5. 


8. 


Given S = 999, 


^ = 37° 68', 


C = 65°2'i 




find B = 77°, 


0=630.77, 


= 929.48. 



9. Ill order to determine the distance of a hostile fort A 
from a place B, a line BG and the angles ABC and BCA 
were measured, and found to be 322.55 yards, C0° 34', and 
56° 10', respectively, ITind the distance AB. 

10. In making a survey by triangulation, the angles B and 
(7 of a triangle ABG were found to be 50° 30' and 122° 9', 
respectively, and the length BC is known to bo 9 miles. 
Find AB and AC. 

11. Two observers 5 miles apart on a plain, and facing 
each other, find that the angles of elevation of a balloon in 
the same vertical plane with themselves are 55° and 6S°, 
respectively. Knd the distance from the balloon to each 
observer, and also the height of the balloon above the plain. 

12. In a parallelogram given a diagonal d and the angles 
X and y wliich this diagonal makes with the sides. Find the 
sides. Find the sides \td = 11.237, a; =19° 1', and y — 42° 54'. 
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13. A lighthouse was observed from a sliip to bear N. 34° E. ; 
after sailing duo south 3 miles, it bore M". 23° E. Eind the 
distance from the lighthouse to the ship in both positions. 

Note. The phrase to bear If. 34° E. means tliat the line of sight to 
tiie ligiithouae is in. the north-east quarter of tlie liorizon, and makes, 
with a line due north, an angle of 34°. 

14. In a trapezoid given the parallel sides a and 5, and the 
angles x and y at the ends of one of the pai-aUel sides. Mud 
the non-parallel sides. Compute the results when a = 15, 
b~7, ^^TO", 3/ = 40°. 

Solve the following examples without using logarithms ; 

15. Given l> = 7.07107, A = 30°, C = 105° ; find a and e. 
IG. Given c = 9.562, ^ = 45°, .5 = 60°; find a and 5. 

17. The base of a triangle is 600 feet, and the angles at the 
baso are 30° and 120°. Find the other sides and the altitude. 

18. Two angles of a triangle are, the one 20°, the other 40°. 
Find the ratio of the opposite sides. 

19. The angles of a triangle ai'e as 5 : 10 : 21, and the side 
opposite the smallest angle is 3. Find the other sides. 

20. Given one side of a triangle equal to 27, the adjacent 
ar.gles equal each to 30°. Find the radius of the circum- 
scribed circle. (See § 33, Note.) 

§ 38. Case II. 

Given two sides a- and h, and the angh A opposite to tha 
side a; find the remaininff parts B, C, c. 

This case, like the preceding case, is solved by means of 
the Law of Sines, 



Since --. — ; = -i therefore sin B — 

sin A a 

€=^180" — (A + B). 
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And since 



tliorcforo c = — 



When an angle is determined by its sine it admits of two 
values, which are supplements of each other {§ 24) ; henee, 
either value of B may be taken unless excluded by tlio con- 
ditions of the problem. 

If (i > li, then by Geometry A'> B, and B must be acute 
whatever be the vahie of A; for a triangle can have only 
one obtuse angle. Hence, there is on&, and only one, triangle 
that will satisfy the given conditions. 

If «. = J, then by Geometry A^B\ both A and B must be 
acute, and the required triangle is isosceles. 

If a<^ b, then by Geometry A <iB, and A must be acute 
in order that the triangle 
may be possible. If A is 
acute, it is evident from 
Fig. 34, where Z BAC^A, 
AC = b, CB=CB'== a, 
that the two ti-iangles ACS 
and ACS' will satisfy the 
given conditums, provided 
a is greater than the per- 
pendicular CP ; that is, provided a is greater than b sin A 
(§ 11). The angles ABC and AB'C are supple meiitai-y (since 
/_ABG =^ Z.BB'C); they are in fact the supplementary 
angles obtained from the formula 

. h sin A 




IE, however, n. = b&mA= CP (Fig. 34), tlien sin if = 1, 
5 ^ 90°, and the triangle required is a right triangle. 

If a < 5 sin J, that is, < CP, then sin5 > 1, and the tri- 
mgU i 
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These results, for convenience, may bo tlras stilted ; 

Two solutions; if A is acute and the vahie of a, lies between 
6 and b ein A. 

No solution ; if ji is acute and a<.hs\nA; 
or if A is obtuse and a<ib. 

One solution ; in all other eases, 
' The number of solutions can often be determined by inspec- 
tion. In case of doubt, find the value of bsvaA. 

Or we may proceed to compute logsin^. If log sin it = 0, 
the triangle required is a right triangle. If log sin .B> 0, the 
triangle is impossible. If log sin B < 0, there is one solution 
when a > 6 ; there are two solutions when a<.h. 

When there are two solutions, let Ji', C, e', denote the 
unknown parts of the second triangle ; then, 



£' = 180"- 



-S, C' — 1&0°~(A+J}') = 
sin^ 



■ B~ 



1. Given a = lG, S ^ 20, A= 10l3° ; find the remaining 



In tliis 



<&, and A > nO° ; Uifireforo tJifi triangle is impossilile. 
A = 30° ; liud the remaining 



2. Given a = ZG, h 
parts. 

Here we Iiave 6 sin^ = 80 x ^ = 40 
triangle is impossible. 

3. Givena = 72630, 6 = 117480, ^^SO^O'oO"; find U, C, 



■> tliat a<fisi;i^, and the 



a = 72630 


oologo^ 5.13888 


HerelogsinB>0 


6=117480 


log6=5.009!)6 


.-. no solution. 


4 = 80" 0-50" 


losainJ-f).f)0.337 
log Sin 5 = 0.20221 
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4. Given a = 13.2, 1^15.7, A^^m^lS'lS" ; finely, C, c 



Here log sin B = ( 
.■. a rigM triangle. 



log 



Here a> 6, 

and log sin B<0. 

-■. one solution. 

6. Given a 
other parts. 

a ^177.01 

6 = 218.45 
A = 36° 36' 2<y' 



oologa-8.87S43 

los6 = 1.10590 

>gsinJ. = !l.n24C7 

B = O.OOOOO 

0-32° 40' 45" 
767,5 = 242, ^ = 36' 
colog a -7.11520 

iogEin^ = 9.77880 
log sill 5 = 0.27732 



log6= 1.10590 

loKCQS.A = 9.73352 

log<! = 0.02942 



3' 2"; findP, C, c. 

loga = 2.88480 

logBina-0.86970 

cologBin4 = 0.22170 

logc- 2.97620 



^177.01, b = 216 A5, 1 = 35" S&2Q"; find the 



Here«<6, 

and log sin B<0. 

.'. two solutions. 



colog a = 7. 75200 

log6 = 2.33536 

log sin ^ = 9.76507 

log sin B = 9.85243 

B= 45° 23' 28" 
or 134° 36' 32" 
.-. e-e9'0'12" 
or 9° 47' 8" 



colog BilLd — 

log Bin C = 



2.24800 
0,23493 
9.23034 
1.71327 
■ 51.674 



EXEKCISE XVIII. 

1. Determine the number of solutio 



following cases : 

(i.) a = BO, 
(ii.) a = 50, 
(iii.) (J = 40, 
(iv.) <i = 13.4, 
(V.) .. = 70, 



5 = 100, 

6 = 100, 



6 = 11.46, 
6 = 75, 



= 77° 20'. 
= 60°. 



(vi.) (1 = 134.16, i = 84.54, B = 52''9'll". 
(vii.) (1=200, 5 = 100, .4=30°. 
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2. aivene^840, 6^485, ^ = 21" 31'; 

&ad£ = 12''13'3i", C'=146°15'26", c = 1272.18. 

3. Given a = 9.399, i = 9.197, J = 120°35'; 

find 5 = 57° 23' 40", C = 2''1'20", c = 0.38525. 

4. Given a = fll.OC, 6 = 77.04, ^ = 51° 9' 6"; 

finai? = 41°13', C = 87°37'54", c = 116.82. 

5. Given a = 55.55, 6 = 66.66, B = 77° 44' 40" ; 

find ^=^54° 31' 13", (7 = 47° 44'7", c=50.481. 

6. Given « = 309, 5 = 360, ^ = 21° 14'25"i 

find iJ = 24° 57' 64", C = 133''47'41", c = 615.67, 
i"=155°2'6", C"=3''43'29", c'=55.41. 

7. Given <i = 8.716, & = 9.787, ^ = 38° 14' 12"; 

find _B = 44° 1 ' 28", C = 97° 44' 20", c = 13.954, 
.B'-- 135'68'32", 0'=^" 47' 16", c'= 1.4203. 

8. Given« = 4.4, 6 = 5.21, J = 57°37'1T"; 

findi; = 90°, C=32°22'43", c = 2.79. 

9. Given a = 34, 6 = 22, 5=30''20'; 

find A = 51° 18' 27", C = 98° 21' 33", c = 43.098, 
^' = 128° 41' 33", C"=20''68'27", c'=15.593. 

10. Given 6 = 19, c = 18, C= 15' 49' ; 

findi; = 16*'43'13", ^ = 147°27'47", « = 35.519, 
S'= 163° 16' 47", A' = 0° 54' 13", a' = 1.0415. 

11. Given a = 75, S = 29, 5 = 16° 15' 36"; find the differ- 
ence between the areas of the two corresponding triangles 
without finding their areas separately. 

12. Given in a parallelogram the aide a, a diagonal d, 
and the angle A made by the two diagonals ; find the other 
diagonal. Special case : a = 35, rf = 63, ^^=^21° 36' 30". 
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§ 39. Case III. 

Given two sides a and b and the included angle C ; find the 
remaining parts, A, B, and, c. 

Solution I. The angles A and B may both be fomid by 
means of FormiUa [27], g,35, which may be written 

tan i(A~B)^ ~^ Xtxa\{A-\-E). 

Since |-(^ +i;)=|(180''— C), the value of ^{A-\-B) is 
known ; so tliat this equation enables us to find the value of 
^{A — B). "We then have 

^{A^B) + l{A-B)^A, 
and ii{A-\-B)~\{A-B)=B. 

After A and B are known, the side c may be found by the 

Law of Sines, which gives its value in two ways, as follows ; 

__asinC _ 6 sin (7 

~ siii^ sinS 

Solution II. The third side c may be found directly from 

the equation (§ 34) 

c =^ Vft^ + A^ — 2 (i6 cos C; 
and then, by the Law of Sines, the following equations for 
computing the values of the angles A and B are obtained : 
sinC . ^ ^^ sin(7 

Solution III. If,inthetriangle.4if(7(l*'ig.35),^i>iH drawn 
perpendicular to the side AC, then 



tan^- 


BD 
AD 


BD 


AV — DO 


Now 


BD = 


a?.mO (§10), 


and 


i>a= 


ft cos C. 


.-.tan^- 


o,sh 


SL. 
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By merely changing the letters, 

, „ 5 sing 

tan B = -■ 

a — OGOsC 

It is not necessary, however, to use both formulas. WSien 
one angle, as A, has been fonnd, the other, B, may be found 
from the relation A + B+C = ISO". 

When the angles are known, the third side is fonnd by the 
Law of Sines, as in Solution 1, 

Note. When all three unknown parts are required, Solution I. is the 
most coQvenient in practice. When only the third side c is dtsired, Solu- 
tion 11 may he used to advantage, provided the values ot o^ and 6^ can 
be readily obtained without tlie aid o£ logaritJima. But Solutions II. and 
IIL are not adapted to logarithmio work. 



1. Given 
and c. 

a + b = 1123 

a- 6- 373 
{i+S)=H6''24'30" 
HA + B)= 58° 12' 15" 



^748, 6=S75, 6' = 63" 35' 30"; find A, 



^A-B)= 28'10'52" 



log(o-6) = 3.571Tl 

cologfo +b)=e.S4962 

logtani(^+B)= 0.20769 

logtanj(.i-B)=9,7289e 

1(4-B) = 28»10'52" 



log6 = 2.5740-3 

logsin = 9.05214 

cologsinB = 0.30073 



Note. In the above Example we use the angle B in finding the side 
c, rather than the angle A, because A is near 90°, and tliercfore its sine 
should be avoided. 

2. Givena = 4, c=6, -B = 60°; find the third side 6. 

Here Solution II may be nsed to advantage. We have 

b Va' + c^-SnccoaJJ = Vlll + 36-24 = V28 ; 

!og28=1.4471(i, logV2l = 0.723&8, V28 = 5.2015; 
that is, 6 = 5,2915. 
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BimCISB XIX. 




1. 


Giveno = 77,99, 


S = S3.39, 


C=72°15'; 




findyl=5m5', 


2; = 50- 30', 


. = 96.24. 


2. 


Given J = 872.3, 


c = 632.7, 


^ = 80"; 




find .B = 60° 45', 


C=39n5', 


»=984.8S. 


3. 


Given = 17, 


5 = 12, 


C=59°17'i 




lind^ = 77'12'63". 


i! = 4.'!-30'7", 


» = 14.987. 


4. 


Given4 = V6, 


»=V3, 


^ = 35" 53'; 




find.B = 93°28'36", 


(;=50«38'24" 


',« = 1.313. 


5, 


Given «=0.917, 


5 = 0.312, 


C=33-7'9"i 




find ^=132- 18' 27" 


,.8 = 14' 34' 24" 


', e = 0.67748. 


6. 


Given a = 13.715, 


«= 11.214, 


.B = 15° 22' 36"; 




find ^=118- 56' 49" 


, (?=45°41'35' 


', 5 = 4.1554. 


7. 


Given 5 = 3000.9, 


., = 1587.2, 


^=86° 4' 4"; 




find .5 = 05" 13' 51", 


C=28M2'5", 


o = 3297.2. 


8. 


Given a = 4527, 


5 = 3465, 


(7=66° 6' 27"; 




find ^=68° 29' 15", 


5 = 45" 24' 18' 


', c = 4449. 


9. 


Given (1 = 55.14, 


S = 33.09, 


C=30°24'i 




find ^ = 117° 24' 33" 


, .B = 32°11'27' 


', = 31.431. 


10. 


Given • = 47.99, 


4 = 33.14, 


(7= 175° 19' 10"; 




find ^ = 2° 40' S", 


i! = l-54'42". 


e=81.066. 



11. If two sides of a triangle are each equal to 6, and the 
included angle is 60°, find the third side. 

12. If two sides of a triangle are each er[iial to 6, and tlie 
included angle is 120", find the third side. 

13. Apply Solution I. to the case in which a is equal to 1/ ; 
that is, the case in ivhich the triangle is isosceles. 

14. If two sides of a triangle are 10 and 11, and the included 
angle is 50°, find the third side. 

15. If two sides of a triangle arc 43.301 and 25, and the 
included angle is 30°, find the third side. 

16. In order to find the distance between two objects A 
and B separated by a swamp, a station C ivas chosen, and the 
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distances (7-4 = 3825 yards, C£ = 3475.6 yards, together with 
the angle ACB=^G2° 31', were measured. Find the distance 
from A to S. 

17. Two inaccessible objects A and B are each viewed from 
two stations C and D on the same side of A£ and 562 yards 
apart. The angle ACB is 62° 12', BCD 41" 8', ADB 60" 49', 
and ADC 34° 51'; required the distance AB. 

18. Two trains start at the same time from the same station, 
and move along straight tracks tliat form an angle of 30°, one 
train at the rate of 30 miles an hour, the other at the rate of 
40 miles an hour. How far apart are the trains at the end of 
half an hour? 

19. In a parallelogram given the two diagonals 5 and 6, 
and the angle that they form 49° 18'. Find the sides. 

20. In a triangle one angle = 139° 54', and the sides forming 
the angle have the ratio 5 ; 9. Find the other two angles, 

§ 40. Case IV. 
Given the three sides a, b, c; find the angles A, B, C. 
The angles may be found directly from the formulas estab- 
lished in § 34. Thus, from the formula 



e have cos -4 = 



J= + (?— 25et 



2 fie 

From this equation formulas adapted to logarithmic work 
are deduced as follows : 

For the sake of brevity, letw + 5 + c^2s; theuS-l-c — a 
= 2(s-a), a-i + <; = 2{s-6), anda + 5-o = 2(s-c). 

Then the value of 1 — cos .4 is 

2be 'Ihe 2ba 

^ {a + b~e) { a-h^c) ^ 2(s~!>)(s~c) , 
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and tlie value of 1 + gos A is 

"^ 2hc '2hc. 1U 

3 So ho 

But from Formulas [16] and [17], | 30, it follows that 
1 — cos-4 = 2sin2|y(, and l + coa^ = 2cos^^J. 



.-. 2siii'i^ = 




fie 



»li6iJoe siniA = -\(i= — -i^ — ^. [28] 

[29] 



Lndby[2] toniA = Aji^^?jy^-' [3(1] 

By merely obaiigiDg the letters, 




*^=%/^^^7^'-*^=V'^^|^- 



There is then a choine of three different formulas for finding 
the value of each angle. If half the angle is very near 0°, 
the formula for the cosine will not give a very aceiirate result, 
1 ecauae tl e cosines of angles near 0" differ little in value ; and 
tl e same holds true of the formula for the sine when half 
the angle i=i very near 90°. Hence, in the first ease the 
fui n la for the sine, in the second that for the cosine, should 

Lut 1 g neral, the formulas for the tangont are to be 
p efe red 
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It is not necessary to compute by the formulas more than 
two angles ; for tlie tliird may then be found from the equation 

There is this advantage, however, in computing all three 
angles by the formulas, that we may then use the sum of the 
angles as a test of the accuracy of the results. 

In case it is desired to compute all the angles, the formulas 
for the tangent may be put in a more convenient form. 

The value of tan ^A may be written 



#^ 



Heuce, if we put 



-'■)(s-c) , 



(,„,)(,,^i) (,-_.) 



(,-a)(,^b)(.-c) 



1. Given <s = 3.41, & = 2.60, c = 1.5S; find the angles 
Using Formula [80], and tlie corresponding formula for tan J 
may arrange tlie work as follows : 



cologs- 9.42079 

colog(s- a) = 0.41454 

log (s - 6) = 0.07737 

log (s - c) = 0.34537 

2 )0.25807 

log tani4 = 0.12903 

^ = 106°i6'40' 
■. ^ -I- £=153° 30' 54", and 



10 



cologs = 9.42079- 

log(s-a)= 9.68546- 

lo^ (8 - c) ^ 0.34537 

2 )19.27426-20 

logtani-B= 9,03713-10 

}B- 23" 20' 37" 

B= 46° 53' 14" 
C - 2G° 20' 6". 
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THE OBLIQUE TRIANGLE, 

2. Solve Example 1 by finding all three angles b; 
of Fonimlas [31] and [32]. 

Here the work may be compactly arranged as follows, 



logU.niA, etc 


, by subtracting log (s — o) 


etc., from iogr instead of 


adding the cologaritluii : 




0-3.41 


log (s- a) = 6.58546 


logtaMi4 = 10.13903 


6 - 2.60 


log (s - &) = 0.07737 


logtoniJ!= G.G3713 


c^l.58 


log (s-c) = 0.34537 


logtania= 9.S0012 


2h=7.59 


cologs= 9.42070 


iA= 53" 23' 20" 


8^3.705 


Iogj<'=0.4289y 


in= 28=' 26' 37" 


s-a = 0.38S 


logr =0.71450 


iC= 18' W 3" 


8-6 = 1.195 




J =106" 40' 40" 


8-c = 2.216 




B= 46° 53' 14" 


2a = 7.590 


proof). 

Proo 


C= 26° 20' 6" 




t,A + B+C=13tP ty 0" 



Note. Even It no mistakes are made in the worlc, the sum of the 
three angles fonnd as above may differ very slightly from 180° in conse- 
quence of the fact that logaritlimio compulation is at t^t only a method 
of close approximation. When a difference of this kind exists it should 
be divided among the angles according to tie probable amount of error 
for each angle. 



Exercise XX. 



Solve the following triangle? 
given parts : 



taking the tliree sides a 





a 


! 


■■ 


1 


11 


C 


51 


C 


20 


38=^2 48" 


126° 52' 12" 


14° 15' 


9, 


78 


101 


29 


32° 10 64" 


130° 23' 60" 


11°25'1C" 


3 


111 


145 


40 


27° 20 32" 


143° 7' 48" 


9° 31' 40" 


4 


21 


20 


31 


42= 6 13" 


60° 0'36" 


81° 47' 11" 


fi 


10 


84 


41 


10° 2r .36" 


30° 24' 


1.33° lO' 24" 





43 


60 


67 


40-49' 35" 


67° 69' 44" 


75° 10' 41" 


7 


37 


58 


79 


26° 29" 


43° 25' 20" 


110° 34' 11" 


fi 


73 


82 


91 


49° 34 58" 


68°46'68'^ 


71° 38' 4" 


9 


14.49; 


55 4-03 


00 01.q 


9° 20 


S3°40' 


188° 


10 


V5 


V6 


V7 


n° 3' 12" 


59° 31' 48" 


68° 35' 
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11. Given a=6, 5 — 8, c^lO; find the anglea. 

12. Given a=6, & = 6, c=10; find the angles. 

13. Given a = 6, & = 6, o = C; find the angles. 

14. Given (i = 6, 5 = 5, c = 12; find the angles. 

15. Given a = 2,b= VC, c = V3 — 1; find the angles. 

16. Given r, = 2, 6= Vs, c= VS + l; find the angles. 

17. The distances between three cities A, B, and C are as 
follows: ^^= 165 miles, ^C= 72 miles, and BC= 185 miles. 
B is due east from A. In what direction is C from A ? What 
two answers are admissible ? 

18. Under what visual angle is an object 7 feet long seen 
by an observer whose eye is 6 feet from one end of the object 
and 8 feet from the other end ? 

19. When Formula [28] is used for finding the value of an 
angle, why does the ambiguity that occurs in Case II. not exist ? 

20. If the sides of a triangle are 3, 4, and 6, find the sine 
of the largest angle. 

21. Of three towns A, S, and G, A is 200 miles from if 
and 184 miles from C, B is 150 miles due north from G ; how 
far is A north of C? 

§ 41. Akea of a Tkiangie. 
Case I. When two sides and the inchided angle are given: 
In the triangle ABG (Fig. 31 or 32), the area 

F=^cXGD. 
By § 11, CD = a, sin B. 

Therefore, F=iacsinB. [33] 

Also, F=\ab&Ya.G and F—i^hcsi-aA. 

Case II. When a side and the two ailjaoent angles are given: 
By §33, &uiA:^mG:-.a:c. 

_ a sill a 
&va.A 
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Putting this value of c in Poimula [53], we have 

a^ sin B sine 

3Biii(B + C) ^ ^ 

Case III. When the three sides of a triangle are given: 
By § 29, sinB = 2siii^£Xcos^£. 

By substituting for sin ^ B and cos^B their values in terms 
of the sides given in § 40, 



•in J! = ~ V>(.— .)(.-S)(..-4 
By putting this value of sin B in [33], we have 



F = V.(.-a)(.-b)(.-o). [35] 

Case IV. Wh^. the three sides and the radius of the circum- 
scribed circle, or the radius of the inscribed circle, are given: 

If B denote the radius of the circumscribed circle, we have, 
from § 33, 

By putting this value of sin B in [33], we have 

F = !!^- [36] 

If r denote the radius of the inscribed* circle, 
divide the triangle into three triangles by lines from the 
centre of this circle to the vertices ,• then the altitude of 
each of the three triangles is equal to r. Therefore, 

F=-ir(a + b + c)=rs. [37] 

By putting in this formula the value of F given in [35], 



,yJ(EMEME5; 



whence r, in [31] § 40, is equal to the radius of the inscribed 
circle. 
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E 


XERCISE XXI. 


Fin 


dthe area: 




1. 


Gf-iven « = 4474.5, 


6 = 2164,5, (7=116" 30' 20". 


2. 


Given S = 21.66, 


c = 36.94, J = 66" 4' 19". 


3. 


Given (t = 510, 


c = 173, B = 162° 30' 28". 


4. 


Given « = 40S, 


J = 41, c = 401. 


6. 


Given a=iO, 


6 = 13, e = 37. 


6. 


Given B^ 624, 


i = 205, c = 445. 


7. 


Given 5 = 149, 


^=70" 42' 30", fi = 39''18'28". 


8. 


Given a = 215.9, 


c=307.7, ^ = 25°9'31". 


9. 


Given b = S, 


c = 5, ^ = 60°. 


10. 


Given a — 7, 


c = 3, ^ = 60". 


11. 


Given a = 60, S 


= 40° 35' 12", area = 12; find the 



radius of the inscribed circle. 

12. Obtain a formula for the area of a parallelogram in 
terms of two adjacent sides and the included angle, 

13. Obtain a formnla for the area of an isosceles trapezoid 
in terms of the two parallel sides and an a«ute angle. 

14. Two sides and included angle of a triangle are 2416, 
1712, and 30°; and two sides and included angle of another 
triangle are 1948, 2848, and 150°; find the sum of their areas. 

15. The base of an isosceles triangle is 20, and its ai'ea is 
100 H- V3i find ita angles. 

16. Show that the area of a quadrilateral is equal to one 
half the product of its diagonals into the sine of their included 
angle. 

Exercise XXIL 

1. From a ship sailing down the English Channel the Eddy- 
stone was observed to bear N. 33° 45' W. ; and after the ship 
had sailed 18 miles S. 67° 30' W. it bore N. 11° 15' E. Find 
its distance from each position of the ship. 
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2. Two objects, A and £, were observed from a ship to be 
at the same instant in a line bearing N. 15° E, The ship then 
sailed north-west 5 miles, when it was found that A bore due 
east and B bore north-east. Find the distance from A to B. 

3. A castle and a monument stand on the same horizontal 
plane. The angles of depression of the top and the bottom of 
the monument viewed from the top of the castle are 40° and 
80°; the height of the castle is 140 feet. Find the height of 
the monument. 

4. If the sun's altitude is 60°, what angle must a stick 
make with the horizon in order that its shadow in a horizontal 
plane may be the longest possible? 

5. If the Sim's altitude is 30°, find the length of the longest 
shadow cast on a horizontal plane by a stick 10 feet in length. 

6. In a circle with the radius 3 lind the area of the part 
comprised between parallel chorda whose lengths are 4 and 5. 
(Two solutions.) 

7. A and B, two inaccessible objects in the same horizontal 
plane, are observed from a balloon at C, and from a point 1) 
directly under the balloon and in the same horizontal plane 
with A and B. If Ci>=2000 yards, Z^Ci' = 10° IS'IO", 
Z BCD= 6° V 20", Z ADB = 49° 34' 60", find AB. 

8. A and B are two objects whose distance, on account of 
intervening obstacles, cannot be directly measured. At the 
summit C of a hill, whose height above the common horizontal 
plane of the objects is known to be 517.3 yards, /_AC'B is 
found to be 15° 13' 15". The angles of elevation of C viewed 
from A and B are 21° 9' 18" and 23° 15' 34" respectively. Find 
the distance from A to B. 
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CHAPTER V. 

MISCELLANEOUS EXAMPLES. 

Problems in Plane Trigonometry. 

1. The angular distance of any object from a horizontal 
plane, as observed at any point of that plane, is the angle 
which a line drawn from the object to the point of observa- 
tion makes with the piano. If the object observed be situated 
above the horizontal plane (that is, if it ia farther from the 
earth's centre than the plane is), its angular distance from 
the plane is called its ant/le of elevation. If the object be 
below the plane, its angular distance from the plane is called 
its anffle of depression.. These angles are evidently vertical 
angles. 

If two objects are in the same horizontal plane with the 
point of observation, the angular distance of one object from 
the other is called its hearing from that object. 

If two objects are not in the same horizontal plane with 
either each otlier or the point of observation, we may suppose 
vertical lines to be passed througli the two objects, and to 
meet the horizontal piano of the point of observation in two 
points. The angular distance of these two points is the 
bearing of either of the objects from the other. It may 
also be called the ho^'isoTital distance of one object from the 
other. 

Note. " Problems in Plane Trigonometry " are selected from ttose 
published by Mr. Cliarlos W. Sever, Cambridge, Mass. The full set can 
be obtained from him in pamplilet form. 
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Eight Triangles. 



2. Thp qngle of elevation of a tower is 48° 19' 14", and the 
distance of its base from the point of observation is So ft. 
Find the hLight of the tower, and the distance of its top from 
the point of observation. 

3. From a mountain 1000 ft. high, tho angle of depression 
of a ahip is 77° 35' 11". Find the distance of the ship from 
the summit of the mountain. 

4. A flag-staff 90 ft. high, on a horizontal plane, casts a 
shadow of 117 ft. Find the altitude of the sun. 

6. When the moon is setting at any place, the angle at the 
moon subtended by the earth's radius passing through that 
pla^e is 57' 3". If the earth's radius is 3956.2 miles, what is 
the moon's distance from the earth's centre ? 

6. The angle at the earth's centre subtended by the sun's 
radius is IC 2", and the sun's distance is 92,400,000 miles. 
Find the sun's diameter in miles. 

7. The latitude of Cambridge, Mass., is 42° 22' 49". Wliat 
is the length of the radius of that parallel of latitude ? 

8. At what latitude is the circumference of the parallel of 
latitude half of that of the equator ? 

9. In a circle with a radius of 6.7 is inscribed a regular 
polygon of thirteen sides. Find the length of one of its sides. 

10. A regular heptagon, one side of which is 5.73, is 
inscribed in a circle. Find the radius of the circle. 

It, A tower 93.97 ft. high is situated on the bank of a 
river. The angle of depression of an object on the opposite 
bank is 25° 12' ,54". Find the breadth of the river. 
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12. From a tower 5S ft. high the angles of dppression of 
two objects situated in t}ie same horizontal line with the base 
of the tower, and on the same side, are 30° 13' 18" and 45° 
46' 14". Find the distance between these two objects. 

13. Standing directly in front of one corner of a iia,t-roofed 
house, which is 150 ft. in length, I observe that the horizontal 
angle which the length subtends has for its cosine V^, and 
that the vertical angle subtended by its height has for its sine 



14. A regular pyramid, with a square base, has a lateral edge 
150 ft. in length, and the length of a side of its base is 200 ft. 
Find the inclination of the face of the pyramid to the base. 

15. From one edge of a ditch 36 ft. wide, the angle of 
elevation of a wall on the opposite edge is 63° 39' 10". Find 
the length of a ladder which will reach from the point of 
observation to the top of the wall. 

16. The top of a flag-staff has been broken off, and touches 
the ground at a distance of 15 ft. from the foot of the staff. 
The length of the broken part being 39 ft., find the whole 
length of the staff. 

17. From a balloon, which is directly above one town, is 
observed the angle of depression of another towit, 10° 14' 9". 
The towns being S miles apart, find the height of tlie balloon. 

18. From the top of a mountain 3 miles high the angle of 
depression of the most distant object which is visible on the 
earth's surface is found to be 2° 13' 50". Find the diameter 
of the earth. 

19. A ladder 40 ft. long reaches a window S3 ft. high, on 
one side of a street. Being turned over upon its foot, it 
reaches anotlier window. 21 ft. high, on the opposite side of 
the street. Find the width of the street. 
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20. Tlie height of a liouse subtends a riglit angle at a 
window on the other side of the street ; and the elevation of 
the top of the house, from the same point, is 60°. The street 
is 30 ft. wide. How high is the house ? 

21. A lighthouse 54 ft. high is situated ou a rock. The 
elevation of the top of the lighthouse, as observed from a slijp, 
is 4° 52', and the elevation of the top of the rock is 4^ 2'. 
Find the height of the rock, and its distance from the ship. 

22. A man in a balloon observes the angle of depression of 
an object on the ground, bearing south, to be 35° 30'; the 
balloon drifts 2^ miles east at the same height, when the angle 
of depression of the same object is 23° 14', Pind the height 
of the balloon. 

23. A man standing south of a tower, on the same horizon- 
tal plane, observes its elevation to be 54° 16' ; he goes east 
100 yds., and then finds its elevation is 50° 8'. Find the 
height of the tower. 

24. The elevation of a tower at a place A south of it is 
30°; and at a place E, west of A, and at a distance of a from 
it, the elevation is 18°. Show that the height of the tower is 

Vs-i 



; the tangent of 1S° 



V(2 + 2V5)' V(io + 2V5) 

25. A pole is fixed on the top of a mound, and the angles 
of elevation of the top and the bottom of the pole are 60° and 
30° respectively. Prove that the length of the pole is twice 
tlie height of tlie moimd. 

26. At a distance (n) from the foot of a tower, the angle 
of elevation {A) of the top of the tower is the complement of 
the angle of elevation of a fla^-staff on top of it. Show that 
the length of the staff is 2a cot 2 A. 

27. A line of ti-ue level is a line every point of which is 
equally distant from the centre of the earth. A line drawn 
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tangent to a line of true lcvc-1 at any point is a line of 
apparent level. If at any point both these lines are drawn, 
and extended one mile, find the distance they ate then apart. 
28. In Problem 2, determine the effect upon the computed 
height of the tower, of an error in either the angle of elevation 
or the measured distance. 

Oblique Tei angles. 

20. To determine the height of an inaccessible object 

situated on a horizontal plane, by observing its angles of 

elevation at two points in the same line with its base, and 

measuring the distance of tliese two points. 

30. The angle of elevation of an inaccessible tower, situated 
on a horizontal plane, is 63° 26'; at a point 500 ft. farther 
from the base of the tower the elevation of its top is 32° 14', 
Find the height of the tower. 

31. A tower is situated on the bank of a river. From the 
opposite bank the angle of elevation of the tower is 60° 13', 
and from a point 40 ft, more distant the elevation is 50° 19'. 
Find the breadth of the river. 

32. A ship sailing north sees two lighthouses 8 miles apart, 
in a line due west ; after an hour's sailing, one lighthouse 
bears S.W., and the other S.S.W. Find the ship's rate. 

33. To determine the height of an accessible object situated 
on an inclined plane, 

34. At a distance of 40 ft. from the foot of a tower on an 
inclined plane, the tower subtends an angle of 41° 19'; at a 
point 00 ft. farther away, the angle subtended by the tower 
is 23° 45'. Find the height of the tower. 

35. A tower makes an angle of 113° 12' with the inclined 
plane on which it stands; and at a distance of 89 ft, from its 
base, measured down the plane, the angle subtended by the 
tower is 23° 27'. Find the height of tlie tower. 
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36. From the top of a house 42 ft, high, the angle of 
elevation of the top of a pole is 14° 13'; at the bottom of the 
house it is 23° 19'. Find the height of the pole. 

37. The sides of a triangle are 17, 21, 28 ; prove that the 
length of a line- bisecting the greatest side and drawn from 
the opposite angle is 13. 

38. A privateer, 10 miles S.W, of a harbor, sees a ship sail 
from it in a direction S. 80° E., at a rate of 9 miles an hour. 
In what direction, and at what rate, must the privateer sail 
in order to come up with the ship in 1^ hours? 

39. A person goes 70 yds. up a slope of 1 in 3^ from the 
edge of a river, and observes the angle of depression of an 
object on the opposite shore to be 2^°. Find the breadth of 
the river. 

40. The length of a lake subtends, at a certain point, an 
angle of 46° 24', and the distances from this point to the two 
extremities of the lake are 346 and 290 ft. Find the length 
of the lake. 

41. Two ships are a mile apart. The angular distance of 
the first ship from a fort on shore, as observed from the second 
ship, is 35° 14' 10"; the angular distance of the second ship 
from the fort, observed from the first ship, is 42° 11' 63". 
Find the distance in feet from each ship to the fort. 

42. Along the bank of a river is drawn a base line of 500 
feet. The angular distance of one end of this line from an 
object on the opposite side of the river, as observed from the 
other end of the line, is 53°; that of the second extremity 
from the same object, observed at the first, is 79" 12'. Find 
the perpendicular breadth of the river, 

43. A vertical tower stands on a declivity inclined 15° to 
the horizon. A man ascends the declivity 80 ft. from the base 
of the tower, and finds the angle then subtended by the tower 
to be 30°. Find the height of the tower. 
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44. Tlie angle subtendecl by a tower on an inclined plane is, 
at a certain point, 42° 17'; 325 ft. farther down, it is 21° 47'. 
The inclination of the plane is 8" 53'. Pind the height of the 
tower. 

45. A eape bears north by east, as seen from a ship. The 
ship sails northwest 30 miles, and then the cape bears cast. 
How far is it from the second point of observation ? 

46. Two observers, stationed on opposite sides of a cloud, 
observe its angles of elevation to be 44° 56' and 36° 4'. Their 
distance from each other is 700 ft. What is the linear height 
of the cloud ? 

47. From a point B at the foot of a mountain, the elevation 
of the top A is 60°, After ascending the mountain one mile, 
at an inclination of 30° to the horizon, and reaching a point C, 
the angle ACB is found to be 135°. Find the height of the 
mountain in feet. 

48. From a ship two rocks are seen in the same right line 
with the ship, bearing N. 15° E. After the ship has sailed 
northwest 5 miles, the first rock bears east, and the second 
northeast. Find the distance between the rocks. 

49. From a window on a level with the bottom of a steeple 
the elevation of the steeple is 40°, and from a second window 
18 ft. higher the elevation is 37° 30'. Find the height of the 
steeple, 

50. To determine the distance between two inaccessible 
objects by observing angles at the extremities of a line of 
known length. 

51. Wishing to determine the distance between a church A 
and a tower B, on the opposite side of a river, I measure a 
line CD along the river (C being nearly opposite A), and 
observe the angles ACB, 58° 20'; ACB, 95° 20'; ABB, 53° 30'; 
BBC, 98" 45'. CB is 600 ft. What is the distance required ? 
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EXAMPLES. 

52. Wishing to find the height of a summit A, 1 i 
horizontal base line CD, 440 yds. At C, the elevation of A is 
37° IS', and the horizontal angle between D and the summit is 
76° IS'; at D, the horizontal angle between C and tlie summit 
is 67° 14'. Find the height. 

53. A balloon is observed from two stations 3000 ft. apart. 
At the first station the horizontal angle of the balloon and the 
other station is 75° 25', and the elevation of the balloon is 18°. 
The horizontal angle of the first station and the balloon, 
measured at the second station, is 64° 30'. Find the height 
of the balloon. 

54. Two forces, one of 410 pounds, and the other of 320 
pounds, make an angle of 51° 37'. Find the intensity and the 
direction of their resultant. 

65. An unknown force, combined with one of 128 pounds, 
produces a resultant of 200 pounds, and this resultant makes 
an angle of 18° 24' with the known force. Find the intensity 
and direction of the unknown force. 

56. At two stations, the height of a kite subtends the same 
angle A. The angle which the line joining one station and 
the kite subtends at the other station is B ; and the distance 
between the two stations is a. Show that the height of the 
kite is ^a. sin A sec B. 

57. Two towers on a horizontal plane are 120 ft. apart. A 
person standing successively at their bases observes that the 
angular elevation of one is double that of the other ; but, when 
he is half-way between them, the elevations are complementary. 
Prove that the heights of the towers are 90 and 40 ft. 

58. To find the distance of an inaccessible point C from 
either of two points A and B, having no instruments to 
measure angles. Prolong CA to a, and CB to b, and join 
AB, Ab, and Ba. Measure AB, 500; ctA, 100; aB, 560; 
5.ff, 100; and^a, fiSO. 
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59. Two inaccessible points A and B, arc visible from D, 
but no otlier point can be found whence both are visible. 
Take some p6int C, whence A and 1> can be seen, and meas- 
ure CD, 200 ft. ; ADC, 89° \ ACD, 60° 30'. Then take some 
point -E, whence Z> and B arc visible, and measure DJS, 200 ; 
BDS, 54" 30' ; BISD, 88° 30'. At D measure ADB, 72° 30'. 
Compute the distance AB. 

60. To compute the horizontal distance between two inac- 
ceseible points A and B, when no point can be found whence 
both can be seen. Take two points C and D, distant 200 yds., 
so that A can be seen from C, and B from I). From C meas- 
ure CF, 200 yds. to F, whence A can be seen ; and from D 
measure J)F, 200 yds. to B, whence B can be seen. Measure 
AFC, 83"; ACD, 53° 30'; ACF, 54=31'; BDJS, 64' 30'; 
BDC, 156° 25'; DFB, 88° 30'. 

61. A column in the north temperate zone is east-southeast 
of an observer, and at noon the extremity of its shadow is 
northeast of him. The shadow is 80 ft. in length, and the 
elevation of the column, at the observer's station, is 45°. 
"Find the height of the column, 

62. From the top of a hill the angles of depression of two 
objects situated in the horizontal plane of the base of the hill 
are '45° and 30° ; and the horizontal angle between the two 
objects is 30°. Show that the height of the hill is eq^ual to 
the distance between the objects. 

63. Wishing to know the breadth of a river from A to .5, 
I take AC, 100 yds. in the prolongation of BA, and then take 
CD, 200 yds. at right angles to A C. The angle BDA is 37° 
IS' 30". Find^.B. 

64. The sum of the sides of a triangle is 100. Tlie angle 
at A is double that of B, and the angle at D is double that at 
C. Determine the sides. 
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65. lisitr'A-\-5tiOsU^3,findLA. 

66. If sia^A — tn cos A — n, find cos A. 

67. Given sin A = m sin B, and taii^^wtani?, find siiivi 
and cos B. 

68. If tan^^ + 4sm^^ = G, iindA 

69. If Bm^^sin2yl, find A 

70. n tan 2^ = 3 tan J, find ^. 

71. Prove tliat tan 50" + cot 50° ^ 2 sec 10^ 

72. Given a regular polygon of n sides, and calling one of 
them a, find expressions for the radii of the inscribed and thu 
circumscribed circles in terms of n and a. 

If P, //, D are the sides of a regular inscribed pentagon, 
hexagon, a.nd decagon, prove I"^ ^: 11^ -\- 1>^. 

Aeeas. 

73. Obtain the formula for the area of a triangle, gi 
two sides b, c, and the included angle A. 

74. Obtain the formula for the area of a triangle, gi 
two angles A and S, and included side c. 

75. Obtain the formula for the area of a triangle, gi 
the three sides. 

76. If 
its area it 



Ls the side of an equilateral triangle, show that 



77. Two consecutive sides of a rectangle are 52.25 ch. and 
38.24 eh. Find its area. 

78. Two sides of a parallelogram are 59.8 ch. and 37.05 ch., 
and the included angle is 72° 10'. Find the area. 

79. Two sides of a parallelogram are 15.36 eh. and 11.46 
ch., and the included angle is 47° 30'. Find its area. 
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80. Two sides of a triangle are 12.38 ch. and C.7S nh.., and 
the inchided angle is 46° 24'. Find the area. 

81. Two sides of a triangle ai-e 18,37 ch. and ISA'i eh., 
and they form a right angle. Find the area. 

82. Two angles of a triangle are 76° 54' and 57" 33' 12", 
and the inchided aide is 9 ch. T"ind the ai'ea. 

83. Two sides of a triangle are 19.74 ch. and 17.34 ch. 
The first bears B". 82° 30' W. ; the second S. 24° 15' E. Find 
the area. 

84. The three sides of a triangle are 49 eh., 50.25 ch., and 
25.69 ch. Pind the area. 

85. The three sides of a triangle are 10.64 ch., 12,28 ch., 
and 9 ch. Find the area. 

86. The sides of a triangular field, of whiiih the area is 
14 acres, are in the ratio of 3, 5, 7. Find the aides. 

87. In the quadrilateral ABCD we have AS, 17.22 ch,; 
AD, 7.45 ch. ; CD, 14.10 ch. ; BC, 5.25 ch. ; and the diagonal 
AC, 15.04 ch. Find the area. 

88. The diagonals of a quadrilateral are a and 6, and they 
intersect at an angle D. Show that the area of the quadri- 
lateral is iab sinD. 

89. The diagonals of a quadrilateral are 34 and 56, inter- 
secting at an angle of 67°. Find the area. 

90. The diagonals of a quadrilateral are 75 and 49, inter- 
secting at an angle of 42°. Find the area. 

91. Show that the area of a regular polygon of n sides, of 
. no," 180° 



which o 



One side of a regular pentagon is 25. Find the area. 
One side of a regular hexagon is 32. Find the area. 
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94. One side of a regular decagon is 4G. PJnd the area. 

95. Find tlie area of a circle whose eircnmferenee is 74 ft. 

96. Find the area of a circle whose radius is 125 i't. 

97. In a circle with a diameter of 125 ft. find the area of a 
sector with an arc of 22". 

98. In a circle with a radius of 44 ft. find the area of a 
sector with an arc of 25°. 

99. In a circle with a diameter of 50 ft. find the area of a 
segment with an arc of 280°. 

100. Find the area of a segment {less tlian a semicircle), of 
which the chord is 20, and the distance of the chord from the 
middle point of the smaller arc is 2. 

101. If *■ is the radius of a circle, the area of a regular 
circumscribed polygon of n sides is m^ tan — 

The area of a regular inscribed polygon is - r' sin 

102. If a is a side of a regular polygon of n sides, the area 

of the inscribed circle is -^ cot^ — — 
4 n 

The area of the circiimscribed circle is — r- csc^ 

4 n 

103. The area of a regular polygon inscribed in a circle is 
to that of the circumscribed polygon of the same number of 
sides as 3 to 4. Find the number of sides. 

104. The area of a regular polygon inscribed in a circle is 
a gepmetric mean between the areas of an inscribed and a 
circumscribed regular polygon of half the number of sides. 

105. The area of a circumscribed regular polygon is an 
harmonic mean between the areas of an inscribed regular 
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polygon of the same nnmber of sides, and of a circumscribed 
regular polygon of half that number. 

106. The perimeter of a circumscribed regular triangle is 
double that of the inscribed regular triangle. 

107. The square described about a circle is four-tliirds the 
inscribed dodecagon. 

108. Two sides of a triangle are 3 and 12, and the included 
angle is 30°. Find the hypotenuse of an isosceles right tri- 
angle of equal area. 

Plane Sailing. 

109. Plane Sailiag is that branch of Navigation in which 
the surface of the eai'tli is considered a plane. The problems 

. -which arise are therefore solved by the methods of Plane 
Trigonometry. 

Tlie following definitions will explain the technical terms 
which are employed : 

The diffeiente of latitudi' of tv.ci places is the arc of a 
mericlian comprehended between the parallels of latitude 
passing thtough those pltres 

The d&partuie between two meridians is the arc of a 
piiijlel of lititude comprehended between those meridians. 
It evidently diminishes is the distance from the equator at 
w hich it 13 measured inureases 

When a ship sails in such a manner as to cross succossivo 
meridians at the same angle, it is said to sail on a rhumb-line. 
The constant angle which this line makes with the meridians 
is called the course, and the distance between two places is 
measured on a rhumb-line. 

If we neglect the curvature of the earth, and consider the 
distance, departure, and difference of latitude of two places to 
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be straight lines, lying in one plane, they will form a right 
triangle, called the triangle of plane sailing. If ABD be a 
plane triangle, right-angled at D, and AD represent the dif- 
ference of latitude of A and B, DAB will be the course from 
A to B, AB the distance, and DB the departure, measured 
from. B, between the meridian of A and that of B. 

110. Taking the earth's equatorial diameter to be 7925,0 
miles, find the length in feet of the arc of one minute of a 
great circle.* 

111. A ship sails from latitude 43° 45' S., on a course W, 
by E., 2346 miles. l''ind the latituilo reached, and the 
departure made. 

112. A ship sails from latitude V 45' X., on a course S.E, 
by E., and reaches latitude 2° 31' S. Find the distance, and 
the departure. 

113. A ship sails from latitude 13° 17' S., on a course N.E. 
by E. J E., until the departure is 207 miles. T'ind the distance, 
and the latitude reached. 

114. A ship sails on a course between S. and E., 244 miles, 
leaving latitude 2° 52' S,, and reaching latitude 5° 8' S. Pind 
the course, and the departure, 

115. A ship sails from latitude 32° 18' N",, on a course 
between N. and W., making a distance of 344 miles, and a 
departure of 103 miles. Eind the course, and the latitude 
reached. 

116. A ship sails on a course between S. and E., making a 
diiference of latitude 136 miles, and a departure 203 miles. 
Find the distance, and the course. 

117. A ship sails due north 15 statute miles an hour, for 
one day. What is the distance, in a straight line, from the 

* The length of the arc of one minute of a great circle of the earth ia 
called a geograiphical miie, or a kaot. In. the following problems, this is 
the distance meant by llie terra "mile," unless otherwise stated. 
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point left to the point reached? (Take earth's radius, 39G2.8 
statute miles.) 

pAKALLEt AND Middle Latitude Sailing. 

118. The difEerencG of longitude of two places is the angle 
at the pole made hy the meridians of these two places ; or, it 
is the arc of the equator comprehended between those two 
lueridians. 

119. In Parallel Sailing, a vessel is supposed to sail on a 
parallel of latitude ; that is, either due east or due west. The 
distance sailed is, in this case, evidently the departure made ; 
and the difference of longitude made depends on the solution 
of the following problem : 

120. Given the departure between any two meridians at 
any latitude, find the angle which those meridians make, or 
the difference of longitude of any point on one meridian from 
any point on the other. (The earth is considered to be a 
perfect sphere, and the solution depends od simple geometric 
and trigonometric principles. Cf. Problem 7.) The solution 
gives the following formula : 

DiS. long. = depart. X see. lat, 

121. A ship in latitude 42° 16' N., longitude 72° 16' W., 
sails due east a distance of 149 miles. What is the position 
of the point reached? 

132. A ship in latitude 44° 49' S., longitude 119° 42' E., 
sails due west until it reaches longitude 117° 16' E, Find the 
distance made. 

123. In Middle Latitude Sailing, the departure between two 
places, not on the same parallel of latitude, is considered to 
be, approximately, the departure between the meridians of 
those places, measured on that parallel of latitude which lies 
midway between the parallels of the two places. Except in 
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very high latitudes or excessive runs, B\ieh an a.ssuinption 
produces no great error. By the formula, of Art. 120, then, 
we shall have -— 

Di£f. long. = depart. X see. mid. lat. 

124. A ship leaves latitude 31° 14' N., longitude 42° 19' W., 
and sails E.N.E. 325 miles. Find the position reached. 

125. Find tl»e hearing and distance of Cape Cod from 
Havana. (Cape Cod, 42° 2' N., 70° 3' W. ; Havana, 23° 9' N., 
82° 22' W.) 

126. Leaving latitude 49° 57' N., longitude 15° 16' W., a 
ship sails hetween S. and W. till the departure ia 194 miles, 
and the latitude is 47° 18' N. Find the course, distance, and 
longitude reached, 

127. Leaving latitude 42° 30' N., longitude 68° 51' "W., a 
ship sails S.E. by S. 300 miles. Find the position reached. 

128. Leaving latitude 49° 67' N., longitude 30° W., a ship 
sails 8. 39° W., and reaches latitude 47° 44' N. Find the 
distance, and longitude reaehed. 

129. Leaving latitude 37° N., longitude 32° 16' W., a ship 
sails between N. and W. 300 miles, and reaches latitude 41° N. 
Find the course, and longitude reached. 

130. Leaving latitude 50° 10' S., longitude 30° E., a ship 
sails E.S.E., making 160 miles' departure. Find the distance, 
and position reached. 

131. Leaving latitude 49° 30' N., longitude 25° W., a ship 
sails between S. and E. 215 miles, making a departure of 167 
miles. Find the course, and position reached. 

132. Leaving latitude 43° S., longitude 21° W., a ship sails 
273 miles, and reaches latitude 40° 17' S. What are the two 
courses and longitudes, either one of which will satisfy the 
data? 
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133. Leaving latitude 17° N"., longitude 119" K., a ship sails 
219 miles, making a departure of 162 miles. What four seta 
of answers do we get ? 

134. A ship in latitude 30° sails due east 360 statute miles. 
What is the shortest distance from, the point left to the point 
reached ? 

Solve the same problem for latitude 45°, 60°, etc. 

Traversb Sailing. 

135. Traverse Sailing is the application of the principles 
of Plane and Middle Latitude Sailing to eases when the ship 
sails from one point to another on two or more different 
courses. Each course is worked np by itself, and these 
independent results are combined, as may be seen in tlie 
solution of the following example ; 

136. Leaving latitude 37° 16' S., longitude 18° 42' W,, a 
ship sails KE. 104 miles, then N.N.W. 60 miles, then W. by 
8. 216 miles. Find the position reached, and its bearing and 
distance from the point left. 

We have, for the first course, difference of latitude 73.5 N., 
departure 73.5 E. 

We have, for the second course, difference of latitude, 
55.4 K., departure 23 W. 

We have, for the third course, difference of latitude 42.1 S., 
departure 211.8 W. 

On the whole, then, the ship has made 128,9 miles of north 
latitude, and 42.1 miles of south latitude. The place reached 
is therefore on a parallel of latitude 86.8 miles to the north of 
the parallel left ; that is, in latitude 35° 49'.2 S. 

The departure is, in the same way, found to be 161.3 mUcs 
W. ; and the middle latitude is 36° 32',C. With these data, 
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and the foi'mula of Art. 123, we find the difference of longitnfle 
to be 201 miles, or 3° 21' W. Hence the longitude reached is 
22° 3' W. 

With the difference of latitude 86.8 miles, and the departure 
161.3 miles, we find the course to be N. 61° 43' W., and the 
distance 183.2 miles. The ship has reached the same point 
that it would have reached, if it had sailed directly on a 
course N. 61° 43' "W., for a distance of 183.2 miles. 

137. A ship leaves Cape Cod (Ex. 125), and sails §.E. by 
S. 114 miles, N. by E. 94 mUes, W.N.W. 42 miles. Solve as 
in Ex. 136. 

138. A ship leaves Capo of Good Hope (latitude 34° 22' 8., 
longitude 18° 30' E.), and sails N.W. 126 miles,, N". by E. 84 
miles, W.S.W, 217 miles. Solve as in Ex. 136. 

Pboblisms in Goniometey. 
Prove that 

1. sina; + cos3;^V2cos(3:-i,r). 

2. sina; — cosM = — V2cos(sc + ^7r). 

3. sina;+V3co3 3; = 2sin(3; + i'>-). 

4. sin(x + ^3-) + sin(a; — ^ir) — sin.K. 

5. cos(3; + ^ir) + cos(a; — ^Tr) = V3eosa;. 

6. tan!C + 8eca;^tan(^3!-}"iT). 

7. tan3; + sec3!= — — ■ 

sec X — tan x 

1 — tana cot x~\ 

\ -\- tau X cot a; 4- 1 

sina: 1 + cosx 

9. ■ - ■ - ■ ■ 4 : = 2 CSC a!. 

1 -|- cos X sin X 

10. tana; + cot cc — 2 esc 2 a:. 12. 1 + tan a; tan 2 a; = sec 2 a;. 

11. cot a; -tau a; =-2 cot 2 a;. 13. sec 2a! = „ ^^""^ • 
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15. ts,ii2x-\-sec2x = 
2 tan X 



(x + 45'')sec(x~45''). 



1 + taii^^c 
sin=2x- 



IG. sin 2* = 

18. sinSic- 

3 tan a: — tannic „„ tan 2 a; 4- tan a: sinSa; 

19. tan3a! = — ; ttt—t' — 20. -— r : = —. 

1—3 tan^ tan 2a; — tan x sm x 

21. sin(a; + 4/) + cos(a; — j/) = 28iii(x + i7r)sm()/ + i7r). 

22. sm(x + y)-cos(x-y) = -2sm(x — iw)&mQ,-i^). 
^ sm(x + 7/) 



25. 



27. 



cos 2 a; + cos 2 y 
lix + cosij ^ tanj^(a:+y)+45°; 
y t^\i{x—i/)—i!?''\ 
D 2 a: + sin 4 X = 2 sin 3 a; COS «. 

= 4sin a; cos a; — 8 sin^ cos x 
^^ 8 cos'a; sin a; — 4 cos x sin x. 

28. coB4a;^l — 8cos'^ + 8cos*a; = l — 8si 

29. cos2a!4-coE4a;=:2cos3a;cos2a!. 

30. sinSa: — sin;^ = 2cos2a;sina;. 

31. sin^a;sin3x + cos^eos3a; = cos°2a;. 

32. cos*a: — sin*a;^cos2x. 

33. cos^a; + siii^ ^ 1 -— J sin^ 2 x. 

34. cos'a; — sin^a; = cos 2x (1 — sin^a; eos^). 

35. cos'x + sin% — 1 — 3 sin'a; cos^. 

36. '-SLp+iBp^Mx. 

COS 3x — cos 5a; 
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Prove that 

sin 3 a; + sill 5 a; 



37. 



eina: + sin3ic 

38. CSC a: — 2 cot 2 a; cos x = 2 sin x. 

39. (sin 2x — aw2f/)ta;a (x + t/) = 2 (sin^c — sin V)- 

40. (1 + cot X + tan x) (sin x — cos as) = ^ ' j^' 

11 ■ I ■ Q i - r sin'^Sa; 

41 . sm a; + sm J K -f sin 5 3! =; — -. 

sin a: 

,„ 3Goaa; + cos3a; ,, 

42. ^-r - .- „- = G0t^a;. 

Ssmce — sm3as 

43. sin3« = 4siiixsin(60° + a;)sin(60°-a). 

44. sin 4 a; 1= 2 sin a; cos 3 CC + sin 2 a;. 

45. sill X + sin (x — ^v) + sin (-Jtt — a;) = 0. 

46. cos a; sin(2/ — s) + cos j/ sin (s — a;) +cos s sin (a: — j/) — 0. 

47. cos(a; + 7/)sin)/ — cos(a; + s)sins 

= sin (a: + y) COS i/ — sin (x + s) cos s. 

48. cos (a; + 1/ + s) + cos (k + ?/ — s) + cos (iC — 7/ + s) 

+ cos (y + s — a;) ^ 4 cos x cos y cos z. 

49. sin (a; + y) cos (a; — i/) + sin ()/ + 2) cos (;/ — s) 

+ sin (s 4' ^) cos (3 — ai) ^^ sin 2a! + sin 2 ?/ 4- sin 2s. 

„„ sin 76° + sin 15° , „ .^ 

50. -. — =-^7- — - — 7—: = tan 60 . 
sin 75 —sin 15 

51. cos 20° + 008 100° + cos 140° = 0. 

52. cos 36° + sin 36° =V2 cos 9°. 

53. tan 11° 15' + 2 tan 22" 30' + 4 tan 45° = cot 11° 15'. 
If A, B, G are tlie angles of a plane triangle, prove that 
64. sin2^ + sin2B + sin2'C = 4sin^sinBsinC. 

55. cos2^ + cos2S + eos2C = — 1— 4cos-4cos.BcosC. 
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If A, B, C are the angles of a plane triangle, prove that 

56. sin 3^ + sin SB + sin 3 C = - 4 cos ^^ cos ~ cos ~ 

57. cos^^I + cos^-B -\- cos" (7 = 1 — 2 cos ^ cos £ cos C. 

If ^ + £ + (7 ^ 90°, prove that 

5S. taujItan^ + taiiB tanC + tanCtan^^^l. 

69. ainM + sin^5 + ain= = 1 - 2 sin^ sin B sin C. 

60. 8in2^+sin2iJ + 8in2C^4eo3^eo3ficosa 

61. siii(sin~'a: + sin~')/)^^a; Vl — ?/^ + */Vl— x'. 

62. tail (tan-' a; + tau-'w) = i^^ti^- 

^ ^' 1 — xy 

2x 

63. 2 tan-'K:=tan-' ^ ^ - 

64. 2sia-=a!i=sin-'(2«Vr^^^. 

65. 2eo3~'a!^cos~^(2x' — 1). 






71. 23ec-'a; — tan-'-^j; — r-^- 

2— a;* 

72. tan-i^ + tan-H = 45''. 

73. tan"^ J + tan~^ ^ ^ tan"' ^. 
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Prove that 








74. 


sin- 


' § 4- siu- 


■H 


= sin- 


-'«. 


75. 


,in- 


'^W^"" ' 


4 


= 45' 



76, sec' I + sec-' ] | — 90°. 

7T. tan-i (2 + VS) - tan-' (2 — Vs) ^ see-^ 2. 

78. tan-' ^ + tan-' -J + tan-' \ + tan"' ^ — 45°. 

79. Given cosM=:f , find sin^a; and cos^a;. 

80. Given tana; = i, find tan|a:. 

81. Given aina; + cos« = Vi, find cos 2a;. 

82. Given tan2x = iV*, fiadsina;. 

83. Given coa3a; = |^, find tan2it;, 

84. Given 2 csea; — cot;c=^ VS, fi.nd sin-Ja;. 

85. rind sin 18°, cos 36°. 
Solve the following eq^uations : 

86. sina; — 2sin (^TT + a:). 90. sina; + cos2a; — Isiu'ic. 

87. sin 2 a; = 2 cos as. 91. 4cos2a; + 3G0sa: = l. 

88. cos 2 a; = 2 sin a;. 92. sina; + sin2x = sm3a;. 

89. sin a: + cos a: = 1. 93. sin 2a! — Ssin^a; — cos'a:. 

94. tan a: + tan 2 a; ^^ tan 3 a;. 

95. cot X — tan a; ^^ sin a: + cos a;. 

96. tan^a; = sin2a:. 99. sina:+sin2;c^l— eos2a;. 

97. tanx+Gota: = tan2a!. 100. sec2ai + i — 2 cosa;, 
.„ 1 — tana; . 



■ l+tana; 

102. taxi(i^ + x) + ta,n(iT — x) 

103. Vl + sinx — Vl — si^ = 2 



101. tan2a; + tfin3a; 
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Solve the following equations ; 

104. taiia;tan3a^^= — f. 

105. sin{45°+a;) + Gos(45''-fl^)^l. 

106. tajix + k^iix^a. 107. cos2a: = a(l — cosx). 
lOS. coa2a;(l— tanx) = (*(l + tana;). 

109. ain^x + ms'^ — ^:^ 8111^2 X. 

110. cos3a; + 8cos'a^=0. 

111. sec (x + 120°) + sec {x — 120°) = 2 cos x. 

112. csca: = Cotx + V3. 114. cosa; — cos2a;^l. 

113. 4coa2a; + 6sinir^5. 115. sin4a^ — siii23^=^3ina;. 

116. 2siii»a; + siii''2a;=2. 

117. cos5a; + cos3a; + cosa: = 0. 

118. aeca; — eota! = csca!— tanic. 

119. taii% + cot'iC = ->g'i. 
130. 8in4« — e0833; = Bin2a;. 

121. sinj; + cosx = seccc. 122. 2cos«:cos3ic+l = 0. 

123. cosSa; — 2cos2a^ + cosa; = 0. 

124. tan 2 a; tan 35 = 1. 

126. Sin (»:+ 12") + sin (x - 8°) ^ sin 20". 

126. tan(60° + a:)tan(60° — a;)^ — 2. 

127. sin (a; +120°) 4- sin (^ + 60°) ^|. 

128. sin(3; + 30'')sin(a; — 30°) = ^. 

129. sin*a! + eos*a: = |. 131. tan (a; + 30°) — 2 cos r, 

130. sin^» — eos'x^s'j. 132. see3;=2 tanx + :^. 

133. sin(3; — i/)=eos3;, cos (a; + j/) = sin«. 

134. tanx + tany = a; cot a: + cot y == &. 

135. sin {x + 12°) cos (x — 12°) == coa 33° sin 57°. 

136. sin-ia: + sin-' ^3^^120°. 

137. tan-ia; + tan-'2a; = tan-'3V3. 

138. sin-ia^ + 2cos-ia: = |,r. 
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Solve the following equations : 

139. siii-^a! + 3co8-'« = 210°. 

140. tan-'fl; + 2 cot-la^ = 135°. 

141. tan-' (^ + 1) + tan-' (x — l') = tan"' 2 x. 



142. 


tan-' 


'SI+ 


,x — 2 
tan-' T - 


= (». 


143. 


tan-' 


1-a;^" 


.60°. 




Find the value of : 






144. 


asecx + licsc 


■ X, when tana 


-a/ 


145. 


sin 3 


X, when 


sin2:. = Vr: 


-m-. 


146. 


c^ 


: — sec=33 


, when tana; - 


= Vf. 



esc" a; + sec'^a 

147. sina;, when taji=x + 3cot'a;=4, 

148. cosa;, when 6tana! + sec3; = 5. 

149. secK, when tan x = — 



V2a + 1 

Simplify the following expressions : 
150 (c"Sx + cosy)'+(sina; + siny)'' 
cosH(« — y) 
Sin(a; + 2y)-2sin(a: + y) + sing 
^^-'' coa(a;-|-2y)-2cos(a; + ;/) + cosa! 

3in(a:-a)+2 s inai+sin(a; + ^) 
■^^^' siii{y-2) + 2siny+sin(y+«) 



Bin6a; + sin4x 
154. tan-'(2a;4-l) + tan-'(2x — 1). 



' 1 + sin^a; 1 + cos^a; l+sec^a: 1+ci 
156. 23ec'a! — sec^x — 2e8o'a; + eso*«. 
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El^TRAWCE EXAMII^ATIOK" PAPEES.* 

PLANE TRIGONOMETRY AND LOGARITHMS. 

I. 

{Cornell, June, 1889,) 
(Otis t|uestion may i)e omitted.) 

1. Provo that 

see (^V -|- fl) = — CSC ^ ; 
tao(— 0) = — tanS; 

C8c(7r — fl) = 05Cft 

2, Draw the curve of tangents, and show the changes in 
the value of this function as the arc increases from 0° to 360°. 



3. In terms of functions of positive angles less than 45°, 
express the values of sin — 250°, csc^^ir, tan — J ^ it. Also 
find all fclie values of $ in terms of a when cosfl^ Vsin'a. 

4. (ft) Given cosa;::^0.5, find cosSa; and tan2ic. 

(S) Prove that vers (180° — A) + vers (360° — A) = 2. 

5. Prove the check formula : 

ft + 6 : o = ws^(A-B) : sin^ C; 
a-b : G^smi(A-£): cosi a 

* Note. In these papers, as in many text-books, the Greek letters 
a (tUpha), ff {hayta), t {samma), S (delta), $ (thayta), and ^ (jphee), are 
octaaiunallj uipA to denoto angles. 
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6. Ill a, right triangle, r (the hypotenuse) is given, and one 
acute angle is n times the other ; find the sides about the right 
angle in terms of )■ and n. 

7. The tower of Mearaw Hall is 125 ft. high, and from its 
summit the angles of depression of the bases of two trees on 
the campus, which stand on the same level as the Hall, are 
respectiTely 57" 44' and IC 59', and the angle subtended by 
the line joining the trees is 99" 30'. Find the distance between 
the trees. 



II. 

{Cornell, Jwie, 1800.) 
(Omit one question.) 

1. Prove that cot (— 6) ^= — cot 6 ; csCtt — 9 =^ c&a ; 
sin(Tr4-fl)= — sinfl; secco-^ = csc9; cos (^7r+^) — "Sinfi. 

2. Show that in any plane triangle sin 1-^^:-^^^ — ' ■ 

3. Find the value of sin(8±$') in terms of sinO, cos 9, 
sin 9', and cos ^'. 

4. Given tan 45"=^!; find all the functions of 22° 30'. 

5. Determine the number of solutions of each of the tri- 
angles: <j=13.4, 5=11.46, ^=77° 20'; c=58, a=75, (7=00°; 
& = 109, a = 94, ^ = 92''10'; c=309, 6=360, C=2ri4'26". 

6. In a parallelogram, given side a, diagonal d, and the 
angle A formed by the diagonals ; find the other diagonal and 
the other side. 

7. A and B are two ob]ects whose distance, on account of 
intervening obstacles, cannot be directly measiu-ed. At the 
summit of a hill, whose height above the common horizontal 
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pkno of tlie objects is known to be 517.3 yds., angle ACB is 
foTinil to be 15° 13' 15". The angles of elevation of C viewed 
from A and B are SI" 9' 18" and 23" 16' 34" respectively. Find 
the distauce from A to B. 



IGomdl, September, 1801.) 

1. Trace the value of tan 6 and that of esc 6, as 6 increases 
from 0" to 300°. 

2. (a) Find the remaining functions uf 6 when cos S — — ^ V3. 
(b) DetermiQe all the values of 6 that will satisfy the 

relation cot 6 = 2 cos S. 

3. Prove the identity 

A i. ^ sin^^ — cos'^jI „ ^_ . 

tan ^ — cot ^ = ■ — r—, r- = — 3 cot 2 ^, 

sin A cos A 

4. Derive an expression for the sine of iialf an angle in a 
triangle in terms of the sides of the triangle. 

5. Consti-uet a figure and explain fully (giving formulce) 
how you would find the height above its base, and the distance 
from the observer, of an inaccessible vertical object that is 
visible from two points whose distance apart is known, and 
"which can be seen from one another. 

6. Given two sides of a plane triangle equal respectively to 
121.34 and 216.7, and the included angle 47' 2V 11", to find 
the remaining parts of the ti'iangle. 

7. In a right triangle, if the difference of the base and the 
perpendicular is 12 yds., and the angle at the base is 38° 1' 8", 
what is the length of the hypotenuse ? 
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[Cornell, June, 1892.) 

1. By means of an equilateral triangle, one of whose angles 
is bisected, find the numerical values of the functions of 30° 
and 60". 

2. If be any angle, prove that 

sin d = tan 6 : Vl + tan^ 0, cos ^^ Vcsc^ — 1 : esc C. 

3. Prove that ^^^^r ^ - " - " - „, = - cot + (9—6'), where 6 and 6 
are any angles. 

4. Find sin 2 $, cos 2 $, and tan 2 9, in terms of functions of 6. 

5. Assuming the law of sines for a plane triangle, prove that 

(a + b):e = cvs^(A-B):smiC, 
{a~h) : c^s\y^^{A-B) : cos^C. 

6. At 120 feet distance, and on a level with tho foot of a 
steeple, the angle of elevation of the top is G2° 27'; find the 
height, 

7. Solve the plane triangle given the three sides, 

a — 4:8.76, 6^62.92, c = S0.2i. 



{Uarmrd, June, 1889.) 

1. In how many years will a sum of money double itself at 
4 per cent., interest being compounded semi-annually ? 

2. Given sin'a!= 5 -> iind sin2a; and tanSa;, 

3. Find all values of x, under 360°, which satisfy the 
ec^uation VS cos 2 a; = 1 — 2 sin a^ 
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4. What is always the value of 

2 sin^ sinV + ^ cos'^ cosV — eos 2 x cos 2 y ? 

6. Find the area of a parallelograiii, if its 
2 and 3, and intersect each other at an angle of 35°. 

6. Find the bearing and distance from Cape Horn (55° 65' S., 
67° 40' W.) to Falkland Island (51° 40' S,, 59° W.)- 



(Ilarmrd, June, ISm.) 

1. In a certain system of logarithms 1.25 is the logarithm 
of ^. What is the base ? 

Be careful to remember what 1,25 means. 

2. Find the tangent of 3 a; in terms of the tangent of x. 

3. One angle of a triangle is 35°, and one of the sides 
including this angle is 24. What are the smallest values the 
other sides can have ? 

4. Find all values of x, under 360°, which satisfy the 
equation 

tan 23: (tan'a; — 1) = 2 sec'a; — 6. 

6. Two sliips leave Cape Cod (42° N., 70° W.), one sailing 
E., the other sailing N,E. How many miles must each sail to 
reach longitude 65° W. ? 

6. If ^+5+C^180°, find the value of 

tan A 4" tan j5 + tan — tan A tan B tan C. 
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{Ilarvanl, Serilember, 1891.) 

1. What is the base, when log 0,008 ^—1.5? 

2. If cos (a—b) = 3 cos (a 4- b), find the value of ! . ^" . (" + ^) . 

^ ' •-. • /• sec a see /t 

3. The area of an oi)lic[ue-angled triangle is 50. One angle 
is 30°, and a side adjacent to that angle is 12. Solve the 
triangle. 

4. J?ind all values of x, less than 360", which satisfy tlie 
eiiuation 

sin2a: — eosiC^^cosV 

5. Find, by Middle Latitude Sailing, the coiirse and the 
distance from Cape Cod (Lat. 42" 2' N., Long. 70" i' W,) to 
Fayal (Lat. 38° 32' N., Long. 28° 39' W.). 

6. In any triangle ABC, prove 

tan ^ A, tan -J S -f- tan ^ A tan i C -\- tan J B tan ^ C ^ 1. 



[Harmrd, September, 1892.) 

(Take the questions in any order. One of the starred questions nuy tie 
omitted.) 

1, What is the base of a system of logarithms in ■which 
log(jb) = 2.33i? 

*2. Given the area of a right triangle, and the smallest 
angle, find the legs of the triangle in terms of the data. 

*3. Find a and b, given —. — r — V2, and r — VS. 

' ° sm ft ' t.fliA ft 
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4. One angle of an oblique-angled triangle is 45°, and an 
adjacent side is V2, Wliat is the smallest value which the 
opposite side can have ? Solve the triangle when the opposite 
side is |. 

5. A ship leaves Cape Cod (42° 2' N., 70° 4' W.) and sails 
200 knots on a course S. 40" E. Find the latitude and longi- 
tude reached. 

*6. If 2 tan2a^^tan25siii2&, find the relation between 
the tangents of o. and b. 



(Take tlie problems in any order. One of the starred proWema may be 
omitted.) 

1. What is the base of the system of logarithms, when 
log3=0.3976? 

*2. Solve the right-angled triangle in which one angle is 
30°, and the difference of the legs is 4. 

*3. Pind *, given seca;:=2tan3; + 2. 

*4. One angle of a triangle is double another angle. The 
side opposite the first angle is three-halves of the side opposite 
the second angle. Find the angles. 

5. Find, by Middle Latitude sailing, the course and 
distance from Funchal (32° 38' N., 16° 54' W.) to Gibraltar 
(36° 7' N., 5" 21' W.). 

*6. Eeduce to its simplest form cos 2 x tan (45° + a:) — sin 3 x. 
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{Harvard, September, 18S3.) 
(One of the starred problems may be omitted.) 
1. If the base of our system of logarithms were 20 instead 
of 10, what would be the logarithm of one tenth? 

*2. The area of a right triangle is 6, and the sum of tlic 
three sides is 12. Solve the ti'iangle. 
*3. lleduce to its simplest form 

cos^ B -\- sin^ B cos 2 A — sin^^ cos 2 B. 
*i. Two angles of a triangle are 40° 14' and 60° 37'. The 
sum of the two opposite sides is 10. Find these sides. 

b. A ship leaves Cape of Good Hope (34° 22' S., 18° 30' E.), 
and sails N. 40° W. to Latitude 30' 8. Find, by Middle Lati- 
tude Sailing, the Longitude reached and the distance sailed. 

*6. The base angles of a triangle are 22° 30' and 112° 30'. 
Find the ratio between tlie base and the height of the triangle. 



XL 

(Barnard, June, 1894.) 

(Arrange your work neatly,) 

1. What is meant by the logai-ithm of a numher n in the 
system whose base is 8 ? What will be the logarithm of 4 in 
this system? 

2. Establish tlie formula : 

/, t o ^ ^ /l — cosa; 
sin ^ ic = ± (1 -)- 2 cos a;) "Y ^ — " 

Which sign sliould be used when x lies in the first CLuadrant ? 
When X lies in the second quadrant? 
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3. In a triangle two angles arc equal to 32° 47' and 49° 28' 
respectively and the length of the included side is 0.072, 
Solve the triangle. 

4. A circular tent 30 feet in diameter subtends at a certain 
point an angle of 15°. Find the distance of this point from 
the centre of the tent. 

5. A ship leaves Latitude 42° 2' N., Longitude 70° 3' W., 
and sails N. 40° E. a distance of 420 miles. Find by Middle 
Latitude Sailing tiie position reached. 



XII. 

d Scientific Sclmol, September, 1893.) 

1. Express an ajigle of 60° in radians. 

2. Represent geometrically the different trigonometric 
functions of an angle. State the signs of each function for 
each quadrant. 

3. Express tan</> and sec.^ in terms of sin i^. 

4. Derive the formula 

8ina+3in^ = 2sin^(a+^)eos^(a — /3). 

6. Show that, if a, h and e are the sides of a triangle and 

A is the angle opposite the side a, then a^=:b^-\'o'^—2bcc^sK. 

6. Given cos 2 iB = 2 sin x, to lind the value of sin x. 

7. Given two sides of a triangle 01=450.2, &=425.4, and 
the included angle C = 62° 8'; find the remaining pai'ts. 



XIII. 
{Shield Scientific School, June, 1893.) 

1. Express an angle of 16° in radians. 

2. "Write the simplest equivalents for sin(7r+i^),tan(27r— i^), 

COS(|ir — ^), sec(7r+i^)- 
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3. Express tan i^ in terms of sin <^, cos <ji and cot i/i, respect- 
ively; and cos <fi in terms of tan 1^, sec<^ and coseci^, respectively. 

4. Show (a) that siQ(a+^) + sin(a— ^)=2sinaC08^; 

(h) that cos(ci+/3) + cos(a~/3)=2cosacos^. 

6. Assume the formula cosa:= jr-, and show that 

2 00 

6. Obtain a formula for tan^a in terms of cos a. 

7. The base of a triangle c^:o56.7, and the two adjacent 
angles a=65° 20'.2, j3=70° OG',5; calculate the area of tlie 



S. Given < a < 90°, and log cos a — 1.85254, to determine a. 



XIV. 



{Sheffield Scientific School, September, 1893.) 

1. Reduce an angle of 3.5 radians to degrees, 

2. Define the different trigonometrical functions of an 
angle and give their algebraic signs for an angle in each 
quadrant. 

3. Write simple ec[uivalents for the following functions : 
sin (—a); cos (~ a) ; tan ( ^ tt + a) ; sec (^ it — a) . 

4. Express cosee u in terms, respectively, of sin a, cos a, 
tan a, cot a, sec a. 

5. Keduce 

(cos a cos ^ — sin u sin/?)^+(sina cos/3 + cosu sin;3)^ 
to its simplest equivalent. 

-tana 



6. Show that tan 



(i-)-^ 
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7. TliB sum of two sides, a and h, of a tiiimglo is 540.7 ft., 
the sum of the opposite angles, a and /9, is 124°, and sin a,: sin /3 
= 1.003 ; find tlie angles and sides of the triangle. 

8. Given < a< 90°, and log cot a=0.03293, to determine a. 



XV. 
(SheMem Scientijk School, June, IBM.) 

1. Express (a) an angle of 2 radians in degrees ; 

(b) an angle of 30° in radians. 

2. Give simple equivalents for the following functions : 
tan(— «), coscc(— a;), sin («:-(- ^ir), sin(a: — ^jr), tan(ax — a;), 
8in(2,-«). 

3. Given tan x^=j> to express sin x, cos x, cot x, sec x, and 
coscc X in terms of a and b. 



4. Show that tan a ± tan h 

5. Derive the formnlte 



■'('■±») 



/l + cos (i . , /l — COS a 
cosi« = ±-v/^^— , sini«^±-v/^ 

C. Given 180° < ^ < 270^ and log cot ^ = 0.3232, find ^. 

7. The sides of a triangle are a — 32.5 ft., 6=33.1 ft., 
c =: 52 A ft. : Calculate the area of the triangle and the angle 
opposite the side c, using the following formula : 



in which S denotes the area of the triangle, and^^^((i-|-S+c). 
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CONSTEUCTION OF TABLES. 

§ 42. LOGAKlTliMS. 

Froperties of Log:aritluns. Any positive number being 
selected as a base, the logarithm of any other positive number 
is tlie exponent of the power to whieh the base must be raised 
to produce the given number. 

Thus, if a" — N, tlien n — logaW. 
This is read, n is eq^ual to log if to the base a. 
Let a, be the base, M and N any positive numbers, m, and n 
their logarithms to the base a ; so tiiat 

a"' = M, a" = N, 

m = log„ilf, n = log„-A^ 

Tlien, in any system of logarithms : 

1. The logarithm of lis 0. 

For, «"=!. .-.O^^log^l. 

2. The logarithm of the base itself is 1. 
For, o} = a. .-.l— log^a. 

3. The hf/anthm of the reciprocal of a, positive number is tlie 
negative of the logarithm of the, number. 



.•.loS.(|p) = -» = -log.« 
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4. The hyarithm of the product of two or more positive 
numbers is fownd by adding together the loganthms of the 
several factors. 

For, JWX A'' = a"" X «« = *"■ + ". 

Siiiiilailj for the product of three or more factors. 

6, The logarithm of the quotient of two positive numbers 
if found by subtracting tJie logarithm of tlie divisor from the 
logarithm of the dividend. 



■Mf> 



;„J/"— log„iV: 



6. The logarithm of a power of a positive number is found by 
multiplying the logarithm of the number by the exponent oj 
the power. 

Tor, Ifi' = (a'")>' = a'P. 

■ ' ■ logo i^") = np=:p log„ N. 

7, TJie logarithm of the real positive value of a, root of a 
positive number is found by dividing the logarithm of the 
number by the index of the root. 

For, VN'=^ = a'. 



[ System. Logarithms to any base a may be 
convGrtud into logarithms to any otlier hase b as follows ; 
Let Nha any number, and let 

n ■= loga N and m = log;, 2f. 
Then, N^a" and iV^J"*. 
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Taking logaritlims to any base whatever, 
n\oga = m.logb, 
or, log a X log„ JV— log b X log^ iV, 

from which log,, JV may be found when logii, log ft, anil log^^ 
are given; and conversely, log„ iV" may be found when log a, 
logS, and logtiVaiB given. 

Two Important Systems. Altliough the number of difforont 
aysteins of logarithms is uiilijnited, there are but two systems 
which ate in eommoii use. These are : 

1. The common system, also called the Briggs, denary, or 
decimal system, of which the base is 10. 

2. The natural system of wliieh the base is the fixed value 
which the sum of the series 



' 1 ' 1.2 ' 1.2.3 ' 1.2.3.4 ' 
approaches as the number of terms is iiidefinitely increased. 
This fixed value, correct to seven places of decimals, is 
2.7182818, and is denoted by the letter e. 

The common system is used in actual calculation ; the 
natural system is used in the higher mathematics. 

Exercise XXIII. 

1. Given logi„2^0.30103,logn,3=0.47712,logio7=O.S45iO 
iind 

Iogi„6, logioU, logio21, logi„4, log,ol2, 
logics, logio^, log.oi, Iogio-5, logiofo- 

2. With the data of example 1, find 

log40, logsS, logsB, logT^, logsalj. 
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3. Given logic 6 — 0.-13429 find 

log,2, log^3, log^S, logj, log,8, 



4. Find a; from tlic equations 



§ 43. Exponential and Logarithmic Sekies. 
Exponential Series. By tlie binomial theorem 

«; («-!)(..» -2) 1 
= ! + »+ ^^ij ^ +^ 1^ ^ + 



(1) 



This equation is true for all real values of x, since the 
binomial theorem may readily be extended to the case of 
incommensurable exponents (CoUe</e Algebra, % 264); it Is, 
however, only true for values of n numerically greater than 

1, since - must be numerically less than 1 (^College Algebra, 

S 375). 

As (1) is true for all values of x, it is true when x^=l. 

= 1 + 1 + ^7- + ^^ rr - + • (-') 
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Heoce, from (1) and (2), 



-t(-i)OiO. 



\2 + |3 ^ 



TMe last equation is true for all values of n numerically 
greater than 1. Taking the limits of the two members as n 
increases -without limit we obtain 

(i+i+|l+l|+ )=i+''+g+|+ (=) 

and this is true for all values of x. It is easily seen that both 
series arc convergent for all values of as. 

The sum of the infinite series in parenthesis is the natural 



Hence by (3), 




-=i+»+|+|+ 


To calculate the value of e we proceed as follows 




1.000000 


3 
i 
5 


1.000000 
0.500000 
0.166667 
0.041667 


8 


0.008333 


7 


O.CK)1388 


8 


0.000198 


e 


0.000025 


0.000003 


Adding, e = 


2.71828. 
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Limit of ( 1 + - ) . By the binuiuial tlieoiem, 

= l + x + -^x^ + 13 x' + 

Thia equation is tme for all values of n greater than x 
(^College Algebra, § 375). Take the limit as n increases with- 
out limit, X remaining finite ; then 



.(i+7.)'=i+"'+;%+^+ 



="tku,(>+;)" (6) 

Logarithmic Series. 

Let y^log,(1 -\-x); 

then 1 + :^ = ^ = ''™" ., fl + ^Y- 

If n is merely a large number, but not infinite, 

(i+f)'=i+.+.. 

■whore * is a variable number which approaches the limit 0, 
when n increases without limit. Hence 

i + ^-TThTk, 
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■ becomes go, and coEaequently e becomes 0, we 



,7i+«^.]. 



'' V. infinite [_' 

Assuming that x is less than 1, we may expand the right- 
hand member of this ecLuation by the binomial theorem. The 
result is 

""^ 2+ (3 15 "*" ■ 

.■.log.(l+«) = j;-|' + |~j + 

This series is known as the logarithmia smes. It is con- 
vergent only if X lies between —1 and +1, or is equal to +1. 
Even within these limits it converges rather slowly, and for 
these reasons it is not well adapted to the computation of 
logarithms, A more couyeuient series is obtained in the 
following section. 

Calculation of Logarithms. The equation 

log.(H-!/) = !/-|" + f-|^ + (1) 

Jiolds true for all values of y numerically less than 1 ; there- 
fore, if it holds true for any particular value of y less than 1, 
it will hold true when wc put — y for ?/ ; this gives 

log,(l-!/) = -!'-|'— |"-T- ■ (2) 
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Subtracting (2) from (1), since 

loB.(l + ;/)-loB,(l-'/) = log.(^). 

™fi»d l»S.(jif) = 2(!'+f + f + )■ 



<^^ 



;i+i^ 



' S(2^ + iy ' 5(2^ + 1)=^ J 
This series is convergent for all positive values of n. 
Logarithms to any base a can be calculated by the series : 
log„(« + l) — log„s 






r. + ^ 



'^3(2^ + 1)^^5(2^ + 1)' 
Calculate log^S to five places of decimals. 
Let g~l; then 2+1-3, 23 + I-; 



The work may be arranged as follows : 

8 2.QO0QO0 

9 0.666667 + 1=0.666667 
9 0.074074 + 8 = 0.034691 
9 0.008280 + 5=0.001646 
9 0.000914 -f 7 = 0.000131 
9 )0.000102 + 9 = 0.000011 

0.000011+11 = 0.000001 
loge2 = 0.693147 
Note, In calculating logarithms the aectiracy of the work may he 
t^ted every time we come to a composite number by adding together the 
logarithms of the several factors. In fact, the logarithms of composite 
numbers are best found in this way, and only tlie logarithms of prime 
numbers need be computed by the series. 
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ExEiiCiSB XXIY. 

1. Calculate to five places of decimals log^S, log^S, log^?. 

2. Calculate to ten places of decimals logjlO. 

3. Calculate to five places of decimals logio2, logmc, logioll. 

§ 44. Tkigonomktric Functions of Smaii. Angles. 

Let AOP be auy angle less than 90" and x its circular 
measure. Describe a circle 
of unit radius about as 
a centre and take Z.-AO.P' 
= — ZAOF. Draw the 
tangents to the circle at -P 
and I", meeting OA in T. 
Then from Geometry 
chord PF' < arc PJ" 

<PT+P'T, 
or, dividing by 2 

MP<imAP<PT, 
or sin a: < a; < tan a;. 

Hence, dividing by sin« 




1<- 



•.ox, 



1>~ 



~ > cos X. 



(1) 



Then — — lies between cos x and 1. If now the angle x is 
constantly diminished, cos x approaches the value 1. 

Accordingly, the limit of , as x approaclies 0, is 1 ; 

or, in other words, if a; is a very small angle differs from 

1 by a small value «, which approaches as a; approaches 0. 
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To find the sine and cosine of Y. 
If a ia the circular measure of 1', 

2r _ 3. 14158+ _ 
* 3C0 X (10 1O8U0 

tlie next liguro in x being eitlicr 7 or 8. 

Now sinx> hut < 31 ; hence sin 1' lies between and 0.000290889. 
Again cos 1' = Vl — sin^ 1' 

>Vl- (0.0003)5 
> 0,0039999. 
Hence cos V = 0.0090999+. 
But, from (1 ), sin x^xeosx 

.-. sill l'> 0.000290887 X 0.9999999 

> 0.000290887 (1 - 0.0000001) 

> 0.000290887 — 0.000000000290887 

> 0.000290886. 

Hence sin 1' lies between 0.000290886 and 0.000290889 ; 
that is, to eight places of decimals 

sin 1' = 0.00029088 + , 
the next figure being 6, 7, or 8. 

EXEKCISE XXV. 

Given X — 3.1415926, 

1, Compute sin 1', cosl', and tan 1' to as many decimal 
places as possible. 

2. Compute sin 2' by the same method, and also by the 
formula sin 23!=; 2 sin a; cos a;. To how many places do the 
two results agree ? 

3. Compute sinl" to four places of decimals. 

4, Prom the formula cos a; =^ 1 — 2 sin" -, show that 

Cosa;> l — -;^' 
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5. Show by aid of a table of natural sines that sin x and x 
iigree to four places of decimals foe all angles less than 4° 40'. 

C. If the values of logs; and log sin iB agree to five decimal 
places, find from a table the greatest value x can have. 

§ 45. Simpson's Method oi' Constkucting a Teigono- 
: Table. 



By 5 31 (Plane Trigonometry) we have 

sin {A.-\-B)-\- sin {A — B)=2 sin A cos B. 
If we put 

A = x^2y, B = y, 
this becomes 

sin (o^ + 3 )/) + sin (x + y) = 2 sin (« + 2 J/) cos y, 
or sin(x + 3y) = 2sin(3;-i-2*/)cos</ — sin(3; + ?/). 

Similarly cos (aT + 32/) = 2co3 (x + 2j) C08;/-cos (93 + ^). (1) 
If y^V, the last two equations become 

sin (3; + 3') = 2sin {35 + 2') cos l'-sin(a; + l') 
cos {x + 3') = 2 cos {x + 2') cos 1' ~ co3 (x + V). 

Hence, taking x successively equal to — 1', 0', V, 2', we obtain 
sin 2'^ 2 sin 1' cos 1', 
sin 3' = 2 sin 2' cos 1' — sin 1', 
sin 4' =; 2 sin 3' cos 1' — sin 2', 



cos 3' := 2 cos 2' cos 1' — cos 1', 
cos 4' =i 2 cos 3' cos 1' — cos 2', 



Since the sinl' and eosl' are known, these equations enable 
us to eompiito step by step the sine and cosine of any angle. 
The tangent may then be found in each case as the quotient 
of the sine divided by the cosine. 
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This process need be carried only as far as 30". For 
sin (30" + x) + sin (30° — a:) = 2 sin 30° cos x = cos x, 
cos (30" + 4 ~ COS (30° —a;) = — 2 sin SO" sin a: = — sin a::, 
.-. sin (30°+a:) =cos a; — sin (SO'-a:), 
cos (30" + a:) =^ — sin a; + cos (30° — a:). 
Moreover tlae sines and cosines need be calculated only to 
45°, since 

sin (45° -\~x) = cos (45° ~~ x), 
cos (45° + a;) = sin (45° — x). 
In using this method the ninlti plication by cos 1', which 
occurs at each step, can be simplified by noting that 
cos 1' = 0.9999999 = 1 — 0.0000001. 
Simpson's mettod is superseded in actual practice by much more rapid 
and convenient processes in wliich we employ the expansions of the 
trigonometric functions in infinite series. 

ExEECiSE XXVI. 

1. Compute the sine and cosine of 6' to seven decimal places. 

2. In the formula (1) let ?/=l''. Assumingsinl°=0.0]7454 + , 
cos 1°= 0.999848 + , compute the sines and cosines from degree 
to degree as far as 4". 

§ 46. De Moivre's Xheobem. 
Expressions of the form 

cos a: + i sin x, 
when i=V — 1, play an important part in modern analysis. 
Given two such expressions 

cosa; + isina', cosy + ismy, 
their product is 

(cos x-\-i sin x) (cos y + i sin y) 

=^ cos X cos i/ — smx siny-\-i (cos « sin y + sin x cos j/) 
= cos (x + y) + i sin (x + »/). 
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Hence, the product of two expressions of the form cos x 
+ i sin X, cos j/ + * sin ?/ is an expression of the same form, in 
which xov ^ is replaced by a; + y. In other words, the angle 
which enters into such a product is the sum of the angles of 
the factors. 

If X and J/ are e<iual, we have at once from the preceding 
(Cosa; + isiu^)^-cos2^ + *sin2a:; 
and again 

(cos cc + i sin xy ^ (cos a; + * sin a;)' (cos x-\-i sin x) 

= (cos 2 a; + i sin 2 a;) (cosx + isin*) 
= cos3a; + isin3a! 
Similarly (cos w: + ^ sin x)* = cos 43; + ' sin ix, 

and in general if n is a positive integer 

(cosa:+isina:)''^:cosMa; + *sin?;a;. (1) 

Hence 

To raise the expression cos x-\-i sin x to the nth power when 
n is a positive integer, we have only to multiply the angle x by w. 
Again, if M is a positive integer as before, 



f cos- + isJn- ] - 



■ cos^c + isinx 



. (cosa! + i 



Since, however, x may be increased by any integral multiple 
of 2 IT without changing cos x 4" * sin «, it follows that all tlie 
n expressions 



l + i 


sini, 




™- + ^' + . 


, . 01 + 2, 




cosS 


+i 


^+;.i„s±: 


Itt 


oH-J 


f^ — 1 


)'i^ 


+i,i„-+(" 


-1)2, 
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are mth roots of cos x-\-i sin x. There are no otlier roots, since 

— cos ( --\-2v J+isinf --[-2n I ^cos - + isiii-f 
and eos -+<" + ")='' + »i,. - + <"'+^)^- 



and so on. 

Hence, if n is "a positive integer, 

(eos3! + isina!)'' 

fl;-|-2fcr , . . x-\-2kTi 



- + isin — 



(/^ = 0,1,2, n-1). (2) 



T'rom (1) and (2) it follows at once that if m and n are 
positive integers 

(cosa^ + isina;)" =| (eosa:+ isina;)" | 

^GOS-{^+2A;r)+/sin-(9; + 2/i!,r)(/;=0,l,2, n-1). (3) 

Finally, if — — ia a negative fraction, 
(eos a; + i sin x) " =: - 



But 



(cos3: + isina^)" 
cos X — -i sin a; 



cos x-\-isinx (cos x + ^ 



nx) (cos a; — * sill a;) 



cos^ x-^-i\ 
= cosx — is 
= cos (— x) + i sin (— ai) . 
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Heace 

= cos~(—x + 27i-^)+i&m-{—x + 2k7r), 

(k = 0,l,2, n-1) 

(k^O, 1,2 M — 1), (4) 

Consequently if m is a positive or negative integer or fraction 
(cosic + isinar)''=cos[«{;e-K27sx)] + *sin[M(a; + 2/c7r)], 

(/i = 0, 1,2, n-l). (5) 

Example : Find the three cube roots of — 1, 
We have - 1 - cos 180° + i sin T80^ 

For the three cube roots of — 1 we find therefore 
C03 60° -t- i siu 60°, cos 180° + i sin 180°, cos 300° + i sin 300°, 
l+iV3 _ l-iV3 

^^ 2 ' ■ ■ 2 ' 

By aid of De Moivre's Theorem we may express sin n6 and 
:o8 n$, when n is an integer, in terms of sin 9 and cos 0. 
Thus 

cos n9+ isin n6= (cos ^ + * ain 6)" 

= C0s''tf + iMCOs'^'esin^+^^— ^'-^ — ^cos"-^^siu^^ 

[£ 

Or, since i' — — l, i^^^ — i, i'^-fl, 

cos Ji 6 + i sin w ^ — cos" ^ + i M cos"^' 6 sin 9 
"^^-^cos-^gsin^fl-j '"^"~'fj'^''~"^^ cos"-«gsiD°g+ 



[3 
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Equating now the real parts and tlie imaginaTy parts 
separately, we obtain 



+ 



„(„-!) ( ,.-2 ) („-3) 



smwfl=wcos'^'flsinfi~^^5^ — ^^ — ^ flos"-= S sin' fl 

+ «(»-i)(.3 ^(;^=jlfe=a „„-.,„..,, 

ExEBCisE XXYII. 

1. Find the six 6th roots of — 1 ; of +1. 

2. rind the three cnbe roots of i. 

3. Find the four 4th roots of — i. 

4. Express sin4fi and Gos4fl in terms of sin 6 and eos^. 

§ 47. Expansion op Sin x, Cos x, and Tan x in 
Infinite Seeies. 
Let one radian, be denoted simply by 1, and let 

cosl+isinl.^/i;. 
Then cos a; + * sit^ x =^ (cos 1 + i sin 1)^ = i% 

and putting — x for x 

cos (— a;) + i sin (— ic) = cos a; — i sin x — k~^. 

That is 

cosx+!sina! = 7c=' 
and cos a; — i sin a; ^ k~^ 

By taking the sum and difference of these two equations, 
and dividing the sum by 2 and the difference by 2i, we hare 

cos x^i- (/c^ + k~^), sin x^-^. (k^ — i""*). 
But k^ = (e '"" "■)" ^ ^"""' "> ^~" = ^"^ "" "' 
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.-. cos x~ i (i=^ + &-^) = 1 + ■ '- g" ' ' ■ + ^ .° ■ ' - + ■■ 






lna:-^(^^iog^^- J3 + [5 + / 

) find tlio value of h, a 
■ the last equation thro 
n definitely, when we hav 
mit Am A 1, , 



It only remains to find tlio value of h, and this can be 
obtained by dividing the last equation through by x and 
letting X approach indefinitely, when we have 



■D I ''™" f sin ^\ _ -, 

Bat ^^0 \^) 

.■.logA^:i, h=-e^. 

Therefore we have 

Si., X =i(^- •'■') = "^ - g + 1 - 1? + • 

■ From the last two series we obtain by division 
sin a: , a;' , 2a;' 17*' 

cos a; 3 15 316 

By the aid of these series the trigonometric functions of 
any angle are readily calculated. In the computation it 
must be remembered that x is the cii-cular measure of the 
given angle. 
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Exercise XXVIII. 
Verify by the scries just obtained that 

1. sin'^ + eos'ie ^= 1. 

2. sin {— a;) = — sin x, cos (— x) = cos x. 

3. sin 2a; = 2 sin X cos cc. 4. cos2a: = l — 2sin^. 

5. Find the series for see* as far as the term containing 
the 6th power of x. 

6. T"ind the aeries foraieot^, noting thata;cot3! = -; — cosa;. 
7- Calculate sin 10° aod cos 10° to 6 places of decimals, 

8. Calculate tan 15° to 6 places of decimals. 

Trom the exponential values of sinx and cosic show that 

9. cos3a: = 4cos%; — Scosa;. 
10. siii3»'=:3sin* — 4sin'a;. 
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SPHEEIOAL TKIGONOMETEY. 

CHAPTER YII. 

THE EIGHT SPHEBICAL TRIANGLE. 

5 48. Inteoduction. 

The object of Spherical Ti-tgonometry is to show how 
spherical triangles are solved. To solve a spherical triangle 
is to compute any three of its parts when the other three parts 
are given. 

The aides of a spherical triangle are arcs of great circles. 
They are measured in degrees, minutes, and seconds, and 
therefore by the plane angles formed by radii of the sphere 
drawn to the vertices of the triangle. Hence, their measures 
are independent of the length of the radius, which may be 
assumed to have any convenient numerical value; as, for 
example, unity. 

The angles of the triangle are measured by the angles made 
by the planes of tlie sides. Each angle is also measured by 
the number of degrees in the arc of a great circle, described 
from the vertex of the angle as a pole, and included between 
its sides. 

The sides may have any values from 0° to 360"; but in this 
work only sides that are less than 180° will be considered. 
The angles may have any values from 0° to 180°. 

If any two parts of a spherical triangle are either both less 
than 90° or both greater than 90°, they are said to be alike in 
kind; but if one part is less than 90°, and the other part 
greater than 90°, they are said to be unlike in kind. 
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Spherical triangles are said to be isosceles, equilateral, 
equiangular, right, and oblique, undet the same conditions as 
plane triangles. A right spherical triangle, however, may 
have one, two, or three right angles. 

When a spherical triangle has one or more of its sides equal 
to a quadrant, it is called a quadrautal triangle. 

It is shown in Solid Geometiy, that in every spherical 
triangle 

I. If two sides of a spherical triangle are unequal, tim 
angles opposite them, are unequal, and the greater angle is 
opposite the greater side; and conversely. 
II. The sum of the sides is less than 360°. 
Ill, The sum of the angles is greater t/ian 180° and less 
than 540°. 

IV. -C, from the vertices as poles, ares of great circles are 
described, another spJierical triangle is formed so related to the 
first triangle that the sides of each triangle are supplements of 
the angles opposite them in the other triangle. 

Two such triangles are called iJo^ttJ- triangles, or supplemental 
triangles. 

Let A, B, (7 (Fig. 37) denote the angles of one triangle; 
a, h, c the sides opposite these 
angles respectively ; and let A', 
B', C and a', h', c' denote the 
corresponding sides and angles 
of the polar triangle. Then the 
above theorem gives the six 
following equations : 

A + a' = 180°, 
£ -I- J' = 180", 

c+c' = : 

A' + a==- 
B'-{-b= 180°, 

C' + o= l80^ 
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Exercise XXIX. 

1. The angles of a triangle are 70°, 80°, and 100°; find tli6 
aides of the polar triangle. 

2. The sides of a triangle are 40°, 90", and 125°; find the 
angles of the polar triangle. 

3. Prove that the polar of a qnadiantal triangle is a right 
triangle. 

4. Prove that, if a triangle has three right angles, the sides 
of the triangle are quadrants. 

5. Prove that, if a triangle has two right angles, the sides 
opposite tliese angles are quadrants, and the third angle is 
measured by the jiumber of degrees in the opposite side, 

6. How can the sides of a spherical triangle, given in 
degrees, be found in units of length, when the length of the 
radius of the sphere is known? 

7. Find the lengths of the sides of the triangle in Example 2, 
if the radius of the sphere is 4 feet. 



§ 49. FoEMuiAs Relating to Eight Spheeical Tkianglbs, 

As is evident from § 48, Examples i and 6, the only kind 
of right spherical triangle requiring further investigation is 
that which contains only one right angle. 

Let A£C (Fig. 38) be a right spherical triangle having 
only one right angle ; and let A, B, C -g 

denote the angles of the triangle; a, b, e, 
respectively, the opposite sides. 

Let C be the right angle ; and for the 
present suppose that each of the other 
parts is less than 90°, and that the radius 
of the sphere is 1, 

Let planes bo passed through the sides, 
intersecting in the i-adii OA, OB, and OC. 
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Also, let a plane perpendicular to OA be passed throngh B, 
cutting OA at E and OC at J). Draw £JS, SB, and BE. 
BE and i>^ are each _L to OA (G-eom. § 462) ; therefore 
Z BEB = A. The plane BBE is J. to 
the plane AOC (Geom. § 518); hence BD, 
which is the intersection of the planes 
BDE and BOC, is X to the plane AOC 
(Geom. § 520), therefore X to OC and 

Now cos ,>=OE=ODX cos 5, 
and OB = cos <i. 

Therefore, cose = cos a cob b. [38] 

sin a ^ rw ^BEX sin A, 
and i;£^sinc. 

Therefore, sin a — sin c sin A "i 

changing letters, sin b ^ sin e sin B / 

BE OE ts,nb 




[39] 



^°^^~BE~OEt-^no 

Hence, cos A = tan b cot c "| 

changing letters, cos B ^= tan a cot c J 

, BE OBsiab 
Again, cos A — j-j^ — — r — cos a 



[40] 



COS A = COS a sin B\ 

changing letters, eos B ~ cosb sin A J '- ^ 

BE BB cot A sill a cot A 

Also, sin ^= 77=; — —— - ^: 

' OB cos a cos a 

Hence, sin b = tan a cot A "1 

changing letters, sina^tanbcotBj 

If in [38] we substitute for cos a, and cos b their values from 
r41], we obtain 

COB c = cot A cot B. [43] 

Note. In order to deduce the second formulas in [39]-['t2] geometri- 
cully, the ausiliaiy phuie must lio passed Uu'ouj;li ^ ± to Oil. 
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These ten formulas ai'e suiHcieiit for the solution of any 
right spherical tiiaiigle. 

In deducing these formulas,' it has been assiiined that all 
the parts of the triajigle, except the right angle, arc less 
than 90''. But the formulas also hold ttue when this hypoth- 
esis is not fullUled. 

Let one of the legs a be greater than 90°, and construct a 
figure for this case (Fig. 39) in the same manner as Fig. 38. 





The auxiliary plane BDE will now cut both CO and AO pro- 
duced beyond the centre ; and we liave 
cosc^— 0E^~ OD cos DOE 
= (— cos a) (— cos 6) 
^ cos a cos b. 
Likewise, the other formulas, [39]-[43], hold true in this ease. 
Again, suppose that both the legs u and 5 are greater than 
90°. In this case the plane BDE (Fig. 40) will cut CO pro- 
duced beyond 0, and AO between A and 0; and we have 
cos c=OE = OD cos DOE 

= (— cos a) (— cos b) 
^= cos (t cos b, 
a result agreeing with [38]. And the remaining formulas 
may be easily shown to hold true. 

Like results follow in all cases ; in other words, Formulas 
[38]-[43] are universally true. 
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EXERCISK XXX. 



1. Prove, by aid of Formula [38], that the hypotenuse of 
a right spherical triangle is less than or gr&ater than 90°, 
according as the two legs are alike or unlike in kind. 

2. Prove, by aid of Formula [41], that in a right spherical 
triangle each leg and the opposite angle are always alike in 

3. What inferences may be drawn from Formulas [38]-[43] 
respecting the values of the other parts: (i.) if c^^90°; 
(ii.) if ft = 90"; (iii.) if c = 90='anda. = 90°; (iv.) if (i — 90° 
and 6 = 90"? 

Deduce from [38] - [43] and [18] - [23] the following 
formulas : 

4. tan^-^S^=tan^(c — ft) tan^(c-[-«)- 

Hint. Use Formula [IB] and aubatitute in it the value of cos6 in 

[■58]- 

6. tan^ (45° — 4- -4) = tan ^ (c — a) cot i (c + ft). 

6. taiiH_B = sin(«-«)csc{c + «). 

7. tan^^<! = — eos{^-f--fi)sec(-4— 5). 

8. tan=^ft = tan[^(^+5) — 45°] tan[J-(^— iJ) + 45'']. 

9. tan= (45° — ^e) = tan ^(A — a} coS i(A + a). 

10. tan^ (45' — ^b) = sin (A ~ a) esc (A f a). 

11. tan=(45° — ^^)^tan^(yi — ft) tan|(4 + «). 
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§ 50. Napiek's Rules. 

The ten fonnulas deduced in § 49 express the relations 
between five parts of a right triangle, the three sides and 
the two oblique angles. All these relations may be shown to 
follow from two very useful Eules, devised by Baron Napier, 
the inventor of logarithms. 

For this prrrpose the right angle (not entering the formulas) 
is left out of account, and instead of the hypotenuse and the 
two oblique angles, their respective complements are employed; 
so that the five parts considered by the Rules are : a, h, co. A, 
CO. e, CO. B. Any one of these parts may be called a middle 
part; and then the two parts immediately adjacent are called 
adjacent parts, and the other two are called opposite parts. 

Rule I. T]ie sine of the middle part is equal to the product 
of the taagenta of the aAjacent parts. 

Rule II, The sine of the middle part is equal to the product 
of the cosines of the o]fposite parts. 

These Rules are easily remembered by the expressions, 
tan. ad. and cos. op. 

The correctness of these Rules may be shown by talcing 
each of the five parts as middle part, and com- _^ 
paring the resulting equations with the equa- 
tions contained in Formulas [38]-[43]. 

For example, let co. e be taken as middle 
part, then co. A and eo. B are the adjacent parts, 
and a and h the opposite parts, as is very plainly 
seen in Fig. 41. Then, by Napier's Rules : 
sin («...) = 



n(., 



n (eo. A) tan (co. B), 
sc^=cotAcotB; 
c) ^ cos a cos b, 
■s e =: cos a cos 5 : 



results which agree with Formulas [38] and [43] respectively. 
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Exercise XXXI. 



1. Show that Napier's Eules lead to tho equations con- 
tained in Formulas [39], [40], [41], and [42]. 

2. What will Hapier's Enles become, if we take as the five 
parts of the triangle, the hypotennse, the two oblique angles, 
and the complements of the two legs ? 

§ 51. Solution of Eioht Spherical Triangles. 
By means of Formulas [38]-[43] we can solve a right tri- 
angle in all possible cases. In every case two parts besides 
the right angle mnat be given. 

Case I. Given the two tegs a attd h. 

The solution is contained in Forintilas [38] and [42]; viz.: 
cos ^ cos a cos b, 
tan .4 ^^ tan a esc 6, 
tan B = tan b esc a. 
For example, let a = 27° 28' 36", b = 51° 12' 8" ; then the 
solution by logarithms is as follows : 

log cos a = 9.94802 
logeos 6 =9.79697 
bg"^sc =9.74499 

c = 56° 13' 40" 

log tan b = 10.09477 



log tan a =9.71604 
log CSC 6 =0.10826 
log tan ^ = 9.82430 

^ = 33' 42' 50" 



log csca= 0.33593 
log tan £ = 10.43070 
£ = 69° 38' 54" 



Case II. Given the hypotenuse e and the leg a. 

From Formulas [38], [39], and [40] we obtain 
cos b =^ COS c sec a, 
sinjl=^sinacscc, 
cos £ =^ tan K cot c. 
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Although two angles in general correspond to sin^, one 
acute the other obtuse, yet in this case the indeterniination 
is removed by the fact that A and ft must be alike in hind 
(see Exercise XXX., Example 2). 

Case III. Given the leg a and, the opposite angle A. 

By means of Formulas [39], [41], and [42], we find, that 











sin 


= 


-sino 


; cse A, 










sin 


I, = 


^tan( 


I cot A, 










sin 


11 = 


= .ec( 


tCOE^ 


or, 


from 


[38] 


and 


[40]. 


b -- 


.COS, 


,sec., 










cos 


B'- 


= tan( 


% cot c. 



When c has been computed, i and S are determined by these 
values of their cosines; but, since c must be found 
from its sine, c may have in general two values i/\ 
which are supplements of each other. This case, c/ \ 
therefore, really admits of two solutions. j »~— js 

In fact, if the sides 6 and c are extended until I / 

they meet in A' (Fig. 42), the two right triangles \/ 
ABC and A'BC have the aide a in common, and ■*' 
the angle A = A'. Also ^' a = 180" — 5, A'B ftg. i3. 
= 180= - c, and Z A'BC = JSO° — S. 

Casb IV. Given the leg a and the adjacent angle B. 
Formulas [40], [41], and [42] give 

tan c ^^ tan a see B, 

tan h = ain a tan B, 

cos A = cos a. sin B. 
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Case V. Given the Jiypotermse c and the angle A. 
From FOTmulas [39], [40], and [43] it follows that 

Bin a ^ sin c sin A, 

tan h = tan c cos A, 

cot B = cos tan A. 
Here a is determined by sin a, since a and A must be alike 
in kind (see Exercise XXX., Example 2). 

Case VI, Given the two angles A and B. 

By means of Formidas [41] and [43] we obtain 

cos ^ cot -4 cot J5, 

cos ft = cos AasaB, 

cos b ~ cos B CSC A. 

KoTE 1. In Case I. (ii and 6 given) the formula for computing c fails 
to give accurate results when c ia very near 0° or 180°; in this tase it may 
be found with greater accuracy by first computing B, and then computing c, 
as in Case IV. 

Note 2. In Case II. (c and a given), if 6 ij 
may be computed raore accurately by means of 

tanH6 = tani(c + a)taa^(e'-a). (Ex. 4, 5 46.) 

And if j1 ia so near 00° tliat it cannot be found accurately in the Tables, 
it may be computed from the derived formula 

tan^(46°-i^) = taii|(c-a)cotJ(c + a). (Ex. 5, §49.) 

In like manner, when B cannot be accurately found from its cosine we 
may make use of the formula 

tanHB = siii(c — «)csc(e + a). (Ex. 6, 549.) 

Note 3. In Case III. {a and A given), when the formulas for the 
required parts do not give accurate results, we may employ the derived 
formulas 

tan=(45=--^c) = taji J(.l-(t) coti(y[ + a), (Ex. 9,5 40.) 

tans (46° - J6) - sin (.4 - a) esc (^ + a), (Ex. 10, 5 49.) 

tan2{45°-iB)-tani(^-a)tani(4 + o). (Ex. 11, S 4S.) 
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Note 4. In Case IV, (a and B given), if ^ is near 0» or 180°, it may 
■fae more accurately found by first computing 6 and then finding A. 

Note 6. In Case V. (c and A given), if ft is near 90°, it may l>e found 
tiy first computing b, and then computing a by means of Formula [42]. 

Note 6. In Case VI. {A and B given), for unfavorable values of the 

sides greater accuracy may be obtained by means of the derived formulas 

taiiHc = -cos(-l +B)mc(A'-B), (Ex. 7, 5 49.} 

tanHa = ton [1 (4 + B) - i6°] tan [46° +i{A-B)], (Ex. 8, 5 4S.) 

tan^ J 6 = tan [J (-4 + B) - 46°] tan [45° - ^A - B)]. 

Note J. In Cases I., IV., and V., tie solution is always possible. 
In the otier Cases, in order that tbe solution may be possible, it is 
necessary and sufficient that in Case II. sin a ■< sine; in Case III., that 
a and 4 be alike in kind, and sm^> sin «; in Case VI., that -4 +B + 
be> 180°, and the difference of A and S be < fiO°. 

Note 8. It is easy to trace analogies between the formulas for solying 
right spherical triangles and those for solving right plane triangles. The 
former, in fact, become identical with the latter if we suppose the radius 
of the sphere to be infinite in length; in which case the cosines of the 
sides become each equal to 1, and tlie ratios of the sines of the sides and 
of the tangents of the sides must be taken as equal to the ratios of the 



Note 9. In solving spherical triangles, the algebraic sign of the 
functions must receive careful attention. If the sign of each function is 
written just above it, the sign of the function in the first member will be 
+ or — according to llie role tliat like signs give + and unlike signs 
give -. 

If the function is a cos, tan, or cot, the + sign shows that the angle is 
less than 00°; the — sign shows that the angle is greater than 90°, and 
the supplement of the angle obtained from the table must be taken. 

If the function is a sine, since the sine of an angle and its supplement 
are the same, the acute angle obtained from the table and its supplement 
must be considered as solutions, unless there are otlier conditions that 
remove the ambiguity. Tor the conditions that remove the ambiguity, 
in case of right spherical triangles see examples 1 and 2 in Exercise XXX., 
and in case of oblique spherical triangles see I. of § 48. 
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Note 10. T c s lut oi s nf a spherical triangle may conveniently be 
tested by sutstitutii g thein in the formula containing the three required 

If the formula requiied for any case is not remembered, it 
13 always easy to hnd it by means of Napier's Rules. In 
applying these Eides we iiiust choose for the middle part tlmt 
one of the three parts considered — the two given and the one 
required — which will make the other two either adjacent 
parts or opposite parts. 

given a and B ; solve the triangle. 

the parts as in Fig. 43, and to prevent 
mistakes mark each of the given parts with a 
cross. To find I, take a as the middle part; 
then h and co. B are adjacent parts; and by 
Rule I., 

sin ft ^ tan 6 cot B ; 
whence, tan i ^ sin a tan B. 

To tind 0, take eo. B as middle part ; then a 
and CO. are adjacent parts ; and by Eule I,, 

cos5 = tan«cot c; 
whence, tan c = tau a sec B. 

^°- **■ To find A, take co. A as middle part ; then a 

and CO. B are the opposite parts ; and by Eule II., 
cos A = cos a sin B. 

In like maimer, every case of a right spherical triangle may 
be solved. 

Exercise XX2II. 

Solve the following right triangles, taking for tlie given 
parts in each case those printed in columns I. and II. : 
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: RIGHT SPITERlO.i 



, TEIANGLE. 



I. 


n. 


III. 


IV. 


V. 




a 




6 


c 


A 




n 


1 


36" 27' 


43" 


32' 31" 


54° 20' 


40° 50' 43,2" 


67° 


60' 19,3" 


3 


86=40' 




40' 


87° 11' 39.8" 


88° 11' 57.8" 


32° 


42' 38. 7" 


3 


50" 


36" 


84' 49" 


69° 4' 25.7" 


63° 16' 13.1" 


44° 


26' 31.6" 


4 


120" liy 


150" 


59- 44" 


63° 56' 43.2" 


105° 44' 31.35" 


147° 


19' 47.14" 


c 




a 


6 


A 




B 


5 


65° 8' 32" 


22" 


15' 7" 


51° 53' 


27° 28' 35.7" 


73" 


37' 11,16" 


e 


23° iW 51" 


14" 


16' 35" 


10° 17' 


37° 36' 49,4" 


54° 


40' 23. 3" 


7 


44" 33' 17" 


32° 


&'17" 


32° 41' 


49" 20' 16.4" 


50° 


19' 16" 


8 


97" 13' i" 


132" 14' 12" 


79" 13' 38.2" 


131" 43' 50" 


81° 


68' 53.3" 


a 




A 


c 


6 




B 





77" 31' 50" 


83 


56' 40" 


78° 63' 20" 


28° 14' 31.3" 


28° 


49' 57,4" 










101° 6' 40" 


151" 45' 28.7" 


161° 


10' 2,6" 


10 


77" 21' 60" 


40 


40' 40" 


impossible. 








a 




B 


c 


6 




A 


11 


92" 47' 32" 


50° 


2' 1" 


91° 47' 40" 


50" 


92 


8' 23" 


12 


2" 0' 55" 


12 


40- 


2" 3' 55,7" 


0" 37' 10.3" 


77 


20' 28.4" 


13 


20" 20- 20" 


38 


10' 10" 


25° 14' 38.2" 


15° 16' 50,4" 


54 


35' 16.7" 


14 


54" 30' 


35 


30' 


50" 51' 20.8" 


30" 8' 39.3" 


70 


17' 35" 


c 




A 


a 


b 




B 


15 


60" 25' 11" 


54 


54' 42' 


50° 


66° 50' 40.8" 


63 


26' 4" 


16 


112" 48' 


56 


11' 63" 


50° 


127° 4' 30" 


130 


3' 50" 


17 


46" 40- 12" 


37 


46' 9- 


26° 27' 24" 


30" 57' 41.5" 


62 


C 4" 


18 


118" 40' 1" 


128 


0' 4' 


136° 15' 32.3' 


48° 23' 38,4" 


58 


27' 4.3" 




A 




B 


.. 


6 




c 


1! 


83" 16' 12' 


136 


33' 30' 


60° 0' 4" 


143° 5' 12" 


120 


55' 34,3" 




116" 43' 13' 


116 


31' 25' 


120" W 


110" 59' 46" 


75 


26' 58" 


21 


46" 59' 43' 


67 


59' 17' 


36" 37' 


43° 33' 30" 


54 


20' 


23 


90° 


88 


24' 35' 


90" 


88" 24' 36" 


90^ 





Note. Tlie values in the last three columns of example 9 cannot be 
combined promiscuously with those given in columns I. and IL 

Since (i< 00°, with the value of ft > 90° must be taken angle B> 90° 
and. c>90°; while with the value of 6<90° must be taken, for the same 
reason, angle B<90° and c<90". Exercise XXX,, 1 and 2. 
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23. Define a quadrautal triangle, aiid show how its solution 
may be reduced to that of the right triangle. 

24. Solve the quadrautal triangle whose sides are : 

« = 174° 12' 49.1", 6 ^94" 8' 20", c^90°. 

25. Solve the quadrantal triangle in which 

e = 90°, A ^ 110° 47' 50", B = 135° 36' 34.5". 

26. Given in a spherical triangle A, C, and c each equal to 
90°; solve the triangle. 

27. Given^ = 60'', (7=90°, andc^90''; solvethe triangle. 

28. Given in a right spherical triangle, ^ = 42° 24' 9", 
£ = 9' 4' 11"; solve the triangle. 

29. In a light spherical triangle, given a =: 119° 11', 
B = 126° 54'; solve the triangle. 

30. In a right spherical triangle, given 0=50", 5=44° 18'39"; 
solve the triangle. 

31. In a right spherical triangle, given A ^ 156° 20' 30", 
a^65° 15' 46"; solve the triangle. 

32. If the legs a and 6 of a right spherical triangle are 
equal, prove that cos o; ^= cot .4 = Vcos e. 

33. In a right spherical triangle prove that 

co,-^X.m'.=»B(,-.)8m(o + a). 

34. In a right spherical triangle prove that 

tan ft cos c = sin 5 cot B. 

35. In a right spherical triangle prove that 

36. In a right spherical triangle prove that 

sin (b-\-G)^^2 cos^ ^ A cos h sin c. 

37. In a right spherical triangle prove that 

sin (c — b)-^=2 sin' ^ A cos b sin c. 

38. If, in a right spherical triangle, p denotes the arc of the 
great circle passing through the vertex of the right angle and 
perpendicular to the hypotenuse, m and n the segments of the 
hypotenuse made hy this arc adjacent to the legs a and b, 
prove that (i.) tan' « = tan e tan m, (ii.) sin'^^tanm tann. 
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§ 62. Solution of the Isosceles Si'HEKICAL Tkianglb, 

If an arc of a great circle is passed through the vertex of an 
isosceles spherical triangle and the middle point of its base, the 
triangle will be divided into tw y t 1 ght ph 1 
triangles. In this way the soli t f 1 ph 1 

triangle may be reduced to that t ght ph al t gl 

In a similar manner the sol t f gil ph 1 

polygon* may be reduced to that f ht [ h It ngl 

Arcs of great circles, passed through the tenti-of the j.olygo 
and its vertices, divide it into a series of equal isosceles tri- 
angles ; and each one of these may be divided into two equal 
right triangles. 

EXEKOISE XXXIII. 

1. In an isosceles spherical triangle, given the base b and 
the side a ; find A the angle at the base, B the angle at the 
vertex, and A the altitude, 

2, In an equilateral spherical triangle, given the side a ; 
find the ingle A 

3 (irnen the side a of a regular spherical polygon of n 
sides , find the angle A of the polj gon, the distance B from 
the centre of the polygon to one of its vertices, and the dis- 
tince r fiom the centre tD the middle point of one of its sides. 

4 Compute the dihedial angles mide bj the faces of the 
five legulai polyhedions 

5 A spheiieal squaie is a legulai spheiinl quadrilateral, 
Find the ingle 4 of the square, having given the side «. 

* K. reguHr sphencil polygon Vi the pohgDU formed by the intersec- 
tions ol the siheiicil Buifice bv Uif fices tf i u„uhr pyramid whose 
veitex IB it the centre ot the spheie 
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CHAPTER Till. 



THE OBLIQUE SPHEEICAL. TRIANGLE. 



Let ABC (Fig. 44) 




Formulas. 

oblique spherical triangle, a, I/, c 
its three sides, J,B, C the angles 
opposite to them, respectively. 

Through C draw an are CD 
of a great circle, perpeutlieular 
to the side AB, meeting AB at 
i>. For brevity let CI> = p, 
AB^m, BI>=n, ZACB^x, 
ABCB^y. 

1, By § 49 [38], in the right 
triangles BBC and ADC, 



and sin j) =; sin 6 sin A. 
Therefore, sinasiiiB^=siiibsin A~j 

similarly, sin a sin C = sin c sin A V [44] 

and sin b sin C = sin c sin B J 

These equations may also be written in the form of 
proportions 

sin a : sin 5 ; sin c =^ sin A: smB : sin C. 

That is, the sines of the sides of a spherical triangle are 
proportional to the sines of the opposite angles. 

In Fig. 44 the arc of the great circle CD cuts the side AB 
within the triangle. In case it cuts AB produced without the 
triangle, sin (ISO"— ^), sin(lSO^— .B), or sin(180''— C), would 
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be employed in the above proof instead of sin -4, sin 5, or 
sin C. Tliese sinus, however, are equal to sin^^, sin 5, and 
sin C, respectively, so that the Fornuilas [44] hold true in all 

2. In the right triangle BBC, by § 49 [38], 

cos« =cos^cosn^^cosj3cos(c — jft), 
or (§ 28) COB m — cos^ cos c coa wi + eos^ sin c sin m. 

^ow, cospcosm=^coab; [38] 

whence cosp=^cos&Becwi, 

and cos p sin m = cos b fca,n m 

=^ COS 6 tan 6 cos ^ [40] 

= sin b cos A. 

Substituting these values of cos j? cos m and cos^sinm in 
the value of cos a, we obtain 

cos a = COS b cos o + sin b sin e cos A"i 
and similarly, cos b = cos a COS e + sia a sin c cos B J- pis] 
COS e = cos a cos b + sin a sin b cos C J 

3. In the right triangle ADC, by [41], 

cos J ^= cosy sin x^ cospsin((7 -—)/), 
or (§ 28) cosji = cos^sin <7 cos 3/ — cos j) cos Csin-i/. 

Now, cos^sin?/=^cos5; [41] 

whence, cos p = cos S esc y, 

and cos j) cos ji ^= cos B cot y 

= cos B tan B cos a [43] 

= sin B cos «. 

Substituting these values of cos^sinj/ and cos^cos?/ in the 
value of cos A, we obtain 

cosA = ~cosBeosC + BinBsinCcosa~| 
and similarly, cos B ^ ~ cos A cos C + sin A sin C cosb > [46] 
cosC =— cos A cos B + sin A sin B cose J 
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152 SPHERICAL TRIGONOMETRY. 

roi'molas [45] and [46] are also universally true ; for the 
same equations are obtainuil when the arc CD euts the side 
AB without the triangle. 

EsEKcisB XXXIV. 

1. What do Formulas [44] become If ^ = 90° ? '\iB = 90' ? 
if (7^90°? if « = 90"? if ^ = S = 90°? if a = S^90°? 

2. What does the first of [45] become if ^^0°? if^^90°? 
. if ^ ^ 180° ? 

3. From Formulas [45] deduce Formulas [46], by means of 
the relations between polar triangles (§ 48). 

§ 54. Formulas for the Half Angles and Sides. 
Ifrom the first eijnation of [46], 



sin i sin c 4" cos h cos c — cos a 
- COS ^ — - 



1 + cos -4 ~ 



sin b sin c 
_ COS (h — 6) — cos a . 
sin b sin c 
sin h sine — cos 6 cos c + cos a 



sin 6 sin 
- cos (b-\-c) 



sin b sin o 
Hence, by § 30 [16] and [17], and § 31 [23], 

sW\A = sin J (a + 5 — c) sin ^ (a — t + c) esc b cso e, 
cos^^^ =: sin ^ (ffl -[- 6 + c) sin J {5 + c — a) esc h esc c. 
Now let ^{a + h-\-c) = s; 

whence, \(b-\-c — a)^^s — a, 
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TliRii, hy substitution and extraction of the square root, 



sIe-j A =^ Vsin (a — b) sin (s — e) cse b cse e 
cos ^ A ^= Vsin s sin (s — a) esc b esc c 



tan^A — Vcse s esc (b — a) sin (s — b) sin (s — c) 
In like manner, it may be shown that 



n-| B = Vsin (s — a) sin (s — c) 



CSC a CSC c 



co8|- B = Vsin 5 sin (s — b) cse a esc c 



tani B = Vcsc s cse (s — b) sia (s — a) sin (s— e) 



sin -^ C — Vsin (s — a) sin (s — b) esc a esc b 

cos I C ~ Vsin s sin (b — e) cse a esc b 

tan iC^ Vcse s cse (s — e) sin {s — a) sin (s — b) 

Again, from the first equation of [46], 



[47] 



_ sin B siu C — cos Bern G ~ cos A 
sin B sill C 

sin BsinC -\- cos B cos C + cos A 



If we place ^(A-^B -\- C)^S, and proceed in the same 
manner as before, we obtain the following results : 



sin|-a^= V— eosSeos(S — A)csoBeseC 1 

cos i a = Vcos (S — B) eos (S — C) cse B cse C > 

tania = V-cosScos(S-A)sec(S-B)Bec(S-C)J 



[48] 
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sin -J b = V— COS S cos (S — B) esc A esc C 
cosi b = Vcos (S — A)"cos (S — C) esc A cse C 



tan^b = V-cosScos(S — B)sec(S— A)sec(S — C) 
sin ^ c = V— cos S cos (8 — C) cse A cse B 
cos ^ c — Vcos {S — Afco7(S^ B) cse A cac B 
tan|-e — V— eosScos(S — C)6ee(S— A)see(S— B) 

§ 55. Gauss's Equations and Napier's Analogies. 
By § 27 [5], 

or, by substituting for cos^J, cos^B, siu^^, sin^-i?, tlieir 



ilues given in § 64, and reducing, 
ysi(A + B') 



V sinssin(K- 
sin b sin 



» sin a sin c 



^(^~') 



sm(s-a)sm(s-c) 
* sin a sin o 
j sin(s-a)sin(s-b) 
' sin a sin f> 



This value, by applying §§ 29 [12], 31 [21], and o 
that the expression under the radical is equal to sin^ C, becomes 



cos ^{A-\-B)~ 



2sin^ccos(s — ^e) . 



iC; 



2sin^ccos^o 

iind this, by cancelling common factors, clearing of fractions, 
and observing that « — |-e = ^ (» + &), reduces to the form 
cos i(A-\- B) cos^c^oosi(a-]- b) sin ^ C. 
By proceeding in like manner with the values of 

sin i(A+ B), cos i (-4 — B), and sin ^{A — B), 
three analogous equations are obtained. 
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The four ecLuations, 

cosi(A + B)oo3io=^ooai(a+b)siii|C-i 
8ini{A + B) eos^c = cos|{a— b)cos,iC I 
eo8^(A— B)8in4c=siii4-(a + b)siii J-C f 
sin|(A— B)siii^c=:siiiJ(a.— b)cos|cJ 



[49] 



are called Gauss's Equations. 

By dividing the second of Gauss's Equations by the first, 
the fourth by the third, the third by the first, and the fourth 
by the second, we obtain 



' ^ ' COS -^ (a -|- b) 

sin + (a — b) , , _ 
am i (a + b) 

coai(A+B) 
sin-^(A— B) 



tan^(A — B): 
tan-J-(a + b) : 
tan ^ (a ~ b) ; 



"sin|(A+B) ' 



[50] 



There will be other forma in each case, according as other 
elements of the triangle are used. 

These eq^uations are called Napier's Analogies. 

In the first equation the factors cos ^ (« — 6) and cot \ G are 
always positive : therefore, tan ^(A-^ B) and cos ^{a-\-b) 
must always have like signs. Hence, if a + 6 < 180°, and 
therefore cos ^ (a + 5) >■ 0, then, also, tan ^ (4 + 5) > 0, and 
therefore A-^ B< 180°. Similarly, it follows that if 
«.-!-&> 180°, then, also, ^ + B > 180". If a + 5 = 180", 
and therefore cos ^ (« + 6) = 0, then tan ^ (^ + 5) = co ; 
whence ^{A + B) = 90°, and ^ + B = 180°. 

Conversely, it may be shown from the third equation, that 
a-\-b\s less than, greater than, or equal to 180°, according as 
A-\-B is, less than, greater than, or equal to 180°. 
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§ 56. Case I. 
Given two sides, a wild b, and the included angle C. 
The angles A and B may be found by the first two of 
Napier's Analogies ; via. : 

tan J (^ + ^) - 5^^i|^^ cot ^ C. 



^ '■ ' sm^(« + 6) 



After A and B have been found, the side c may be found 
by [44] or by [50] ; but it is better to i^e for this purpose 
Gauss's Equations, because they involve functions of the 
same angles that occur in working Napier's Analogies. Any 
one of the equations may bo used; for example, from the 
first we have 



Example. a^ 73=58-54", 
6 ^38= 46' 0", 
0-46''3.S'41", 
log<!Osi(a-6) =e.979H 
log see i (a + 6) =0.25658 
JoKCotiC =0.86623 


Uierefore, ^ (a - 6) = 17° 36' 57', 
i(a + 6) = 56°21'57" 
iC =23° 16' 60. 5" 
logsin^(a-6) =9.48092 
\ogos<i\(a-\~b) =0.07956 


log Un i (^ + S) = 0, 60108 


log tan i (.A - B) = 9. 92674 


logaec J (^ + B)~ 0.61615 
log COB J (a + 6) -9.74842 
log sin 40 =9.59686 


i(.4 + B)= 76' 57' 40, 7" 

\(A~B)= 40° 11' 26.6" 

, A = 116° 9' 6.3" 


logcosje =9.96543 
ie = 25" 31' 


\b= 3&°46'16.1' 



If the side e only is desired, it may be found from [45], 
without previously eoaiputing A and B. But the Formulas 
[45] are not adapted to logarithmic work. Instead of changing 
them to forms suitable for logarithms, we may use the following 
method, which leads to the same results, and has the advantage 
that, in applying it, nothing ha^ to be remembered except 
Napier's Rules ; 
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THE OBLIQUE 



TRIANGLE. 



Miike the triangle {Fig. 45), as in § 53, equal to the s 
(or the difference) of two right ^ 

triangles. For this purpose, 
through B (or A, but not C) 
draw an arc of a great circle 
perpendicular to A C, cutting 
AG at D. Let BD=p, CD=m, 
AD = n; and mark with crosses 
the given parts. 

By Eule I., 

cos C ^= tan m cot a, 
whence tan m ^ tan a cos C. . fki, jg. 

By Rule II., ■ 

cosft = cos wtcos^, whence cosp = COS aseom,. 
COS c = cos jicos^, whence cos^ = cose sec w. 
Therefore, coscsecw^^cosasecwi; 
or, since n^^h — m, cos c^cososecmcos (5~to). 

It is evident that c may be computed, with the aid f. 
logarithms, from the two equations 




Example. Given o 
findc. 



=97° 30' 20", 6=55n2'10", (7=39" 5: 



log tan a 



- 0.88025 (m) 
= 9.88447 



w = 0.76472 (j-,) 
n= 99M5'14" 
« — -44''33' 4" 



log cos «.-- 9.11602 (?! 
log cos (S — m) = 9.85286 
logsec-TO = 0.77103(« 
log cose = 9.73991 

0^56" 40' 20' 



Exercise XXXV. 
1, Write formulas for finding, by Napier's Rules, the side 
., when b, c, and A are given, and for finding the aide b when 
., c, and B are given. 
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2. Given a = 88° 12' 20", 6 ^124° 7' 17", (7=50'>2'1"; 
find A ^ 63' 15' 11", B = 132° 17' 59", c = 59° i' 18". 

3. Given a = 120° 65' 35", 5 = 88° 12' 20", C = 47°42'l"; 
find A = 129° 58' 3", B = 63° 15' 9", c =,56° 62' 40". 

4. Given 6 = 63° 15' 12", c = 47°42'l", ^ = 59° 4' 25"; 
find fi= 88° 12' 24", C = 55° 52' 42", a = 50°r40". 

5. Given S = 69° 25' 11", e = 109° 46' 19", ^ = 54° 64' 42"; 
find J? = 56° 11' 57", C=123°21'12", a = 67°13'. 



Given the side o and the two adjacent angles A and B. 
The sides a and h may be found by the third and fourth of 
Napier' 8 Analogies, 



tan ^(a-~hy- 



__ sin i(A — B) 



tan ^ c, 



sin i(A-}-Ii 

and then the angle may be found by [44], by Napier', 
second Analogy, or by one of Gauss's equations, as, for instance 
the second, which gives 



cos * C^ • r^ Tf- cos i <;. 



Ex. 



FtE. A - X07°47' 7" 
B- 38° 58' 27" 
c= 51°41'14" 
^{A — B) = 9.S1848 
log sec i {4 + B) - 0. 54369 
ic - 9.08517 



.ni;<a+fi) =0.1 4524 
logsin J (^ + B)- 9.08146 
(.i(a-6) =0.01703 
s^c =9.9 6423 

n'^C =9.05272 

JC = 26°ir52,5" 



.■.i(yl-B) = 34'24'20" 
H.4 + B) = 73'22'47" 
^c = 26°60'37" 
log ain \(^A-B) = 9.75208 
log CSC i(d + B) = 0.01854 
log tan jc =9.08517 

logtanf <a — 6) =9.45579 

H« + 6) = 54°24'24.4" 

i(a-6) = 15°56'26.6" 

I a =70° 20' 60" 

ib =38° 27' 59" 

( = 52° 29' 45" 
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If the angle C alone is wanted, the best way is to decompose 
the triangle into two right triangles, and then apply Kapier's 
Enles, as in Case I., when the side c alone is desired. 

Let (Fig. 46) AABD = x, ZCBD^ij, BD^p; then, 

Kule I., 



whence cot ^ 
Rule II., 



= cot 3^ cot A, 
- tan ^ cos c. 



cos A ^ eos^ sin x, 

cos p ^ cos A CSC X. 



cos C = 
eos^ = 



cos p amy, 
cos Casa'y. 




Hence cos C=^ cos A ese x sin y 

^=cos.iesc3; iiva{Ti — x). 
It is clear thitt C may be computed from the equations 

cot X = tan A cos c, 

cos G ^ cos A cae x sin (B ~ x). 



Example. 


Given A = 


find C. 




log tan A 


= 9.85760 


, log cose 


= 9.79866 


log cot X 


= 9.65616 


X 


= 65° 37' 35 


.-.B — x 


= 49° 31' 32' 



>°46'15", fi — 115°9'7", c 



-5r2'; 



log cos ^ —9.90992 

logsin(S — a;) =9.88122 

log ese X = 0.04055 

logeosC=9.83099 

C=47°20'30' 



ExEIiClBE XXXVI. 

1. What are the formulas for computing A when B, C, and 
a are given ; and for computing B when A, C, and b ai'e given ? 

2. Given A — 26° 58' 46", B = 39° 46' 10", c = 154° 46' 48"; 
find a — 37° 14' 10", 5 = 121° 28' 10", C= 161° 22' 11". 

3. Given A = 128° 41' 49", B = 107° 33' 20", c = 124° 12' 31"; 
find a = 125° 41' 44", h = 82° 47' 34", C = 127° 22'. 
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4. Given\B = 153''17'6", C = 78''43'36", a. = 86''15'15"; 
find b = 152° 43' 51", c = 88° 12' 21", A = 78° 15' 48". 

5. Given ^ =^ 126° 41' 44", = 82° 47' 35", 6 = 52° 37' 57"; 
find a ^ 128° 41' 46", c = 107° 33' 20", B =x 55° 47' 40". 

§ 58. Case III. 
Given two sides a and h, and the angle A opposite to a. 
The angle B ia foiind from [44], whence we have 

sin B = sin A sin h esc a. 
When B ha-s been fonnd, C and c may be found from the 
fourth and the second of Napier's Analogies, from -which we 
obtain 

■ The third and first of Napier's Analogies may also be used. 

Note 1. Since B ia determined from its sine, the prolilein in general 
has two solutions ; and, moreover, in case sin B >• 1 , the problem is 
impossible. By geometric construction it may be shown, as in the 
corresponding case in Plane Trigonometry, under what conditions the 
problem really has two solutions, one solution, and no solution. But in 
practical applications a general knowledge of the shape of the triangle is 
known beforehand ; so that it is easy to see, without special investigation, 
which solution (if any) corresponds to the circumstances of the question. 

It can be shown that there are two solutions, when A and a are alike 
in kind and sin6>sina>sin.dsin6i no solution when A and a are 
unlike in kind (including the case in which either 4 or a is B0°) and 
sin 6 is greater than or equal to sin a, or when sin a ■< sin .4 sin 6 ; and 
one solution in every other case. 

Note 2. The side c or the angle C may he computed, without first 
finding B, by means of the formulas 

cot 3 ~ tan.d cost, and cos (C — a) = cot a tan 6 cos s. 
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Theae formulas may be obtained by resolution of the triangle into right 
triangles, and applying Napier's Kules; m is equal to that part of the 
aide e included between the vertex A and the foot of the perpendicular 
from C, and x is equal to the corresponding portion of the angle C. 

Note 3. After the two values of B have been obtained, the number 
of solutions may readily be determined by § 48 — I. If log sin B is posi- 
tive, there will be no solution. 

b=31'13', 4-104°25'30". 
log sin .4 = 9.68609 
log sin & -8.71436 
logcacn -0.07348 
logsinB = 8.77393 

B-S6°37'20" 

J (a +6) =44=25' 

\(a — b) =13=13' 

J(A + B) = 70°26'25" 

J(A-B) = 33°5S' 5" 

logsinJ(a + 6) =8.84502 

logcBei(a~6) =0.64086 

logtan^(^-.B) = 9.8B873 

logcot^C = 0.31161 

iC=25°5l'15" 
= 51° 42' 30" 



= 120° 53' 35", A — 88' 52' 42"; 
= 120" 57' 27", C=116M7'4". 

2. GiTeiia = 150=57'5", 5 = 134''15'S4",.,4 = 144''22'42"; 
find £i = 120° 47' 45", Oj = 55° 42' 8", Ci = ^T i2' mA"; 

Ba= 69° 12' 15", c, = 23°57'17.4", ^3 = 29° 8' 39". 

3. Given a = 79° 0' 64.5", h = 82° 17' 4", A = 82" 9' 26.8"; 
find B = 90°, = 45° 12' 19", C = 45° 44'. 

4. Given a = 30° 52' 36.6", & = 31° 9' 10", ^ = 87" 34' 12"; 
show that the triangle ii 



ExiMW.B. 


Given (1=57° 36', 


In tins case A > 90° 
and a + b<iaO° 
therefore, A + B<180" 
hence, B< 80° 
and only one solution. 


a + b =88^50' 

a- 6 =26''26' 

A + B =140° 51' 53 

A-B= ti7°59' 7 

logsini(A + B) = 8.97416 

logcsci(A-B) = 0.25252 

logtanKa-&) =9.37080 


logta 


nic = 8.59748 
|c = 2P36'38" 
= 43" 11' 16" 


1. Given 


EXEEC 

« = 73° 49' 38' 


find £ = lie 


" 42' 30", c = 1 
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§ 59. Case IV. 

Given two angles A and B, and the side a opposite to one of 
them. 

The side b is found from [44], ■whence 
sin 6 ^= sin a sin B csc A. 

The values of c and C may then be found by means of 
Napier's Analogies, the fourth and second of which give 

^ , sin kiA-\-B)^ ,, ,, 



''"■i'""smi(o-4)"~'^" '■ 

Note 1. In this case the conditions for one, two, or no solutions can 
be dediiced directly by the tteory of polar triangles from the correspond- 
ing conditions of Case HI. There are two solutions, when A and a are 
alike in khid and sin B > sin .d > sin a sin B ; no solution when A and o 
are unlike in bind (including the case in which either j1 or a is 90") and 
sin B is greater than or equal to sin A , or when sin A<!.&ma&\n B; and 
one solution in every other case. 

Note 2. By proceeding as indicated in Case III., Note 2, formulas 
for computing c or C, independent of the side 6, may be found ; via. : 
tan m^ tana cos B, and sin (c — m) = cot .4 tan B sin m, 
cot 3; =cosotanB, andsin(C-a:) -cos^ secBsinjt. 

In these formulas m — BD, x= £ BCD, D being the foot of the per- 
pendicular from the vertex C. 

Note 3. As in Case III., only those values of 6 can be retained which 
are greater or less than a, according as B is greater or less than A. II 
log sin b is positive, the triangle is impossible. 

Exercise XXXVIII. 

1. Given A ^ 110' 10', B = 133" 18', a = 147° 5' 32" ; find 
6 = 155" 5' 18", c — 33°1'3C", (7^70'20'40". 
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2. Given -4— 113° 39' 21", 5^ 123" 40' 18", a = 05° 39' 46"; 
find b = 124° 7' 20", c = 159° 50' 14", C ^ 159" 43' 34". 

3. aiven^ = 100'=2'll.3",-B=9S''30'28", a=95°20'38.7"; 
find 6 = 90", c = 147° 41' 43", C = 148° 5'"33". 

4. Given ^=24" 33' 9", S^38°0'12", « = 65°20'13"i 
show that the triangle is impossible. 

§ 60. Case Y. 
Given the three sides, a, b, and c. 

The angles are computed by means of formulas [47], and 
the corresponding formulas for the angles B and C. 

The formulas for the tangent are in general to be preferred. 
If Tve multiply the equation 



tan ^A = Vese s cse {s — a) sin (a — b) sin (s ■ 



by the equation 



sin («-*)■ 



and put 



Vcsc s sin (s — a) sin (s — b) sin (s — c')= tan r, 
and also make analogous changes in the equations for tan,} 5 
and tan ^ C, we obtain 

tan ^A=^ tan r esc (s — a), 

tan -J- B ^^ tan )■ esc (s — i), 

tan ^ (7 ^: tan r esc (s — e), 
which are the most convenient formulas to employ when all 
three angles have to be computed. 



E 1. a= 50° 54' 32" 


log esc 3= 0.00448 


b= 37° 47' 18" 


logcsc(s-a)- 0.28978 


c,= 74° 51' 50" 


log sin (s- 6)= 9.84171 


2s=163°33'40" 


log sin (s-c)= 9.08072 


s= 81° 46' 50" 


2)19.21669 


3-a= 30° 53' 18" 


logtani.A= S.fiOSas 


3-6= 43° 69' 32" 


J^ = 22° 5' 20' 


3 ~ c = G° 56' 0" 


A = 44° 10' 40- 
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E 2. a= 124^ 12' 31" 


s-«- 13' 39' 5" 


6= 54° 18' 16" 


8 - 6 - 83° 33' 20" 


c = 97° 12' 25" 


s- c= 40° 39' 11" 


2s = 275° 43-' 12" 


logtani4 = 0.30577 


s = 137° 51- 30" 


log taniB= 9.68145 


n (s - o) - 9.37293 


logtaniC = 9.86480 


n (8 - 6) = 0.99735 


i^= 63'=41' 3.8" 


n (g - c) = 9.81390 


JB= 25=39' 5.6" 


logoso 8 = 0.17331 


iC= 36° 13' 20.1" 


log tajiV^ 9.35739 


Jl = 127° 22' 7" 


lc«tanr = 9.67870 


B= 61° X8' il" 




G= 72° 26' 40" 



ExEKCiSK XXXIX. 

1. Given a =-120" 55' 35", 6 = 59" 4'25", c = 106° 10'23'' 
find A — 116" 44' 50", £ = 63° 15' 18", C = 91" 7' 22". 

2. Given a = 50" 12' 4", 5 = 116° 44' 48", c = 129= 11' 42'' 
find A = 59" 4' 28", B = 94° 23' 12'', C= 120" 4' 52". 

3. Given a = 131" 35' 4", 5 = 108° 30' 14", o = 84° 46' 34' 
find ^ = 132" 14' 21", £ =^ 110° 10' 40", C = 99° 42' 24". 

4. Given a = 20" 16' 38", 6 = 56° 19' 40", c = 66° 20' 44'' 
find ^ =20° 9' 54", .B = 55" 52' 31", C = 114° 20' 17". 



§ 61. Case VI. 
Given the thr&& angles, A, B, and C. 

The sides are computed by means of Formulas [48]. The 
formulas for the tangents are in general to be preferred. 
If we multiply the eq^uation 

tan ia = V— cos S cos (S — a.) sec (S — B) see {S — C) 



by the equation 



1^ 



. ^^HS~A) 
's^a{8~A) 



and put 



V— cos S sec {S — A) sec (S — B) sec {S — C) = tan R, 
and also make analogous changes in the equations for tan ^6 
and tan^c, we obtain 
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tan -J-ffl — tan H cos (S— A), 

tan ih=^ tan B eos (S — B), 

tan ^ c =^ tan R cos {S — C), 
which are the most convenient formulas to use in case all 
three angles have to be computed. 

In Example 1, after we find the values of S, S — A, S— B, 
S—C, we write the formula for fcan^ra with the algebraic 
sign, written, above each function as follows : 



tani«--y/-cosScos(S- 


^)sec(S-S)sec{S-C). 


EXAMPLT! 1. A = 220° 


logoosS- 9.53405(11) 


B = 130° 


ic.gcos(S-4) = 9.93753 


C - 150= 


log sec (S ~ B) = 0.30103 (n) 


2S = 600° 


lojt sec (5 -(Jt = 0.76033 (ft) 


S = 250° 


2)0.63294 


S-A^ SO" 


logtaiiia = 0.26647 


S- B = 12(P 


ia= 61° 34' 6" 


S-C = 100° 


a = 123° 8' 12" 


NoTi',. Here the effect, as regan 


s algebraic sign, of ttree negative 


factors, is cancelled by the negative 


ign belonging to the whole product. 


In Example 2, after we find the values of S, S—A, S—£, 


S — C, we write the formula for tan B with the algebraic sign 


written above each fuuction as 


follows : 


tan B = yj— cos S see (5 — 


^)sec(5-^)sec(5— C). 


EXAMI'LE 2. A= 20° 0' 56" 


S = 96° 11' 21" 


B= 55°52'S2" 


S-A= 75° 1'25" 


C~ 114° 20- 14" 


S~B= 39°18'4S" 


2 S = 190= 22' 42" 


S - C = - 19' 8' 53" 


logooaS = 8.96938(n) 


logtanJ« = 0.25242 


leasee (S-^) = 0,5876,8 


log tani6= 9.73897 


logseo(S-£) = 0.11148 


Iofftan*c = 9.81538 


logsecCS- C)^ 0.02472 


^0=10° 8'18.9" 


logtan^fi-a.68021 


^6 = 28° 9' 60,4" 


logtaoiiJ ^ 9.84010 


l^e- .53' 10' 21.3" 




a = 20= IG' 38" 
6 = 56° 19- 41" 




c = 66° 20- 43" 
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Exercise XL. 



1. Given ^ = 130°, 5 = 110°, C=- 80°; 

find a = 139° 21' 22", 6 = 126° 57' 52", c = 56° 51' 48". 

2. Given ^^59° 55' 10", 5 = 85° 36' 50", C=59°B5'10"; 
find ft = 51° 17' 31", b = 64° 2' 47", c = 51° 17' 31". 

3. Given A = 102° 14' 12", S ^ 54° 32' 24", G = 89" 5' 46"; 
find a = 104° 25' 9", & = 53° 49' 25", c = 97" 44' 19". 

4. Given ^ = 4" 23' 35", .B = 8°28'20", = 172° 17' 56"; 
find ft ^31° 9' 14", 6 = 84° 18' 28", e^ 115" 10'. 

§ 62. Akea of a Sphekical Teiancle. 
I. When the three angles, A, B, C, are given. 
Let £ ;= radius of sphere, 

^=tlie spherical exce3s = j4 + £+ C — ISO", 

ii";=area of triangle. 

Three planes passed through the centre of a sphere, each 
perpendicular to the other two planes, divide the surface of 
the sphere into eight tri- rectangular triangles. 

It is convenient to divide each of these eight triangles into 
90 equal parts, and to call these parts spherical degrees. The 
surface of every sphere, therefore, contains 720 spherical 
degrees. 

Since in spherical degrees, the AABC^ E, and the entire 
surface of the sphere is ec[ual to 720 spherica 
.'■ A ABC : surface of the sphere = j 
or, since the surface of a sphere ^ iirB', 

AABC:4:irIP^]S:mi 



180 * 



[51] 
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II. When the three sides, a, b, o, are given. 

A formula for computing the area is deduced as follows ; 

From the first of [49], 

COS^(-i + ^) _ C08J^(Q, + &) . 

eoB(90°— iC)~ cosie ' 
whence, by the Theory of Proportions, 

cos j- (A+B) — cos (90°— j- C) _ co&\i{a-^h)-cos]^e 

C0Si(^ + 5)+COS(90"-iC)~CO8^(«+6)+C0B4<;' W 

Now, in § 31, the division of [23] by [22] gives 
cos^-co3.B ^_^^^ ^ ^ ^^^ 
cos ^ + cos B i \ ' ! J \ /' \ / 

iu which for A and B we may substitute any other two 
angular magnitudes, as for example, J (A-\-B) and (90 — \ C), 
or J(ffl + S)and^c. 

If we use in place of A and B the values ^{A-\-B) and 
(90° — ^ G), the first side of equation (b) becomes 

cos \{A-\-B)— cos (90° — \ C). 

cos ^ (^ + i?) + cos (90° - J C) ' 
and the second side becomes 

-tani(i^+i5+90°-^(7)tan^(^4+jB-90''+iC); 

~tani(J+B-C+180°)tani(J+J5+(7— 180°). 
If we remember that £'=.^ + .0+ (7—180°, and observe 
that 

tani(^+£-(7+180°)=tani(360°-2C+^+B+C-180°) 
= tani(360°— 2f7+-E) 
= tan[90°— i(2C— ^)] 
= coti(2C-J'), 
it will be evident that equation (b) may be written 

cos^(-/I+fi}+cos(90°— ^C) *^ / • \/ 



y Google 



168 3EHEKICAI. TKiaONOMETBY. 

If WG suljstitute, in equation (b), for A and B, the values 
^(ffi + 6) and ^e, and also substitutes for ^{a + b + c) and 
s~e ioT^(a~\-b~e), equation (b) will become 

Comparing (a,), (c), and (d), ive obtain 

cot^(2C— S)tani£'=tanistan^(s — c). (e) 

By beginning with the second equation of [49], and treating 
it in the same way, we obtain as the result, 

tani(2(7— jr)tani_E=:tani(s — a)tani(s — 5). (f) 
By taking the product of (e) and (f), we obtain the elegant 
formula, 

tanHE=tani^staEi(8— a)tanUs— l»)tanKs— 0), [52] 
which is known as I'Huilier'a Formula. 

By means of it H may be computed from the three sides, 
and then the area of the triangle may be found by [51]. 

III. In all other cases, the area may be found by first 
solving the triangle so far as to obtain the angles or the sides, 
whichever may be more convenient, and then applying [51] 

or [52]. 

logs - 5.37601 



Example 1 


A- 


102 


14' 12" 




B = 


54 


32' 24" 




C = 


80 


5' 46" 




245 


52' 23" 




E = 


65 


52' 22" 






287142" 




180=^ 


648000" 



If, therefore, we know the radius of the sphere, we can 
express the area of a spherical triangle in the ordinary units 
of area. 

* See Wentworth & Hill's Tables, page 20. 
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Example 2. a= 133° 26' 19" 

6= 64''&0"53" 

c= 144° 13' 45" 

2 8 = 34a°S0'6T" 

S-171°15'28.5" 

S-o= STOPS' 9.5" 

8- 6= 106" 24' 35.6" 

S-c= 27° 1'43.5" 



5 SriIEKICAL TKI ANGLE. 



-a,} = lS''6i'St 
-b) = 53° 12' IS 



iii 


-c) = 13''30'52" 


logt. 


n|s= 1.11669 


log tan J C 


-a) = 9.63474 


logtani(s 


- b) = 0.13613 


log tan i (3 


-c) = 9.38083 



logtan^i^ 

logtaa i£=0.07S19 

J^= 50"11'43" 

E = 200° 46' 62" 



ExEiiciSE XLI. 



1. Given A — 
and E = 26159", 

2. Given a. = 69= 15' 6", b = 120° 42' 47", e 



20' 19", 5 = 27" 22' 40", (7= 75" 33'; 
- 0.12682 .Bl 

-159° 18'? 
find ^=216° 40' 28". 

3. Given a ^ 33° 1' 45", (> ^ 165° 6' 18", C ^ 110° 10' ; 
find .5= 133° 48' 63". 

4. IFind the area of a triangle on the earth's surface 
(regarded as spheriRal), if each side of the triangle is equal 
to 1°. (Eadius of earth ^^ 3968 miles.) 



y Google 



CHAPTEE, IX. 



APPLICATIONS OF SPHERICAL TBIGONOMETEY. 

§ 63, Problem. 

To reduce an angle measured in space to the horizon. 
Let O (Fig. 48) be the position of the observer on the ground, 
AOB = h, the angle measured in 
space, (for example, the angle 
between the tops of two church 
spires), OA' and OB' the projec- 
tions of the sides of the angle 
upon the horizontal plane HE, 
AOA' = m, and .B 05' = w, the 
angles of inclination of OA and 
OB respectivBly to the horizon. 
Eequirod "the angle A'OB' = x 
pj^ ■" made by the projections on the 

horizon. 
The planes of. the angles of inclination AOA' and BOB' 
produced intersect in the line OC, which is perpendicular to 
the horizontal plane (Geom. § 520). 

From as a centre describe a sphere, and let its surface cut 
the edges of the trihedral angle 0-ABG in the points M, iV, 
and P. In the spherical triangle MNP the three sides 
jKff= h, MP = 90" — m,NP = 90' — n, are known, and the 
spherical angle F is equal to the required angle x. 
From § 48 we obtain 

cos ^ « ^ Vcos s cos (s - 
where J (ffi + w + A) = s. 




- h) sec n 
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§ 64. Pkoblem. 

To find the distance hetiveen two pluses on the earth's surface 
(regarded as spJiericaV), given the latitudes of the places and the 
difference of their longitudes. 

Let M and N (Fig. 49) be the places ; then their distance 
MN is an arc of tlie great circle ^ 

passingthroughtheplaces. Lot 
P be the pole, AB the eqiLator. 
The area MR and NS are the 
latitudes of the places, and the 
arc BS, or the angle MPN, is 
the difference of their longi- 
tudes. Let MR = a, NS=b, 
IiS=l; then in the spherical 
triangle MNP two sides, MP 
=W-a,NP=90''-b,s.nd the '"'- ""■ 

included angle MPN=^ I, are given, and we have (from S 56) 
tan m =^ cot a cos /, 
cos JfiV^^sinasecTasin (A + '"■)■ 

From these equations first find in, then the are MN, and 
then reduce MNto geographical miles, of which there are CO 
in each degree. 




§65. Tir 



Celestial Spdeee. 



The Celestial Sphere is an imaginary sphere of indefinite 
radius, upon the concave surface of which all the heavenly 
bodies appear to be sitiiated. 

The Celestial Equator, or Equinoctial, is the great circle in 
which the plane of the earth's equator produced intersects the 
surface of the celestial sphere. 

The Poles of the equinoctial are the points where the earth's 
axis produced cuts the surface of the celestial sphere. 
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The Celestial Meridian of an observer is the great circle in 
which tlio plane of Ids terrestrial meridian produced meets 
the surface of the celestial sphere. 

Hour Circles, ot Circles of Declination, are great circles 
passing through the poles, and perpendicular to the equinoctial. 

The Horizon of an observer is the gi-eat circle in which a 
plane tangent to the eai-th's surface, at the place where he is, 
meets the surface of the celestial sphere. 

The Zenitli of an observer Is that pole of his horizon which 
is exactly above his head. 

Vertical Circles are great circles passing through the zenith 
of an observer, and perpendicular to bis horizon. 

The vertical circle passing through the east and west points of 
the horizon is called the Frime Vertical ; that passing through 
the north and south points coincides with the celestial meridian. 

The Ecliptic is a great circle of the celestial sphere, 
apparently traversed by the sun in one year from west to east, 
in consequence of the motion of the earth around the sun. 

The Equinoxes are the points where tlie ecliptic cuts the 
equinoctial. They are distinguished as the Vernal equinox 
and the Autumnal equinox ; the sun in Ms annual journey 
passes through the foi-mer on Mareh 21, and through the 
latter on September 21. 

Circles of Latitude are great circles passing through the 
poles of the ecliptic, and perpendicular to the plane of the 
ecliptic. 

The angle which the ecliptic makes with the equinoctial is 
called the obliquity of the ecliptic ; it is equal to 23° 27', 
nearly, and is often denoted by the letter e. 

These definitions are illustrated in Pigs. 60 and 51, In 
Kg. 50, AVBU is the equinoctial, P and P' its poles, NPZS 
the celestial meridian of an observer, NESW his horizon, Z 
his zenith, M a star, PMP' the hour circle passing through 
the star, ZMDZ the vertical through the star. 
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In Fig. 61, AVJBU represents the equinoctial, EVFU the 
ecliptic, P and Q their respective poles, V the vernal ec[uinox, 
U the autumnal equinox, M a star, PMB, the hour circle 
through the star, QMT the circle of latitude through the star, 
and Z.TVB = e. 




The earth's diurnal motion causes all the lieavenly bodies 
to appear to rotate from east to west at the uniform rate of 
15° per hour. If in T"ig. 50 we conceiTS the observer placed at 
the centre 0, and his zenith, horizon, and celestial meridian 
fixed in position, and all the heavenly todies rotating around 
PP' as an axis from east to west at the rate of 15° per hour, 
we form a correct idea of the apparent diurnal motions of 
these bodies. When the sun or a star in its diurnal motion 
crosses the meridian, it is said to make a transit across the 
meridian ; when it passes across the part NWS of the horizon, 
it is said to set; and when it passes across the part NES, it is 
said to rise (the effect of refraction being here neglected). 
Each star, as M, describes daily a small circle of the sphere 
parallel to the equinoctial, and called the Diurnal Circle of 
the star. The nearer the star is to the pole the smaller is the 
diurnal circle ; and if there were stars at the poles P and P', 
they would have no diurnal motion. To an observer north of 
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tlie equator, the north pole P is elevated above the horizon 
(as shown in Fig, 50) ; to an obsei'ver south of the equator, 
the south pole .Z" is the elevated pole. ■ 

§ 66. Sphekical Co-ordinates. 
Several systems of fixing the position of a st'ir on the sui 
face of the celestial sphere at any instant we m use In each 
system a great circle iiid its pole are t iken aa btindards of 
reference, and the position of the stai is determined by means 
of two quantities called its sj herval co-oi diiiates 

I. If the horizon and the ~entth Tie thosen, the eo-ordinates 
of the star are called its altitude and its azimuth 

The Altitude of a etai it> its angular distance, measured on 
a vertical circle, above the hoiizon The complement of the 
altitude is called the Zemth Distance 

The Azinrntli of a stai is the ■ui^le at the zenith formed by 
the meridian of the observe! and the vertical iiicle passing 
through the star, and is measuied theiefoie by an arc of the 
horizon. It is usually reckoned from the noith point of the 
horizon in north latitudes, and fiom the south p mt m south 
latitudes; and east oi west according as the stii is east ci 
west of the meridian, 

II. If the equinoctial and its jiole aie chosen, then the 
position of the star mij be fixed by means of its declination 
and its hour angle. 

The DeclinEttion of a stai is its angulai distance fiom the 
equinoctial, measured on an houi circle The angular distance 
of the star, measured on the hour cucle, ft om the elevat-ed i ola, 
is called its Folar Dietanoe. 

'The declination of a star, like the latitude of a place on the 
earth's surface, may be either north or south; but, in practical 
problems, while latitude is always to be considered positive, 
declination, if of a different name from the latitude, must be 
s negative. 
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If tlie declination is negative, the polar distance is equal 
numerically to 90° + the declination. 

The Hour Angle of a star is the angle at the pole formed 
by the meridian of the observer aiid the hour circle passing 
through the star. On account of the diurnal rotation, it is 
constantly changing at the rate of 15° per hour, Hour angles 
are reckoned from the celestial meridian, positive towards the 
west, and negative towards the east. 

III. The equinoctial and its pole being still retained, we 
may employ as the co-ordinates of the star its declination and 
its right ascension. 

The Eight Ascension of a star is the arc of the equinoctial 
included between tlic vernal equinox and the point where the 
hour circle of the star cuts the equinoctial. Bight ascension is 
reckoned from the vernal equinox eastward from 0° to 360°. 

IV. The ecliptic and its pole may be taken as the standards 
of reference. The co-ordinates of the star are then called its 
latitude and its longitude. 

The Latitude of a star is its angular distance from the 

ecliptic measured on a circle of latitude. 

The longitude of a star is the arc of the ecliptic included 

between the vernal equinox and the point where the circle of 

latitude through the star cuts the ecliptic. 
For the star M (Fig. 50), 

let I = latitude of the observer, 

h = DM ^ the altitude of the star, 
a = ZM = the zenith distance of the star, 
a^ Z.PZM=^thQ azimuth of the star, 
i = Z ZPM^= the hour angle of the star, 
d = RM ^ the declination of the star, 
p ^= FM ^= the polar distance of the star, 
*•= VB =the right ascension of the star, 
u = MT (Fig. 51) — the latitude of the star, 
v=VT (Fig. 51) = the longitude of the star. 
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SPHEKICAL TKIGONOMETBY. 



In many problems, a simple way of representing the mag- 
nitudes inTolved, is to project the sphere on the plane of the 
horizon, as shown in Fig. 62. 

NESW is the horizon, Z 
the zenith, NZS the meridian, 
WZE the prime vertical, WAE 
the equinoctial projected on the 
plane of the horizon, P the 
elevated pole, M a star, DM 
its altitude, ZM its zenith dis- 
tance, Z. PZM its azimuth, ME 
its declination, FM its polar 
distance, Z. ZPM its hour angle. 




§ 67. The Astronomical Tkiangle. 

The triangle ZPM (Figs. 50 and 52) is often called the 
astronomical trio,ngle, on account of its importance in problems 
in Nautical Astronomy. 

The side PZ is equal to the complement of the latitude of 
the observer. For (Fig. 50) the angle ZOB between the zenith 
of the observer and the celestial equator is obviously equal to 
his latitude, and the angle POZ is the complement of ZOB. 
The arc NP being the complement of PZ, it follows that the 
altitude of the, elevated pole is equal to the latitude of the place 
of observation. 

The triangle ZPM then (however much it may vary in 
shape for different positions of the star M) always contains 
the following five magnitudes : 

PZ=^ co-latitude of observer =^90°—^, 

ZM— zenith distance of star = z, 
PZM^ azimuth of star . = a, 

PJf^= polar distance of star — j?, 
ZPM=: hour angle of star ^^t. 
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A very simple relation exists between the lioiir angle of the 
sun and the local (apparent) time of day. Since the hourly 
rate at which the sun appears to move from east to west is 
15°, and it is apparent noon when the sun is on the meridia,n 
of a place, it is evident that if hom- angle = 0°, 15°, — 15°, etc., 
time of day is noon, 1 o'clock p.m., 11 o'clock a.m., etc. 

In general, if t denote the absolute value of the hour angle, 

time of day ^= t^ p.m., or 12 — — a.m., 
aceoriling as the sun is west or east of the meridian. 

§ 68, Pkoblem. 

Given the latitude of the observer and the altiiude and azimuth 
of a star, to find its declination and its hour angle. 

In the triangle 2PM (Fig. 52), 
given PZ= 90° — I =: co-latitude, 

ZM^ 90° — A = eo-altitude, 
^ PZM=a = azimuth, 

to find PJf— 90° — f^^polar distance, 

Z ZPM = t = hour angle. 

Draw MQ _L to NS, and put ZQ = ra, 

then, if a< 90°, PQ = 90° — (/ + m), 

and if a>90°, ^'^ = 90° — (/ — m); 

and, by Napier's Eules, 

cos a = ± tan m, tan h, 
sin d =^ cos PQ cos MQ, 
sin h = cos m cos MQ ; 
whence, tanm= ±: cot h cos a, 

sin d =^ sin h sin (I ± m) sec m, 
in which the — sign is to be used if a > 90°. The hour angle 
may then be found by means of [44], whence we have 
sin j! ;^ ain ([ cos h sec d. 
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§ 69. Peobdem. 

To find the hour angle of a heavenly body wJisn its declina- 
tion, its altitiide, and the lati- 
tude of the place are knovm. 

In the triangle ZPM (Fig. 
63), 
given FZ=m° — l, 

FM=90° — d=p, 
ZM='i()° — h; 
required 

ZZFM=t. 
If, in the first formula of 
[47], 




-h, h^p, e^^d' — l, 



sin^^^ Vsin(s — S)sin(s — (;)c( 
we put 

A = t, a = 9 
we have 

^-S = 90°-i(/ + i) + ft), s-e = ^{l^p-h), 
and the formula becomes 

sin -Ji ^ ± [cos ^(J.-\-p-\-h')svi\\ (l-{-'p — '*) see I esc jsji, 

in which the — sign ia to he taken when the body is east of 
the meridian. 

If the body is the sun, how can the local time be found 
when the hour angle has been computed ? (See § 67.) 
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§ 70. Problem. 

To find the "Ititudp and azimuth of a ftlestin! hody, when its 
declination, its hour angle, and the latitude of the plaoe are 
known. 

In the triangle ZPM (Fig. 53), 
given FZ^^if-t, 

PM~m° — d=p, 
Z.ZI'M^t; 
required ^Jf^QO" — 7*, 

Z FZM— a. 

Here there are given two sides and the included angle. 
Placing PQ=.m, and proceeding as in § 68, we obtain 

tanm = cot(f cosi, 

sinA ^:sin(/+™)sin(isGCm, 

tan a = sec (l -f ni) tan t sin m, 

in the last of which formulas a mnst be marked E. or W., to 
agree with the hour angle. 

§ 71. Problem. 

To find the latitude of the place when the altitude of a celes- 
tial body, its declination, and its hour angle are known. 

In the triangle ZPM (Pig. 53), 



given 


ZM=90'-~h, 




PM=^0° — d, 




/iZPM^t; 


required 


PZ^^O^-l. 


Let 


PQ = n,.,ZQ-- 
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Then, by Napier's Rules, 




cos t ^ tan m tan d, 
sin h ~ cos 11 cos MQ, 
sin d = cos m cos MQ; 



tanm = cot i^eosf, 

cos m ~ cos m. sin A esc d, 



and it is evident from tlie figure 

that 

^ in which the sign + or the sign 

— is to be taken according as 
the body and the elevated pole are on the same side of the 
prime vertical or on opposite sides. 

In fa«t, both values of I may be possible for the same alti- 
tude and hour angle; but, unless n is very small, the two 
values will differ largely from eaeh other, so that the observer 
has no difficulty in deciding which of them should be taken. 



§ 72. Peoblem. 

Given the declination, the right ascension of a star, and the 
obliquity of the ecliptic, to find the 
J latitude and the longitude of the 
star. 

Let M (Fig. 55) be the star, P be 
the pole of the equinoctial, and Q 
the pole of the ecliptic. 

Then, in the triangle FMQ, 
^ given Pe=e = 23''27', 
I'M—^^''~d, 
l_ MPQ ^ 90° + r (see Fig. 61 ); 
and Zi'<3JW"^90° — w(seeFig. 51). 
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In this case, also, two sides and tlie included angle aro 
given. Draw MH _L to FQ, and meeting it produced sX H, 
and let PJl=n. 

By Napier's Eules, 

— tan n tan d, 
.n w ^ cos {& + n) cos MH, 

= cos n cos MH., 
XX (e + m) = tan v tan MH, 

— tan )■ tan MH ; 
■whence, tan n =^ cot d sin r, 

sin « ^ sin d cos (e + n) aec «, 
tan if ^ tan »■ sin (e -|- n) cso re. 

To avoid obtaining u from its sine we may proceed as 
follows ; 

From tlie last two equations we tave, by division, 

sin u ^^ tan v cot (e + n) sin d cot r tan n. 

Ky taking 2£H as middle part, successively, in the triangles 
MQH and MPH, we obtain 

cos M cos 11 =^ cos (^ cos )■ i 
wlience, cos u = sec n cos d cos }'. 

From these values of sin « and cos u we obtain, by division, 

tan M ^^ sin iJ cot (e + n) tan e^ esc r tan re. 
From the relation 

sin )■ = tan n tan d, 
it follows that tan d esc )■ tan re ^^ 1. 

Therefore tan u ~ sin v cot (e + n), 
a formula by which m can be easily found after v has been 
compiited. 
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Exercise XLII. 



1. Find the- dihedral angle made by adjaxsent lateral faces 
of a regular ten-sided pyramid ; given the angle V^ 18°, made 
at the vertex by two adjacent lateral edges. 

2. Through the foot of a rod which makes the angle A with 
a plane, a straight line is drawn in the plane. This line makes 
the angle B with the projection of the rod upon the plane. 
What angle does this line make with the rod? 

3. Find the volume V of an oblique paraJlelopipedon ; 
given the three unequal edges a, b, c, and the three angles 
I, m, n, which the edges make with one another. 

4. The continent of Asia has nearly the shape of an 
equilateral triangle, the vertices being the Kast Cape, Capo 
Eoraania, and the Promontory of Baba. Assuming each side 
of this triangle to be 4800 geographical miles, and the earth's 
radius to be 3440 geographical miles, find the area of tlie 
triangle : (i.) regarded as a plane triangle ; (ii.) regarded as a 
spherical triangle, 

6. A ship sails from a harbor in latitude I, and keeps on 
the are of a great circle. Her course, (or angle between the 
direction in which she sails and the meridian) at stai'ting is a. 
rind where she will cross the equator, her course at the 
equator, and the distance she has sailed. 

6. Two places have the same latitude I, and their distance 
apart, measiired on an arc of a great circle, is d. How much 
greater is the are of the parallel of latitude between the places 
than the are of the great circle ? Compute the results for 
;^45°, rf = 90=. 

7. The shortest distance d between two places and their 
latitudes I and V are known. Pind the difference between 
their Ion git u lies. 
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8.. Given tlie latitudes and longitudes of three places on 
the earth's surface, and also the radius of the eajth ; show 
how to find the area of the spherical triangle formed by arcs 
of great circles passing through the places. 

9. The distance between Paris and Berlin (that is, the arc 
of a great circle between these places) is equal to 473 geo- 
graphical miles. The latitude of Paris is 48° 50' 13"; that of 
Berlin, 52'' 30' 16". When it is noon at Paris what time is it 
at Berlin? 

Note. Owing to the apparent motion of tie sun, the local time over 
the eaxth's surface at any instant varies at the rate of one hour for 15° of 
longitude ; and the more easterly the place, the later the local time. 

10. The altitude of the pole being 45°, I see a star on tbo 
horizon and observe its azimuth to be 45°; find its polar 
distance. 

11. Given the latitude I of the observer, and the declination 
d of the sun ; find the local time (apparent solar time) of 
sunrise and sunset, and also the azimuth of the sun at these 
times (refraction being neglected). When and where does the 
sun rise on the longest day of the year (at which time d = 
+ 23° 27') in Boston (I = 42° 21'), and what is the length of 
the day from sunrise to sunset ? Also, find when and where 
the sun rises in Boston on the shortest day of the year (when 
d ^ — 23° 27'), and the length of this day. 

12. When is the solution of the problem in Example 11 
impossible, and for wliat places is the solution impossible? 

13. Given the latitude of a place and the sun's declination ; 
find his altitude and azimuth at 6 o'clock a.m. (neglecting 
refraction). Compute the results for the longest day of the 
year at Munich (I = 48° 9'). 

14. How does the altitude of the sun at 6 a.m. on a given 
day change as we go from the equator to the pole ? At what 
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time of the year is it a masimum at a given place? (Given 
sill h = sill I sin d.) 

15. Given the latitude of a pla«e north of the equator, and 
the declination of the sun ; find the time of day when the sun 
bears due east and due west. Compute the residts foi- the 
longest day at St. Petersburg Q = 59" 56'). 

16. Apply the general result in Example 15 (cos i — cot ^ 
tanef) to the ease when the days and nights are equal in 
length (that is, when d = 0°). Why can the sun in summer 
never be due east before 6 a,m., or due west after 6 p.m.? 
How does the time of bearing due east and due west change 
with the declination of the sun? Apply the general result 
to the oases where l<.d and I ^= d. What does it become at 
the north pole ? 

17. Given the sun's declination and his altitude when he 
bears due east ; find the latitude of the observer. 

18. At a point in a horizontal plane MN a staff OA is 
fixed, so that its angle of inclination AOB with the plane is 
equal to the latitude of the place, 51° 30' N., and the direction 
OB is due north. What angle will OB make with the shadow 
of OA on the plane, at 1 p.m., when the sun is on the equi- 
noctial? 

19. What ia the direction of a wall in latitude 52" 30' K, 
which casts no shadow at 6 a.m. on the longest day of the year 1 

20. At a certain place the sun is observed to rise exactly 
in the north-east point on the longest day of the year ; find 
the latitude of the place. 

21. Find the latitude of the place at which the sun sets at 
10 o'clock on the longest day. 

22. To what does the general formula for the hour angle, 
in § 69, reduce when (i.) h ^ 0", (ii.) 1 = 0" mdd^ 0°, (iii.) 
loid = 90° ? 
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23. Wliat does the general formula, for the aaiimith of a 
celestial body, in § 70, become when t ^= 90° =; 6 hours ? 

24. Show that the formulas of § 71, if t = 90°, lead to the 
equation sinZ;=sin Acsc(i; and tliat if tS=^0°, they lead to 
the equation cos Z ^^ sin A sec ^ 

25. Given latitude of place 52° 30' 16", declination of star 
38°, its hour angle 28° 17' 15"; find its altitude. 

26. Given latitude of place 61° 19' 20", polar distance of 
star 67° 59' 5", its hour angle 15° 8' 12"; find its altitude and 
its azimuth. 

27. Given the declination of a star 7° 54', its altitude 
22° 45' 12", its azimuth 129° 45' 37"; find its hour angle and 
the latitude of the observer. 

28. Given the longitude v of the sun, and the obliquity of 
the ecliptic e ^ 23° 27'; find the declination d, and the right 
ascension r. 

29. Given the obliquity of the ecliptic e ^^ 23° 27', the 
latitude of a star 51°, its longitude 315°; find its declination 
and its right ascension. 

30. Given the latitude of place 44° 50' 14", the azimuth of a 
star 138° 58' 43", and its hour angle 20°; find its declination. 

31. Given latitude of place 51° 31' 48", altitude of sun west 
of the meridian 35° 14' 27", its declination + 21° 27'; find the 
local apparent time. 

32. Given the latitude of a place I, the polar distance p of 
a star, and its altitude h; find its azimuth a. 
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FORMULAS. 
Plane TuTeoKOMETRY. 

tan A = 1 ■ 

cos A 

sinA XcsaA^l 

COSAXSBCA^:! 

tanAxeotA^^l. . 
■4. sin(x + )/) = sm3;eosi/ + (!< 

5. cos (x H" 2/) =^ cos a; cos y — si 

6. ta,ii(x-{-ij) = 



X 8111 y. 
xsiay. 



7. eot(x + ;,) = 

8. 8in(x 



1 — tan X tan y 
cot X cot y — 1 



cot y -\- cot X 
9. cos (* — )/) — eo3 a; COS i/ + si 



10. 






-tan ji 



11. cot (a 

12. sin 2; 

13. cos2i 



(X — y\ ^^ 

^ ■'•'1-1- tan X tan y 
cot X cot J/ + 1 



■^' cotj/ — eotic 
= 2 sin K cos X. 
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/l — cos s 



1 + coss^ 
— coss 



sin ^ + sin ^ ^ 2 sin ^ (^ + B) cos i (^ — 7^). 
sin A—smB = 2<iosi(A + B) sin |(^ — i3). 
cos^ + cosB = 2 COS i- (^ + ^) cos i(A — B). 
cos J — cos5 — — 2 sin ^ (^ + B) sin ^{A—B). 



24. 


sin^ + sinB taii^(^+i?) 
sin ^ — sin B tan | (^ — 7?) 


26. 


b^mS 


26. 


a^=h^+c^ — 2bo<MsA. 


27. 


a~l) tan^(i— .B) 
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/ '— )(-^' Kt^^,, 



' — iacaiaB. 
, a'sin .5 sill C 

■=V.(.-»)(.-4)(»-»). 
Sphekiual Trigonometry 



*■ I sin 5 = sine sin 5. 

( cos -4 = tan S cot c. 

' 1 cos B ■= tan a, cot e. 

f COS -4 = eoa ffl sin 5. 

"■lcos5 = eos5sinA 

tan a cot J. 

tan S cot B. 

cosc = cot^cot5. . 

sin 5 ^: sin h sin A. ~\ 
sin(7=sincsinJ. 
.a 6 sin C =: sin c sin B. J 
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eosft^cos JcoBc + suiSsinccos^. 
cos ft^^eosacosc+sinasinccosi?. 
cos c = cos « cos b-i-sina sin li cos C. 

Goa^=: — cos^cos C -\- sia B sin C cos a. 
eosB^= — COS A cos C +8111^181110003 6. 
cos C?^ — cos .4 cos B -J- siiLii sin £ cos c. 



siniJ 


= Vsin(.- 


i)siii 


(— 


-)iisoSosot 




■eoBiA 


= Vsm.,i.(.^.)»c 


Scsco. 




taalA 


= Voso.os 


.(.-. 


)sm 


(3 — 6) sin ( 


-«)■ 


sin+«= 


=V— cos S 


eos(« 


-^) 


esc £ CSC C. 




cos^a= 


=Vcos (S- 


i!)008 


(«- 


C)cscScs 


C. 



i3.riia=^-\/~cosScos(S—A)sec{S—£)3ec{S-C). 



eo3i(A + B)cosic = cosi(a + b)am^C. 
smi(^+_B)cos^c = cosi(a-6)cos^a 
cos i(A — B)sin-^o= gin ^ ((i + J) sin ^ t7. 
sin -J (A—B) sin ^c = sin ^ (« — S) cos| (7. 

cosK.i-2!) 
cos^(^+S) 
siiii(^~J) 



tan^{« — S) 



i(^+^) ' 



S2. taii^^£':=tan^staiij(.? — a)tai)^(s— 6)taii^(s — c). 
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Pkof. Blakslee's construction by wliieli tlic direction ratios 
for plane right triangles give directly from a figui'e the analo- 
gies for a right taihedral or for a right apherical triangle. 







The construction consists of two parts, 

(a) Lay off from the vertex Va, unit's distance on each edge. 

(b) Pass through the three extremities of these distances 
three planes perpendicular to one of the edges, as VA. Now 
these three parallel planes will cut out three similar right 
triangles. The first being constructed in either of the two 
usual ways, the construction of the others is evident. 

Since the plane angles Ai, A^, A^ ali equal the dihedral A, 
1 the three faces give the values 



similarly, sin 5 = sin 5 ; sin k. 
similarly, cos B ^^ tan a -. tan h. 
similarly, tan B = tan h : sin a,. 
(by 3) = cot^cotB. 
ain B = cos A : cos a. 



Note. If a sphere of unit radius be described about F as a ci 
the tUree faces will cut out a rigbt splierioal triaogle, baying the sii 
6, and k, and angles A, B, aud S. Tbe above formulaB are thus se 



and the nine 


right triangle 


in the figure. 


we have : 


(1) 


sin^ = 


= sin«. 


sin ft 


(2) 


cos^ = 


= tan5 


tan A 


(3) 


tan^ = 


^tsjaa 


sin& 


(4) 


cos A- 


= cos a 


cos 6 


(5) 


sin.^ = 


= 005 B 


cos 6 
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(1) .In ^ = « 

(2) c<«J=( 

(3) tanA - a 

(4) AS = a* + 



;/i 


sin B = 6 : 


■.h 


cos B = a : 


•.b 


tanB-6: 


Ifi 


1 = sin^ + 


sB 


sin n = cos 



)s 6 — tan a cot hi 
>s6 = cot J cots j (i) 



The Gauss Equations. 




cos i- (^ + ^) cos J c = cos ^ {a-\-h) sin |^ G 
sin ^{A-\-B) cos ^ c ^^ cos \{a — b) cos |- C. 
cos ^ {A — B)sva.^ o = suii (a-\- b) sin | C. 
sill |(J — if) sin I c = sin i (ft — S) cos ^ G. 
fi{A±B) f^c= flia±l>) f^a 

EuLE I. sin in (I.) gives — in (3), and conversely. 

cos in (I,) gives -|-in (3), and conversely. 
EuLE II. Functions have same names in (2) and (3). 

^Functions have co-names in (4) and (1), 
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SURVETIN'G-. 



DEFINITIONS. INSTRUMENTS AND THEIB USES. 
§ 1. Definitions. 

Surveying is the art of determining and representing dis- 
tances, areas, and the relative position of points upon the 
surface of the earth. 

In plane surveying, the portion surveyed is considered as a 
plane. 

In geodetic surveying, the curvature of the earth is regarded. 

A Plnmh-Line is a cord with a weight attached and freely 
suspended. 

A Vertical Line is a line having the direction of the plumb- 
line. 

A Vertical Plane is a plane embracing a vertical line. 

A Horizontal Plane is a plane perpendicular to a vertical 
line. 

A Horizontal Line is a line in a horizontal plane. 

A Horizontal Angle is an angle the sides of which are in a 
horizontal plane. 

A Vertical Angle is an angle the sides of which are in a 
vertical plane. If one side of a vertical angle is horizontal, 
and the other ascends, it ia an angle of elevation; if one side 
is horizontal, and the other descends, it is an angle ofd&pression. 

The Magnetic Meridian is the direction which a bar-magnet 
assumes when freely supported in a horizontal position. 
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The Magnetic Bearing of a line is the angle it makes with 
the magnetic meridian. 

SurYeying commonly comprises three distinct operations ; 
viz.: 

1. The Field Meaaurementa, or the process of determining 
by direct measurement certain lines and angles. 

2. The Computation of the required parts from the measured 
lines and angles. 

3. The Plotting, or representing on paper the measured 
and computed parts in relative extent and position. 



THE MEASUREMENT OF LINES, 
§ 2, iKSTItUMENTS FOR MEASURING LiNES. 

The Gunter's Chain is generally employed in measuring land. 
It is 4 rods, or 66 feet, in length, and is divided into 100 links. 
Hence, links may be written as hundredths of a eliain. 

The Engineer's Chain is employed in surveying railroads, 
canals, etc. It is 100 feet long, and is divided into 100 links. 

A Tape Measure, divided into feet and inches, is employed 
in measuring town-lots, cross-section work in railroad sur- 
veying, etc. 

In the United States Coast and Geodetic Survey, the meter 
is the unit ; and, when great accuracy is required, rods placed 
end to end, and brought to a horizontal position by means of 
a spirit-level, are employed in measuring lines. 

§ 3. Chaining. 

Eleven tally-pins of iron or steel are used in chaining ; also, 
one or more iron-shod poles called flag-staffs or range poles. 

A forward chainjnan, or leader, and a hind chainman, or 
follower, are required. A flag-staff having been placed at the 
farther end of the line, or at some point in the line visible 
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from the beginning, tlie follower takes one end of tlie chain, 
and a pin which he thrusts into the ground at the beginning 
of the line. The leader moves forward in the direction of 
the flag-staff, with the other end of the chain and the remaining 
ten pins, until the word "halt" from the follower warns him 
that he haa advanced nearly the length of the chain. 

At this signal he stops, and the follower, meanwhile having 
placed hia end of the chain at the beginning of the line, directs 
the leader by the words "right" or "left" until the chain is 
exactly in line with the fiag-stafl. This being accomplished, 
and the chain stretched tightly in a horizontal position, the 
follower says, " down." The leader then puts in a tally-pin 
exactly at the end of the chain, and answers, "down"; after 
which the follower withdraws the pin at the beginning of the 
line, and the ehainmen move forward until the follower nears 
the pin set by the leader. The follower a^n says, " halt," 
and the operation just described is repeated. This process is 
continued until the end of the line is reached. 

If the tally-pins in the hands of the leader are exhausted 
before the end of the line is reached, when he has placed tdie 
last pin in the ground, he waits until the follower comes up to 
him. The follower gives the leader the ten pins in his hand, 
and records the fact that ten chains have been measured. The 
jneasuring then proceeds as before. If the distance from the 
last pin to the end of the line is less than a chain, the leader 
places his end of the chain at the end of the line, and the 
follower stretches tightly such a part of the chain as is 
necessary to reach to the last pin, and the number of lints is 
counted. The number of whole chains is indicated by the 
number of pins in the hands of the follower, the last pin 
remaining in the ground. 

In measuring, the chain must be held in a horizontal 
position. If the ground slopes, one end of the chain must be 
raised until the horizontal position is attained. Ey means of 
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a plumb-line, or a slender staJI, or, less accurately, by drop- 
ping a, pin (heavy end downwai'ds), the point vertically under 
the raised end of the chain may be determined. If the slope 
is considerable, half a chain or less may be used. 
To oonstriict a perpendicular with a chain ; 

1. When the point through which the perpendicular is to 
pass is in the line : 

Let AB (Fig. 1) represent the line, and P the point. Measure from 

P to the right or left, PC = 40 tiulw, 

, and place a stake at C. Let one end of 

^''' [ Uie chain be held at P, and the end of 

_^'' I the eightieth link at C ; then, taking the 

,'' I chain at tlie end of tlie thirtieth link frora 

~ '■ P, draw it so that the portions DO 

Fig i ''•^'^ -^^ ^'^ tightly stretched, and place 

a stake at D. DP will be the perpeii- 
dionlar required. (Wliy ?) 

2. When the point is without the line : 

Let AB (Fig. 1) be the line, and D the point. Take any point in 
the line, and stretch the chain between D and ; then, let the middle of 
the!f>art of the chain between C and D be held in place, and awing the 
end at D around nntil it meets the line in P. DP will be the perpen- 
dicular required. (Why?) 

S 4. Obstacles to Chaining. 
1. When a tree, buildingj or other obstacle is encountered 
in. measuring or extending a line, it may be passed by an offset 
in the following manner : 

To prolong the line AB" past a building (Fig. 2). At B erect BE per- 
pendicular to AB : 

i B — ^i_^{>^_5 — o: — D ;,jB,^,ij.p„. 

I _ i „ ^"^ L J pendicular to BE ; 

E £' F i" at P" erect PC = BE 

^™' ^' perpendicular to 

PF; tlien, CD perpendicular to FC will be in the required line, and 

AB + EF + CD — AB. By constructing two other perpendiculars, 

E^E' and FC, the accuracy of the work will b 



y Google 



OBSTACLES TO 



197 



2. To measure across a body of water : 

Let it be required to measure the line ABGD (Fig. 3) crossing a river 
between B and C. Measure BE — 400 lints at E erect the perpendic- 
ular -EF — 600 links ; at h erect the perpe: d ulir BG = 300 links. 
Place a stake at C, the inter c tio: f ID ind Fi. hejond the river. 




Then BG - 400 links. For by s milar triangles EF BG :: CE : CB. 
But EF = 2BG; hence CE = " CB and CB= BE = 4W links. MG 
and FG should be measured m oidcr to test the a curacy of the work. 
EG = FG - 600 links. 

Instead of the above distances, any convenient diatanc es may be ta ken. 
For, if EF - 2 BG, then CB ~ BE, and EG - FG = yjEl? + B&. 

3. To measure a line tlie end of which is invisible from the 
beginning, and intermediate points unknown : 



la 



B 



Let AB (Fig. i) represent the line. Set up a flag-staS at D, beyond 
B and visible from A. From B let fall BC perpendicular to AT). Meas- 
ure ^ C and BC. Then ^__^.^_ 
AB=-^AXf + li(if. 

To find intermediate points on AB: 

At any point E on AG erect EF perpendicular to AC, and determine 
EG by the proportion AC:CB •.-.AB : EG. G will be a pomt on AB, 

The line AD is called a Sandom Line. 
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THE MEASUREMENT OF ANGLES. 
§ 5. The Sueveyok's Compass.'* 

The Surveyor's Compass is shown on tlio following page. 
The compass circle is divided into half-degiees, and is fig- 
ured from 0° to 90° each way from the north and sonth points. 
In the centre of the compass circle is the pivot which supports 
the ma-ffnetic needle. Tlie needle may he lifted from the pivot 
by a spring and pressed against the glass covering of the 
compass circle, when the instrument is not in use. The main 
plate moves around the compass circle through a small arc, 
read by the vei-nier, for the purpose of allowing for the varia- 
tion of the needle {§ 23). The sight standards at the extremi- 
ties of the main plate have fine slits nearly their whole length, 
with circular openings at intervals ; on the edges of the north 
standard are tangent scales for reading vertical angles ; and 
on the outside of the south standard are two eye-pieces at the 
same distance from the main plate as the zeros of the tangent 
scales, respectively. The teleso&ptc ught (a recent improve- 
ment by the Messrs. Gnrley), eon&ists of a small telescope 
attached to the south standard. The m^m plate is furnished 
with two spiHt levels at right angles, and turns horizontally 
upon the upper end of the ball spvndl', the lower end of which 
rests in a spherical socket in the top of the tripod or Jacob's 
staff which supports the instrument. From the centre of the 
plate at the top of the tripod a plummet is suspended by 
which the centre of the compass can be placed directly over a 
definite point on the ground. 

•The instruments described on thhi and tlie following pages are 
adjusted by the maker. If ttey sliould require readjustment, full 
directions will be found in the manual furnished with the instruments. 

The maimal published by Messrs. W, &L. E. Gueley, Troy, N. Y., 
has been freely used, by pecmisaion, in describing these instrumenta. 
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Note. The letters E and W on the faco of the compass a 
from their true positions. The reason for this is that if the sights are 
turned towards the west, the north end of the needle is turned towards 
the letter W, and if the north end of the needle is turned towards B, the 
sights are turned towards the cast. 

If the Borlh end of the needle points exactly towards E or W, the 
Eights will range east or west. 
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§ 6. Uses of the Compass. 
To take the bearing* of a line, yiace the instrument so that 
the plummet will be directly over one end of the line, and level 
by pressing with the hands on the main plate until the bubbles 
are brought to the middle of the spirit levels. Turn the south 
end of the instrument toward you, and sight at the flag-staff 
at the other end of the line 
end of the needle T t 
end of the needl 
secondly, write th b 

of the needle and tl 
E. or W. accordi g tl 
E. or W. of the 1 u 

In Fig 5 th b 

In Eig e th ! 



Kead the bearing fi-om the north 
t N & iccording as the north 
N S f the compass circle ; 
f d g between the north end 
t k; and thirdly, write 

th If the needle is nearer 
1 

w 1 1 1 . N. 45" W. 
w Id 1 e S. 45" W. 



In Eig. 7 the bearing would be S. 30° E. 
In Eig. 8 the bearing would be N. 60° E. 

If the needle coincides with the l^T-S. or E.W. line, the bear- 
ing would be K, S., E., or 
W., according as the north 
end of the needle is over 
N., S., E.-, or W. 

As the compass circle is 
divided into half-degrees, 
the bearing may be deter- 
mined pretty accurately to 
quarter-degrees. 

When a fence or other 
obstruction interferes with 
placing the instrument over 
the line, it may be placed 
at one side, the flag-stafE 
being placed at an equal distance fn 
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local DistTirbanees. Before a bearing ia recorded, care 
should be exercised that the chain, pins, and other instruments 
that would affect the direction of the needle, are removed from 
the vicinity of the compass. Even after the greatest care in 
this respect is exercised, the direction of the needle is often 
affected by iron ore, ferruginous rocks, etc. 

Reverse Bearings. When the bearing of a line has been 
taken, the instrument should be removed to the other end of 
the line and the reverse bearing taken. The number of degrees 
should be the same as before, but the letters should be reversed. 

Ho take the bearing of a line one end of which cannot be seen 
irom the other, Eun a random line {§ 4, 3) ; then (Fig. 4), 

tan CAB = —; ; 

whence the angle CAB may be found. This angle combined 
with the hearing of the random line will give the bearing 
required. 

Another method will be given in § 19. 

To measure a horizontal angle by means of the needle, Place 
the compass over the vertex of the angle, take the bearing of 
each side separately, and combine these bearings. 

To measure angles of elevation. Bring the south end of the 
compass towards you, place the eye at the lower eye-piece, 
and with the hand hold a card on the front side of the north 
sight, so that its top edge will be at right angles to the divided 
edge and coincide with the zero mark; then, sighting over the 
top of the card, note upon a flag-staff the height cut by the 
line of sight ; move the staff up the elevation, and carry the 
card along the edge of the sight until the line of sight again 
cuts the same height on the staff ; read off the degrees of the 
tangent scale passed over by the card. 

To measure angles of depression. Proceed in the same man- 
ner as above, using the eyepiece and tangent scale on the oppo- 
site sides of the sights, and reading from the top of the sight. 
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§ 7. VliUJllERS. 

First form. Let AB (Tig. 9) represent a portion of a rod 
for measuring heights (§ 32). The graduation to feet and 
hundredths of a foot begins at the lower end, which rests on 
the ground when the rod is iii use. The line 
extending nearly across the rod at the hottom 
of the portion shown marks the beginning of 
the fourth foot. The faoe of the rod is 
divided into four columns : in the first is 
written the number of feet; in the second, 
the number of tenths ; and in the third, the 
number of hundredths. 

It is evident that, with the arrangement 
]ust described, heights could he measured 
only to hundredths of a foot. To enable us 
to find the height more precisely, a contri- 
vance called a Vernier is used. This is shown 
at the right of the rod. It consists of a piece 
of metal or wood, the graduated part of 
which is ^y^ of a foot in length; and this 
is divided into ten equal parts. Hence, one 
division of the vernier =^ ^ of -fx}^ = yijj 
of a foot; and one division of the 
exceeds one division of the rod by yj^^ 

The vernier slides along the face or side ^^^ ^ 

of the rod. 

To use the vernier, place the lower end of the rod upon the 
ground, and move the vernier until its index or zero mark is 
opposite the point whose distance from the ground is desired. 
In the iigure, tlie height of the index of the vernier is evideJitly 
4.16 feet, increased by the distance of the index above the next 
lower line (4-16) of the rod. We shall now determine this 
distance. 
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6 of the vernier is t^^jt "f 


5 of tte vemie 


riSrsV^of 


1 of tlie vemie 


ris^A^of 


3 of tie vernie 


ris^^of 


2 of the vemie 


■^isyferof 


1 of tie vemie 


r is ri's, of 


of tie vemie 


rlSTArrOl 



Observe wbicb, liae of the vernier is exactly opposite a line 
of the rod. In this case, the line of the vernier numbered 7 
13 opposite a line of the rod. Then, since each division of the 
vernier exceeds each division of the rod by j^^-g of a foot, 

a foot above the next lower line of the rod. 

a foot above the next lower line of the rod. 

a foot above tbe nest lower line of the rod. 

a foot above the nest lower line of the rod. 

a foot above the next lower line of the rod. 

a foot above the next lower line of the rod. 
it a foot above the nest lovrar line of the rod. 

Hence, the reijuiied reading is 4.16 + 0.007^4.167 feet. 
_B In general, the following rale is evident: 

Move the vernier until its zero line is at the 
required height; read the height to the nearest 
hundredth helow the index, and write in the 
thousandth!^ place the nwmhfr of the division 
line of the vernier which stands opposite any 
line of the rod. 

Second form. In this form (Fig. 10) the 
graduated part of the vernier is ^Stt ^^ ^ ^°<^*' 
in length, and is divided into ten equal pai-ts. 
Hence, one division of the veinier ^ -f^ of 
^g^ ^ Ti^iTS °^ * ^*^'^* i ^^'^ °'^*' division of the 
vernier is less than one division of the rod 
•^y t4ij — Ti^ss = To^fB of a f o«t- 

The height of the index of the vernier in 
Fig. 10 is 4.16 feet, increased by the distance 
of the index from the next lower line (4.16) 
of the rod. We shall now determine this 
distance. 

We observe that the line of the vernier 
numbered 7 stands exactly opposite the line 
of the rod numbered 3. Hence, 
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6 of the ver 


nier ia jt^^ of a foot ahove the next 


ower line of the rod. 


5 of the ver 


nier is niW °^ ^ ^"0'' above the nest 


ower line of the rod. 


4 of the ver 


nier ia t^^jj of a foot above the nest 


ower line of the rod. 


S of the ver 


nier is j^^^ of a foot above tlie next 


ower line of the rod. 


2 of the ver 


nier is i^'j^ of a foot above the nest 


ower line of the rod. 


1 of the ver 


nier is i-tfnB of a foot above the nest 


ower line of the rod. 


of the ver 


nier is j^'^ of a foot above the next 


ower line of the rod. 



Hence, the required reading is 4.16 + 0.007 = 4.167 feet; 
and the mle is evidently the same as for the first form. 




Compass Verniers. Let LL' (Fig- 11) represent the limb of 
the compass graduated to half-degrees, and VV the vernier 
divided into thirty equal spaces, equal to twenty-nine spaces 
of the limb. Then one space of the vernier is less than one 
space of the limb by 1', and the reading may be obtained to 
single minutes. 

In Eig. 11 the index or zero of the vernier stands between 
32° and 32° 30', and the line of the vernier marked 9 coincides 
with a line of the limb. Hence, the reading is 32° 9'. 

When the index moves from the zero line of the limb in a 
direction contrary to that in wbieli the numbers of the limb 
run, the number of minutes obtained as above must be sub- 
tracted from 30' to obtain the minutes required. 

If, however, the vernier be made double, that is, if it have 
thirty spaces on each side of the zero line, it is always read 
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directly. The usual form of the double vernier, sliown in 
Kg. 12, has only fifteen spaces on each side of the zero line. 
When the vernier is turned to the right less than 15' past a 
division line of the limb, read the lower figures on the left of 
the zero line at any coincidence ; if moved more than 15' past 
a division line of the limb, read the upper figures on the riffM 
of the zero line at any coincidence ; and vice versa. 




13 of the Compass Vernier. The most important use of the 
r of the vei'nier compass is in setting off the variation 
of the needle (§ 23). If the variation of the needle at any 
place is known, by means of the vernier screw the compass 
circle may be turned through an arc equal to the variation. 
If the observer stands at the south end of the instrument, the 
vernier is turned to the right or left according as the variation 
is west or east. The compass will now give the bearings of 
the lines with the true meridian. 

In order to retraee the lines of an old survey, turn the sights 
in the direction of a known line, and move the vernier until 
the needle indicates the old bearing. The arc moved over by 
the vernier will indicate the change of variation since the 
time of the old survey. If no line is definitely known, the 
change of variation from the time of the old survey will give 
the arc to be set off. 
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§ 8. The Suhveyoe's Transit. 

This instnimeiit is shown on page 17. 

The compass circle is eimilar to that of the compass. The 
vernier plate whiii\\ carries the telescope has tvio verniers aa.6. 
moves entirely around the graduated limb of the main plate. 
The axis of the telescope carries a vertical circle which measures 
vertical angles to single minutes by means of a vernier. Under 
the telescope, and attached to it, is a spirit level by which hori- 
zontal lines may be run, or the difference of level between two 
stations found. The cross wires are two fine fibres of spider's 
web, or fine platinum wires, which extend across the tulie of 
the telescope at right angles to each other ; their intersection 
determines the optical axis or line of colliTiiaiion of the tele- 
scope. The transit is levelled by four levellinff screws which, 
pass through a plate firmly fastened to the ball spindle, and 
rest in depressions on the upper side of the tripod plate. 

A quick centrring head enables the surveyor to change the 
position of the vertical axis horizontally without moving the 
tripod; aM-fi, o, quick levelling head enables him to bring the tran- 
sit quickly to an approximately level position by the pressure 
of the hands, after which the levelling screws are used ; also, 
to change the position of the transit without changing the 
position of the tripod legs, so as to bring the plummet exactly 
over any point. 

To level the transit by the levelling screws. Turn the instru- 
ment until the spirit levels on the vernier plate are parallel to 
the vertical planes passing through opposite pairs of levelling 
screws. Take hold of opposite screw heads with the thumb 
and fore-finger of each hand, and turn both thumbs in or out 
as may be necessary to raise the lower side of the parallel 
plate and lower the other until the desired correction is made. 

To use the telescope. Both the eye-piece and the object 
glass may be moved in and out by a rack-and-pinion move- 
ment. The eye-piece must be moved until the cross wires are 
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perfectly distinct ; then a slight movement of the eye of the 
observer, from side to side, will produce no apparent change 
in the position of the threads upon the object. The object 
glass must be moved until the object is distinctly visible; and 
this must be repeated, if the distance of the object is changed. 

§ 9. Uses of the Transit. 

The transit may be used for all the purposes indicated in 
§ 6, but with much greater precision than the compass. The 
prineipal use, however, of the transit is in •measuring horizontal 
angles by Tneans of the graduated limb and verniers. 

To measure a horizontal angle with the transit. Flace the 
transit over the vertex of the angle ; level, and set the limb at 
zero. Turn the telescope in the direction of one of the sides of 
the angle, clamp to the spindle ; unclamp the main plate, and 
turn the telescope until it is in the direction of the other side 
of the angle, and read the angle by the verniers The object 
of the two verniers on the veiniei plate is to conect any mis- 
take that might arise from the want (f exact coincidence in 
the centres of the verniers and the limb The coireft reading 
may be obtained by adding to the reading of one vernier the 
supplement of the reading of the othei and lividmg by 2. 

By turning off a right angle bj this method, perpendiculars 
may be constructed with greitei facility than by the chain. 

§ 10 The Tiieodolitf 
The telescope of the tiansit can peifoim a complete revo- 
lution on its axis ; whence the name tiansii The theodolite 
differs from the tran.sit chiefly m that its telescope cannot be 
so revolved. It is not much used m this country 

§ 11. The RAiLBOAn Compass, 
This instrument has all the features of the ordinary com- 
pass, and has also a vernier plate and graduated limb for 
measuring horizontal angles. 
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§ 12. Plotttn&. 

The principal plotfcing instruments are a ruler, pencil, 

straight-line pen, haii-apring dividers, diagonal scale, a right 

triangle oi: wood, and a cireulaj protractor. A T-square will 

also be found convenient. 




The Diagonal Scale. A portion of this scale is shown in 
I'ig. 13. AB is the unit. AB and A'Ji' are divided into ten 
equal parts, and B is joined with k, the first division point to 
the left of B'; the first division point to the left of B is 
joined with the second to the left of £', etc. 

The part of the horizontal line numbered 1 intercepted 
between ££' and Bit, is evidently -^ oi -^^ ^^^y of the unit ; 
the part of the horizontal line numbered 2 intercepted between 
£B' and Bh m -^^^ of the unit, etc. 

The method of using this scale is as follows : 

Let it be required to lay off the distance 1.43. 

Place one foot of tte dividers at the intersection of the horizontal Une 
numbered 3 and the diagonal numbered 4, and place tlie otiier foot at 
the intersection of the vertical line numbered 1 (CC) and the horizontal 
line numbered 3 ; the distance between the feet of the dividers will be 
the difrtance required. For, measuring along the horizontal line niun- 
l>ered 3, from CO' to BB' is 1 ; from BR to Bh is 0.03 ; and from Bh to 
the diagonal numbered 4 is 0.4 ; and 1 -|- 0.03 + 0.4 — 1.43. 
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The Circular Protractor. This instrnment (Fig. 14) usually 
consists of a semi-circular piece of brass or german silyer, 
having its arc divided into degrees and its centre marked. 

To lay off an angle with the protractor, place the centre over 
the vertex of the angle lud mike the liameter coincide with the 
given side of the angle M irk oft the number of degrees in the 
given angle in 1 Iraw i line through thi point and the vertex. 




Some protiiptoi& ha\P an aim which ciiiies t \eiiiiPi, by 
■whi;,h angles miy be con^ittacted to single minutea 

To drau through a gwn pomf a, hne patallel to a given 
hne, make one of the sides of a triangle coincide with the 
given line, and, plsicing a ruler against one of the other sides, 
move the triangle along tbe ruler until the first side passes 
through the given point; then draw a line along this side. 

To draw through a given point a Une perpendioular to a. 
given line, make the hypotenuse of a right triangle coincide 
with tbe given line, and, plaeing a ruler against one of the 
other sides of the triangle, revolve the triangle about the ver- 
tex of the right angle as a centre until its other perpendicular 
side is against the ruler ; then move the triangle along the 
ruler until the hypotenuse passes through the given point, 
and draw a line along the hypotenuse. 
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LAND SURVEYING. 

§ 13. Definition, 

Land Surveying is the ait of measuring, laying out, and 
dividing laud, and preparing a plot. 

§ 14. DETEEMINATTOf.' OF AeEAS. 

The unit of land measure is the 

acre ^= 10 square chains 
^= 4 roods 

— 160 Sijuare rods, perclies, or poles. 
Areas are referred to the horizontal plane, no allowance 
being made for inequalities of surface. 

Por eonvenienee of reference, the following rules for areas 
are given : 

Let A, B, and C be the angles of a triangle, and a, &, and o 
the opposite aides, respectively; and let s^^^(™ + S + c). 
Area of triangle ABC = \ base X altitude [a] 

'Bm(B+C) ^' 



= -J.(.-a)(.-l,)(.-.). [B] 

Area of rectangle ^= base X altitude. 
Area of trapezoid = ^ sum of parallel sides X altitude. 
Pkoblem 1. To determine the area of a triangular field. 
Measure tlie necessary parts witli a Gunter's chain, or with a cliain 
and transit, and compute by formula [a], [u], [c], or [u]. 
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Problem 2. To find the area of a field having any number 
of straig:ht sides. 

{a), Divide the field into triangles by diagonals ; find the area of each 
triangle and take the sum. 

(6) Run a diagonal, and perpendiculars from, the opposite vertices to 
this diagonal. The field is thus divided into right triangles, rectangles, 
and trapezoids, the areas of which may be found and the sum taken. 



Pkoblem 3. To And the area of a field having an irreg:ular 
boundary line. 

(a) Let AGBGD (Fig. 15) represent a field having a stream ABFG 
HEB as a boundary line. Run the line AB. From E, F, G, H, and K, 
prominent points on the bajik of the stream, let fall perpendiculars EE', 
FF', etc., upon jIB. Eegarding J.E, EP, eto., aastraightlin.es, thepor- 
tioa of the field cut off by AB is divided into right triangles, rectangles, 
and trapezoids, the necessary elements of which can be measured Mid 
the areas computed. The sum of these areas added to the area of ABGB 
will give the area reqiiired. 

(6) When the irregular boundary line crosses the straight line joining 
its extremities, as in Fig. 16, the areas of AEF3 and HGB may be found 
separately, as in the preceding case. Then the area required — ABCD + 
RGB — AEFR. 

Problem 4. To determine the area of a field from two 
interior stations. 

Let ABCD (Fig. 17) represent a field, and F and f" two stations witliin 
it. Measure FP' with great exactness. Measure the angles between PF" 
and the lines from F and F' to the comers of the field. 
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In tie triangle FP'D, PP" and Hie angles F'FB and PrU are Imuwn ; 
hence, PD may be foiuid. IB like manner, ,, 
PG may be found. Then in the triangle 
PDC, PD, PC, and the angle UPC are 
known; hence, the area of PDC may lie 
computed. 

In like manner, the areas of all the 
triangles about P and P' may be deter- 
mined. 

Area ASCD = PAD + PDC + PCB 
+ PBA. Also 

Area ABGD = rAli + F'BC + P'CB 
+ F'BA. 

Problem 5. To determiiLe ttie area 
exterior stations. 

Let ABGD (Fig. 18) represent the field, and 
P and P' tlie statlonis. Determine the areas of 
the triangles PAD, PDC\ PCB, and PBA, as 
ui the preceding problem. 

Area ABCD = FAD + PDC + PEG - 
PBA. Also, 

Area ABCD - rAD + P'DC + F^BA - 
rBC. 



Exercise I. 

1. Required the area of a triangular field whose sides arc 
respectiTely 13, 14, and 15 chains. 

2. Required the area of a triangular field whose sides are 
respectively 20, 30, and 40 chains. 

3. Required the area of a triangular field whose base is 
12.60 chains, and altitude 6.40. 

4. Required the area of a triangular field which has two sides 
4.60 and 3.70 chains, respectively, and the included angle 60°, 

6. Required the area of a field in the form of a trapezium, 
one of whose diagonals is 9 chains, and the two perpendiculars 
upon this diagonal from the opposite vertices 4.50 and 3.25 
chains. 
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6. Eequired the area of tlie field AliCDEF (Fig. J9), if 
J_E=9.25 chains, FF'^&A^i chains, 5^ = 13.75 chains, DD' 
^ =7 chains, DB = 10 chains, CO' = 

4 chains, and AA'=^A.15 chains. 

7. Eequired the area of the field 
ABCDEF (Fig. 20), if 
AF'— 4 chains, -f 7^'= 6 chains, 
^ff = 6.50 chains, ^-E"= 9 chains, 
AD ^^ 14 chains, ^iC'^^lO chains, 
C ^^' =6.S0 chains, BB' — 7 chains 

^''■^'' CC' = 6.75 chains. 

8. Required the area of the field AGBCD (Fig, 15), if the 
diagonal AC = 5, BB' {the perpen- 
dicular from £ to ^ G) = 1, DD' (the 
perpendicular from i> to -4C)^ 1.60, 
FE' = 0.25, FF' = 0.25, GG' = OM, 
.ffff' = 0.52, laC = 0.5i, AF' = 0.2, 
E'F' = 0.50, F'G' = 0.i5, G'H' = 
0.45, H'E' = 0.60, and K'B = 0.40. 
^ 9. Eequired the area of the field 

^"' ^°' AGBCD (Fig. 16), if AD=S, AC 

= 5, AB=Q, angle i)^C = 46°, angle ^^0 = 30°, AF' = 
0.76, ^i^':=2.25, ^^ = 2.53, ^G' = 3.15, £'£" = 0.60, FF' = 
0.40, and (?(?' = 0.75. 

10. Determbie the area of the field ABCD from two interior 
stations, P and P', if PP' — 1-50 chains, 

PP'C= 89° 35', PP'2>=349°45', P'Pi? = 165° 40', 
PP'B = 185''30', F'PB= 3°35', P'PC'^SOS" 15'. 
PP'A = 309° 15', P'PA = 113" 45', 

11. Determine the area of the field j4PC-D from two exterior 
stations, P and P', if PP'^^1.50 chains, 

P'PB= 41=10', P'PD = 104°46', PP'B = 132° 16', 
P'PA= 55° 45', FP'D= 66° 46', PP'^ = 103° 0'. 
F'PC= 77° 20', PP'C^ 95° 40', 
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RECTANGULAR SURVEYING. 
§ 15. Definitioks. 

An East and West Line ia a line perpentlioular to the 
magnetic meridian. 

Xlie Latitude of a line is the distance between the cast 
and west lines through its extremities. 

The Departure oi a line is the distance between the 
meridians through its extremities. 

Note. When a line extends north of the initial point the latitude ia 
called a northing ; when It extends south, a souttiing ; when it extends 
east the departure is called an easting ; when it extends west, a westing. 

The Meridian Distance of a point is its distance from a 
meridian. 

The Double Meridian Distance of a course is double the 
distance of the middle point of the course from the meridian. 

Let AB (Fig. 21) represent a line, and NAS the magnetic 
meridian. Let BB' be perpendicular to NS. j^- 

The bearing of the line AB is the angle 
BAB'. 

The latitude of the line AB is AB'. 

The departure of the line AB is BB'. 

The meridian distance of the point B is BB'. 

In the right triangle ABB', 

AB' = ABX cos BAB', 
and BB'=AB X sin BAB'. 

Hence, laHtwde = distance X cos of hearing, 
and departuire =: distance X sin of heaving. 

The latitudes aud departures corresponding 
to any distance and bearing may be found 
from the above formulas by means of a table 
of natural sines and cosines, or from " The 
Traverse Table."* fig. 21. 
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SURVEYING. 



§ IQ. EiELD S'oTEs, Computation, and Plotting. 

The field notes are kept in a book provided for tlie purpose. 
The page is ruled in three eolumna, in the first of which is 
written the number of the station ; in the second, the bearing 
of the side ; and in the third, the length of the side. 

Example 1. To survey the field ABCD (Fig. 22). 






K. 20° E, 


8.(i(i 


2 


S. 70" E. 


5.00 


S 


S. 10° E. 


10.00 


i 


N, 70° W. 


10.00 



(a) To obtain the field notes, 
Place the compass at A, the first station, 
and take the bearmg of AS (§ 6); suppose 
it to be N. 20° E. Write the result in the 
second column of the field n 
the mimber of tte station. 
— 8.66 chains, and write the result in the 
D tJiird column of the field notes. 

Place tlie compass at B, and, a£ter testing 
the bearing of AB (§ 6), take the bearing of 
BO, measure BC, and write the resulta in the 
field aotes ; and bo continue until the bearing 
and length of each side have been r( 



(/.') To compute the area. 



.. 


n. 


lU. 


IV. 


V. 


VT. 


vir. 


VIII 


IX. 


X. 


XT. 




essf%. 


DM. 


N. 


s. 




H.D. 


D.M.D. 


N.A. 


S.A. 


AS 


N.20°E. 


8.aB 


a.i4 




iSi 




i^. 


l^ 


^S' 




l«7 


8. )0°E. 


r,.nn 




JVC' 


cc- 




t'.oh 


BB'+CC 




2frcnB- 


rrn 


e. 10° E. 


10.00 




B.S5 


1.74 




a.40 


i7,oa 




'S,S 


DA 


H. TO'W 


10.00 


'4' 






Dl> 





"S 


liim 








S3M 


11.56 1 11^6 


g.« 


..« 




\se.2i24 1 186,2012 
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The survey may begiii at any corner of the field ; l:ut in computing tlie 
area, the field, notes sliould be arranged so that tTie 
most eastern or most western station will atajid 
first. For the sake of uniformity, we shall always 
begin with the most western station, and keep the 
field on the right in passing around it. 

The field aotea occupy the first three of t 
above tablet. Columns IV., V., VI., and VII. contain the latitudes and 
departures corresponding to the sides, and taken from the Traverse Table. 
The lines represented by these numbere are indicated immediately above 
each number. Colnmo VIIL contains the meridian distances of the points 
K, 0, -D, andji, taken in order. Column IX. contains the double meridian 
distances of the courses. Their composition is indicated by the letters 
immediately above the numbers. Column X. contains the products of 
the double meridian distance by the northings in the same hne. The 
first number, 

24.094i = 2.96 X 8.14 = BB' X AB' = 2 area of the triangle ABB'; 

32.1480 = 9,40 x S.42 ^DIVX Aiy^2 area of the tiiangle ADIf. 
Column XI. contains tlie prodnota of the double meridian distances by 
the southings in the same line. The first number, 

18.1603 = 10.62 X 1.71 ^ (BJS' + CC) x S-C 

= 2 area of the ti-apoEoid C'CBB"; 
168.04IO - 17.06 X 9.85 - (OC + -DZf) X lyC 

— 2 area of the trapezoid D'BGC. 

The sum of the north areas hi column X. 

= 56.2424 = 2 {ABB' + ADIT). 

The sum of the south areas in column XI. 

= 186.2012 ^ 2 {CCBB- + D'DCC). 

But {CCBB- + D'DGC) - {ABB' + ADIT) ^ ABGD. 

Hence, 2{0'0BB' + B'DCG') — 2{ABB- + ABI/} = 2ABC1>; 
that is, 186.2012 - 56.2424 = 120.9588 = %ABCD. 

Hence, area ABGD - | of 139.9588 = 64.9794 sij. ch. = 6.498 acres. 

(c) To make the plot. 

The plot or map may be drawn to any desired scale. If a line one 
inch in length in the plot represents a line one chain in length, the plot is 
said to be drawn to a scale of one chain to an inch. In tliis case the plot 
(Pig. 23) is drawn to a scale of eight chains to an inch. 

Draw the line NAS to represent the magnetic meridian, and lay ofl 
the first northing AB' = 8.14 (g 12). Draw the indefinite line B'E per- 
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pencliciilar to JTS and lay off B'B, the fli'st easting- 2.9G. Join-! and S; 
tliea the liiie AB will represent the first side of the field. Through B 
draw JJO" perpendicular to iJiC, and make BO" — 1.71, tte first aouthing. 
Through C" draw G"G perpendicular to BG", and equal to 4.70, the 
second easting. Join B and 0. The line BC will represent the second 
aide of the field. 

Proceed ia like manner until the field is completely represented. The 
extremity of tlie last line lyA, measured from U, should fall at A. This 
will be a test of the aocnritcy of the plot. 

By drawing the diagonal AO, and letting fall upon it perpendiculars 
from B and D, the qnadrilatoral ABGD is divided into two triangles, the 
bases and altitudes of which may be measured and the area computed 
approximately. 

Other methods of plotting will suggest themselves, but the method just 
explained is one of the best, 

Balancing the Work. 

In the survey, Tre pass entirely around the iiold ; hence, we 
move just as far noi-th as south. Therefore, the sum of the 
northings should eq^ual the sum of the southings. In like 
laanner, the sum of the eastings should equal the sum of the 
westings. In this way the accuracy of the field work may bo 
tested. 

In Example 1, the sum of the northings is equal to the sum 
of the southings, being 11.56 in each case ; and the sum of the 
eastings is equal to the sum of the westings, being 9.40 in 
each ease. Hence, the work balances. 

In actual practice the work seldom balances. When it does 
not balance, corrections are generally applied to the latitudes 
and departures, by the following rules r 

The perimeter of the field : any one side 

: : total error in latitude : correction ; 
: : total error in departure : correction. 

If special difficulty has been experienced in taking a par- 
ticular bearing, or in measuring a particular line, the correc- 
tions should be applied to the corresponding latitudes and 
departures. 
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The amount of error allowable varies in the practice of dif- 
ferent surveyors, and according to the nature of the ground. 
An error of 1 link in 8 chains would not be considered too 
great on smooth, level ground; while, on rough gi'oiind, an 
error of 1 link in 2 or 3 chains 
might be allowed. If the error 
is considerable, the field meas- 
urements should be r 



Example 2. Let it be re- 
quired to survey the field AB 
CDEF (Fig. 23). 

Field Notes. 



1 


N-TS-StrW. 


5.00 


2 


8. le'Sffw. 


6.00 


3 


N.aa-so'w. 


7.07 


4 


N. ao'oo'E. 


11.18 


fi 


S. 43'>30'E. 


5.00 


« 


S. 13° 30' E. 


10.00 



Explanation. The first station 
in tiie field notes is D, but we re- 
arrange tJie nombers in the tablet so 
tliat A stands first. The northings 
and southii^ baJance, but tie east- 
inga exceed the westings hy 1 link. 
We apply tlie oorreotibn to the west- 
ing 4.70 (the distance DE being in 
doubt), making it 4.80, and rewrite 
a!l the latitudes Mid departures in the next four columns, incorporating 
111 practice, the corrected uiunbera are written in red ink. 





&§§§§& 


! 




ij N ^ is 4 it 
g 8 S S S S 

i3 ^ =1 H H M 


1 








w 


is S S S S B 


« 




K : !• : : ? 












!. 


K 


■ 3 ■ S S ■ 


S 


: ; ; 5 E 5 


., 


a 


s E s ; ; ; 


5 






^ 






V 




; ; ; S^E^S^ 


7: 




S5S3S§: ; \ 


^ 




° a^^^ibSoS^ 


s 




c, to q t, 
»^ t^ b Q 


5= 


i 


5^; i|; ; s^ 




1 


; |: III: 


j- 
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The remainder of the computation does not require expla- 
nation. 

It will be seen that this method of computing ai'oas is 
perfectly general. 

§ 17. SuppLxiNO Omissions. 
If, for any reason, the bearing 
and length of any side do not appear 
in the field notes, the latitude and 
departure of this side may be found 
in the following manner : 

Find the latitudes and departures 
of the other sides as usual. The 
difference between the northings 
and southings will give the north- 
ing or southing of the unknown 
side, and the difPerenee between 
the eastings and westings will give 
the easting or westing of the un- 
known side. 

If the length and bearing of the 

unknown side are desired, they may 

be found by solving the right tri- 

Fro. 23. angle, whose sides are the latitude 

and departure found by the method just explained, and whose 

hypotenuse is the length required. 

§ 18. Irregular Boundaries. 
If a field have irregular boundaries, its area may be found 
by offsets, as explained in § 14, Prob. 3. 

§ 19. Obstructions. 
If the end of a line be not visible from its beginning, or if 
the line be inaccessible, its length and bearing may be found 
as follows ; 
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1. By means of a random lino (§ 4, 3). 

2. When it is impossible to mn a random line, ■which is 
frequently the case on aceonnt of the extent of the obstruc- 
tion, the following method may be used: 

1*1 AS (Fig. 24) represent an inaccessible line 
whose extremities A ajid B only are known, ainl B 
invisiWe from A. 

Set flag-BtaSa at convenient points, C and D. 
Pind the bearings aad lengths of AG, CD, and DB, 
and then proceed to find (he latitude and departure 
of AB, as in 5 17. 

Example. Suppose that "we have tlie following notes (see 
Fig. 24): 




s.™. 


B..«..o. 


Di.,.. 


N, 


"■ 


E. 


W. 


AC 
CD 
DB 


S. iS'-E. 

E. 

N. 30°E. 


3.00 
3.50 
4.83 


...8 


3.12 


2.13 
3.50 
2.43 






4.18 


e.l3 


8.04 






ilg The northing of AB is 3.06, and the easting, 8.04; which 

2,12 numbers may be entered in the tablet in the columns N. and E,, 
2,06 opposite the side AB. 

If the bearing and length of AB are required, construct the 
right triangle ABC {Tig. 25), making AC = 8.04 and BC = 2.00. 



nBAC 



. BG _ 



2.00. 



■ AC 8.04 



0.266. 



Hence, the angle BAC = H°22'. 

Also, AB ~ -^AC' + ~EC^ = V8,04= + 2.062 = 8.39. 

Therefore, the bearing and length of AB are N. 75° 38' E. 8.29. 

HoTB. Keep all the decimal figures until the result is obtained ; tlien 
reject all decimal figures but two, increasing the last decimal figure 
retained by 1, if the third decimal figure is 5 or greater than 6. 
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EXEKCISE J I. 

In examples 5 and 6 detoiirs were made on acco\ 
ides (§ 19, 2). The notes of the detoura are ■written ii 



St.. 


B..^.S.. 


D!>t 


1 


S. 75° E. 


6.00 


2 


8. 15" E. 


4.00 


3 


8. 75" W. 


6,93 


i 


N.45°E. 


5.00 


5 


N.45°W, 


5.19J 



5i=, 


Be^rins.. 


Dl^t. 


1 


N,45°E. 


10.00 


2 


8. 75'E. 


11. &5 


3 


S. 15° W. 


18.21 


i 


NAS^W. 


19.11 



ST., 


B..r,.s.. 


o/«, 


1 


N,15°E, 


3.00 


2 


N.75=E. 


6.00 


3 


8. 15" W. 


6.00 


4 


N.TS'W- 


5.20 



S!.. 


Bo^ring.. 


Dl^t 


1 


N.89''45'E. 


4.94 


2 


8. roo'w. 


2.30 


3 


S. 28''00'E, 


1.52 


4 


S. 0=46'E. 


2.57 


5 


N.84°45'W 


5.11 


B 


N. 2°30'W 


5.79 



1 


Bearlnji. 


to!. 


S. 2=15'E. 


9.68 




N.51°45'W. 


2.39 


2] 


s. ss^ocw. 


6.47 




S. 55''10'W 


1,62 


3 


N. 3'>45'E. 


6,39 


4 


S. 6S''45'E. 


1.70 


5 


N,15°00'E, 


4.98 


6 


S.82=4S'E. 


6,03 



Sfs 


fl..r/.i,.. 


DM. 


A 


8, 81'>20'W, 


4.28 


N.Te'-SO'W. 


267 


2 


N. 5''00'E. 


8.68 


3 


S. 87=30'E. 


5,54 




S. 7''0O'E. 


1.79 


4 


S, 2r00'E. 


1,94 


S. lO'SO-E. 


5.35 




N.76''4S'W 


1,70 



Su. 


BsaM„g,. 


DM. 


1 


N. 6"16'W, 


6,31 


2 


s, srafcw. 


4.06 


3 


S. 5°00'E. 


5.86 


4 


N.88''30'E, 


4.12 



St.. 


B..ring. 


DM. 


1 


N, 6=30'W- 


6.08 


2 


8. 82'30'W. 


6.51 


3 


8. 3°00'E. 


5.33 


4 


E. 


6.72 



Sfs. 


es.™s„ 


DM. 


N.20''00'E. 


4.62i 


3 


N.73''00'E. 


4.16* 


3 


8. 45°15'E. 


6.18^ 


4 


S. 38''30'W 


8.00 


5 


«''°"- 


""""■■ 



£W, 


Bearings. 


Dl.,. 


1 


8. 3=00'E. 


4,23 


2 


8. 86''46'W. 


4,78 


3 


S, 37°0O'W. 


2.00 


4 


N,81°00'W. 


7.45 


5 
6 


R.ei'oo'w. 

N.SS^OO-E. 


2,17 


7 


S. 75''50'E. 


6.38 


8 


8. 14»45'W. 


0.98 


9 


S. 79<'15'E, 


4.52 
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§ 20. Modification of the Eectangulak Method. 

The area of a field may be found by a modification of the 
rectangular method, if its sides and interior angles are known. 

Let A, B, C, D, represent the inte- 
rior angles of the field ABCD (Fig. ,' / 
26). Let the side AB determine the 
direction of reference. 

The bearing of AB, with reference 
to AB, is 0°. 

The bearing of BG, with reference 
to AB, is the angle h = 180° — B. 

The bearing of CD, with reference A 
to AB, is the angle a=C — h. "-""*■ ''■ 

The bearing of DA, with reference to AB, is the angle d-=-A. 

The area may now be computed by the rectangular method, 
regarding AB aa the ma^etic meridian. 

In practice, the exterior angles, when acute, are usually 




As the interior angles may be measured with considerable 
accuracy by the transit, the latitudes and departures should 
be obtained by using a table of natural sines and cosines. 

Exercise LIL 

1. Find the area of the field ABCD, in which the angle 
^ = 120°, 5 — 60°, C=WO'', and 7> = 30''; and the aide 
AB^i chains, BC=^i chains, Ci? = 6.928 chains, and DA 
^= 8 chains. 

Keep three decimal places, and use the Traverse TaWe. 

2. Find the area of the farm ABODE, in which the angle 
.4 = 106'" 19', £ = 99° 40', (7=120° 20', i> = 86°8', andi; = 

,127°33'; and the side ^5 = 79.86 rods, £(7 = 121.13 rods, 
■ CI> = 90 rods, DE-= 100.65 rods, and EA = 100 rods. 

Use the table of natural sines and cosines, keeping two decimal places 
as usual. 
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g 21. General Remarks on Detekmining Areas. 

Operations depending upon the reading of the magnetic 
needle must lack accuracy. Hence, when great accuracy is 
required {which is seldom the ease in land surveying), the 
rectangular method {§§ 16-19) cannot be employed. 

The best results are obtained by the methods explained in 
§§ 14 and 20, the horizontal angles being measured with the 
transit, and great care exercised in measuring the lines. 

§ 22. The Variation of the Needle. 

The Magnetic Declination, or vai-iation of the needle, at 
any place, is the angle which the magnetic meridian makes 
with the true meridian, or north and south line. The variation 
is east or west, according as the north end of the needle lies 
east or west of the true meridian. Western variation is indi- 
cated by the sign -]-, and eastern by the sign — . 

IrregTilar Variations are sudden deflections of the needle, 
■whicii occur without apparent cause. They are sometimes 
accompanied by auroral displays and thunder storms, and are 
most frequent in years of greatest sun-spot activity. 

Solar-Diamal Variation. North of the equator, the north 
end of the needle moves to the west, from 8 a,m, to 1.30 p.m., 
about 6' in winter and 11' in summer, and then retiu-na 
gradually to its normal position. 

Secular Variation is a change in the same direction for 
about a century and a half ; then in the opposite direction for 
about the same time. 

The line of no variation, or the j^onic Line, is a line join- 
ing those places at which the magnetic meridian coincides with 
the true meridian. In the United States, this line at present 
(1895) passes through Michigan, Ohio, Eastern Kentucky, 
the extreme southwest of Virginia, and the Carolinas. It is 
moving gradually westward, so that the variation is increasing 
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at places east of this line, and decreasing at places west of 
this line. East of this line the variation is westerly, and west 
of this line the variation is easterly. 

The table on pages 234 and 236, which has been prepared by 
permission from data furnished by the United States Coast 
and Geodetic Survey, shows the magnetic vai'iation at different 
places in the United States and Canada for several years ; 
also, the annual change for 1895, 

§ 23. To Establish a True Mebidiax. 
This may be done as follows : 

1. By 'means of Burt's Solar Compass (§ 25). 

2. By observations of Polaris. 

The North Star or Polaris revolves about the pole at present 
at the distance of about 1^° ; hence, it is on the meridian twice 
in 23 h, 56 m. 4 s. (a sidereal day), once above the pole, called 
the upper culmination, and 11 h, 68 m. 2 s. later below the pole, 
called the lower culmination. It attains its greatest eastern 
or western elongation, or greatest distance from the meridian, 
5 h. 59 m. 1 s. after the culmination. 

The following table gives the mean local time of the upper 
culmination of Polaris for 1895 at Washington, The time is 
growing later at the rate of about one minute in three years. 



Month. 


FIRST DAY. 


El-EYByTH DA^, 


— ■ 




fl- Sf 


H JIT 


M M 


January 


6 Sd PM 


5 65 PM 


5 16 ^M 


Febiuaiv 


4 32 p M 


3 53 PM 


3 14 PM 


MwUi 


2 4J F »■ 


2 03 PM 


12". P M 


April 


12 40 I M 


12 00 M 


11 17 A M 


May 


in IS A HI 


q 59 AM 


1 20 AM 


Jmie 


8 i>7 All 


7 67 A H 


7 18 A M 


July 


tl 59 A M 


(1 00 A M 


5 21 AM 


August 




4 00 AM 


3 19 AM 


Septembei 


2 ^0 AM 


1 57 A H 


1 18 AM 


October 




11 59 p M 




November . . 


10 37 P.M. 


9 57 P.M. 


9 18 P.M. 


December . . 


S 30 P.M. 


7 59 P.M. 


7 20 P.M. 
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The time of the upper culmination of Folai-is may be found 
by means of the star Mizar, wliioh is the middle one of the 
three stars in the handle of the Dipper (in the constellation 
of the Great Bear). It crosses the meridian at almost exactly 
the same time aa Polaris. Suspend from a height of about 
20 feet a plumb-line, placing the bob in a pail of water to 
lessen its vibrations. About 15 feet south of the plumb-lijie, 
upon a horizontal board firmly supported at a convenient 
height, place a compass sight fastened to a board a few inches 
square. At night, when Mizar by estimation approaches the 
meridian, place the compass sight in line with Polaris and the 
plumb-line, and move 
it 30 as to keep it 
in this line until the 
plumb-line also falls 
on Mizar (Fig. 27). 
Note the time ; then 
(1895) fifty-one sec- 
onds later Polaris will 
bo on the meridian. 

This interval ia 

gradually increasing 

at the rate of 21 sec- 

^'^' ^'' onds a year. 

If the lower culmination takes place at night, tJie time may 

be found in a similai' manner 

When Mizar cannot conveniently be used, as in the spiing, 
S Oassiopeiae may be employed '£\wr, is the star at the 
bottom of the first stroke of the W fiequently imagined to 
connect roughly the five biigbteat stars m Cassiopeia In 1895 
it culminates 1.75 minutes before Polaris, with an annual 
increase of the interval of 20 seconds. 

Instead of the compass sight, any upriglit with a small 
opening or sUt may be used. 
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(u) To locate the true meridian by the position of folaris 
at its culmination. 

1. Sy using the apparatus described n pndm^ the tin f of 
cuhniiiation. At the time of culmination Iring Pclii s the 
plumb-line, and the compass sight into line The compiss 
sight and the phunb-line will give two points m the trun 
meridian. 

2. By means of the transit. Bring the telescope to bn ii on 
Polaris at the time of culmination, holding i light nLT,i to 
make the wires visible, if the observation is mide at night 
The telescope will then lie in the plane of the meridian, 
which may be marked by bringing the telescope to i liorizuntil 
position. 

{!)) To locate the meridian by the position of Polaris at 
greatest elongation. 

The Aaimuth of a star is the angle which the meridian 
plane makes with a vertical plane passing through the star 
and the zeuith of observer. 

A star is said to be at its greatest elongation, when its 
vertical circle Z2f (Fig. 28) is tangent to its diurnal circle, 
that is, perpendicular to the hour circle PiV. 

let Z (Fig. 28) represent the aenith of the place, F the pole, and JV 
Polaris at its greatest elongation ; that is, when its vertical 
circle ZJf is perpendicular to the hour circle FN. Let ZP, ^ 

ZN, and FN be axes of great circles ; then N will be a right 

sin PIV = COS (OQo - ZF) oos (90° - Z) . 

[Spher. Trig. § 47,] 
But ZP — the complement of tha latitude. 

0° — ZP = tlie latitude of the place. 
s.mFN - cos latitude x sin Z. 



Hence, 
I-Ienoe, 

Hence, 



nZ- 



>s latitude 
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Ileiicc, Z (the azimuth of Polaris) can be found if the 
latitude of the pla«e and the greatest elongation of Polaris 
(PiV) are known. 

The following table gives the mean value of the latter 
element for each year from 1895 to 1906. 

GHEATEST ElOSOATIOK OF PoLARIS. 



1805 


1" 15.1' 


1899 


1=13.8' 


1903 


1°12.8' 


1306 


1»14.8' 


leoo 


1=13.5' 


laoi 


V 12.3' 


1897 


1°14.5' 


1001 


1°13,2' 


1905 


1= 12.0' 


1898 


VW.V 


1902 


1° 12.9- 


1900 


ril.7' 



The greatest elongation of Polaris, or the polar distance, is 
given in the Nautical Almanac. The table gives this element 
for Jan. 1. It may be found for other dates by interpolation. 

To obtain a line in the direction of Polaris at greatest 
elongfation. 

1. 3y using the apparatv^ for finding the time of eulwdnor- 
Hon. A few minutes before the time of greatest elongation 
(5 h. 59 m. 1 s. after culmination), place the compass sight in 
line with the plumb-line and Polaris, and keep it in line with 
these, by moving the board in the opposite direction, until the 
star begins to recede. At this moment the sight and plumb- 
line are in the required line. 

2. By ■means of the transit A few minutes before the time 
of greatest elongation; bring the telescope to bear on the star, 
and follow it, keeping the vertical wire over the star until it 
begins to recede. The telescope will then be in the required 
line. 

To establish the meridian. Having the transit sighted in the 
direction of the line just found, turn it through an angle equal 
to the azimutli in the proper direction. 



y Google 



DIVIDING LAND. 



231 



le, fuid A tlie 



§ 24. Dividing Land. 

Tho surveyor must, for the most part, depend on his general 
kuowledge of Geometry aud Trigonometry, and his own inge- 
nuity, for the solutions of problems that arise in dividing land. 

Fkoblem 1. To divide a triangular field into two parts 
having a given ratio, by a line through a ^ 

given vertex. 

Let ABC {Fig. 20) be the triii 

Divide BC at D, bo that jrr; equals tlic given 
ratio, and join A ancl D. ABD and ADC will 
be the parts required ; for 

ABD-.ADP BD 1)< 

pROBLisM 2. To cut ofi from a 
triangular field a given area, by a 
line parallel to the base 

Let ABO (Fig. 30) 1ie tlie tinu^le, 
aad let DM be the dniaiou hue le- 
quired. 

■/abc -.'■Iabe ab ad 

Pkobi.em 3. To divide a field into 
two parts having a given ratio, by a line 
through a given point in the perimeter. 

Let ABCVB (Kg. 81) represent the field, 
P tte given point, and PQ the required divi- 
sion line. 

The areas o£ the whole field and of the 
required parts having been determined, run 
the line FD from P to a comer D, dividing 
the field, as near as possible. 
Determine the area FBCD. 
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The triangle FDQ, represents the part which must he added to PBCB 
o make the required division. 

Area PDQ - i X PD x DQ X sin PDQ. 
-aPJJQ 



Hence, I»Q = 



PDX 



nPDQ 



perpendicular from F 
a DE may he run and measured directly. 



- ■ Thia perpendicular from 




To divide a field into a given number of parts, 
so that access to a pond of water is 
given to each. 

Let ABCDE (Fig. 32) represent the field, 
and P the pond. Let it be required to divide 
the field into four parts. Tind the area of 
I (7 the field and of each part. 

I*t AP be one division line. Run FE, 
and find the area APE. Take the difference 
hetween APE and the area of one of the 
required parts ; tliis vi'ill give the area of tlie 
triangle PQE, from winch QE may he found, 
as in Problem 3. Join P and Q ; PAQ will 
ho one of the required parts. In like manner, 
PQR aad PAS are determined; whence, 
PSE must he the fourth part required. 

EXEECISB IV. 

1. From the square ABCI), containing 6 a. 1 it. 24 i"., part 
off ?, A. by a line EF parallel to AB. 

2. Prom the rectangle ABCD, containing 8a. Ik. 24 p., 
part ofE 2 A. Ik. 32 p. by a line EF parallel to AD = t ch. 
Then, from the remainder of the rectangle, part off 2 a. 3 b. 
25 p., by a line GH parallel to EB. 

3. Part off 6 a. 3 r. 12 p. from a rectangle ABCD, con- 
taining 15 A., by a line EF parallel to AB\ AD being 10 ch. 

4. From a square ABCD, whose side is 9 ch., part off a 
triangle which shall contain 2 a. Ik. 36 p., by a line BE 
drawn from B to the side AD. 
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5. From ABC.D, representing a rectangle, wliose length is 
12.65 ch., and breadth 7.58 ch., part off a trapezoid which 
shall contain 7 a. 3 e. 24 p., by a line BE from £ to DC. 

6. Inthetriangle^5(?,J-B=12ch.,JC=10eh.,BC=8ch.; 
part off 1 A. 2 B. 16 p., below the line DB parallel to AB. 

7. In the triangle ABC, AB = 26 ch., AC = 20 ch., and 
BC = 16 ch.; part off 6a. 1b. 24p., below the line I>E 
parallel to JJB. 

8. It is required to divide the triangular field ABC among 
three persons whose claims are as the nninbers 2, 3, and 5, so 
that they may all have the use of a watering-place at C; AB 
= 10ch., J(7=6.85ch., and CJS — S.lOeh. 

9. Divide the five-sided field ABCHU among three persons, 
X, Y, and Z, in proportion to their claims, X paying $500, 
Y paying $750, and Z paying $1000, so that each may have 
the use of an interior pond at P, the quality of the land being 
equal throughout. Given ^£ = 8.64 ch., BC = 8.27 ch., 
CH—HMch., E:E = 6.82(ih., and £^^ = 9,90ch. The per- 
pendicular PD upon AB = 5.60 eh., PI>' upon BC = 6.08 ch., 
P2>" upon CS"^4.80 cb., PD'" upon HB = 5A4. ch., and 
PD""upon Ej4=^5.40ch. Assume P^aa the divisional fence 
between X's and Z's shares ; it is required to determine the 
position of the fences PM and FN between X's and Y's shares 
and Y's ajid Z's shares, respectively. 

10. Divide the triangular field ABC, whose sides AB, AC, 
and BC are 16, 12, and 10 ch., respectively, into three equal 
parts, by fences EG and DF parallel to BC, without finding 
the area of the field. 

11. Divide the triangular field ATiC, whose sides AB, BC, 
and AC are 22, 17, and 15 ch., respectively, among three 
persons. A, B, and C, by fences parallel to tlie base AB, so 
that A may have 3 A. above the line AB, B, 4 a. above A's 
share, and C, the remainder. 
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g 25. XJsiTEn SiATEH Public Lands. 
BuH's Solar Compass. 

This instniment, which is exhibited on the following page, 
may be used for most of the purposes of a compass or transit. 
Its most important use, however, is to run north and south 
lines in laying out the public lands. 

A full description of the solar compass, with its principles, 
adjustments, and uses, foims the subject of a considerable 
volume which should be in the hands of the surveyor who 
USPS this matrument The Innits of our space will allow only 
1 bjief lefeience to its piincipal features. 

The miin plate and btai diids resemble these parts of tlie 
compass 

a IS the latitude mc. 

b la the d-eclination an, 

A IS an arm, on eioh end of which, ia a solar lens having its 
focub on 1, Bilvered plite on the other end. 

c IS the hour aic 

n IS the ntedle-bo\, which lias an arc of about 36°. 

To run a north and south line with the solar compass. Set 
off the declination of the sun on tlie declination arc. Set ofE 
the latitude of the place (which may be determined by this 
instrument) on the latitude are. Set the instrument over the 
station, level, and turn the sights in a north and south direc- 
tion, approximately, by the needle. Turn the solar lens 
toward the sun, and bring the sun's image between the 
equatorial lines on the silvered plate. Allowance being made 
for refraction, the sights will then indicate a true north and 
south line. 
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Laying Out the Public Lands. 

3 lands north of the Ohio Eiver and west of the 
,re generally laid out in townships approximately 
six miles sc[nare. 

A Frincipal Meridian, or trne north and sonth line, is first 
run by means of Buit's Solar Compass, and then an east and 
west line, called a Base Line. 

Parallels to the base line are run at intervals oi: six miles, 
and north and south lines 



N 



at the same intervals. Thus 
the trafit would be divided 
into townships exactly six 
miles square, if it were not 
for the convergence of the 
meridians on account of the ' 
curvature of the earth. 

The north and south 
lines, or meridians, are 
called Eauge Lines. The 
east and west lines, or 
parallels, are called Town- fig. as. 

ship Lines. 

Let NS (Fig. 33) represent a principal meridian, and WE 
a base line ; and let the other lines represent meridians and 
parallels at intervals of six miles. 

The small sqviares. A, B, C, etc., will represent townships. 

A would be designated thus: T. 3 N., E. 2W.; that is, 
township three north, range two west; which means that the 
township is in the third tier north of the base line, and in the 
second tier west of the principal meridian. B and 0, respec- 
tively, would be designated thus : T. 4 S., E. 3 W. ; and 
T. 2 N., E. 2 E. 
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The townships are divided into sections approximately one 
mile squai'e, and the sections are divided 
into quarter-sections. The township, 
section; and quarter-section comers are 
permanently marked. 

The sections are numbered, beginning 
at the northeast corner, as in Fig. 34, 
which represents a township divided 
into sections. The quarter-sections are 
designated, according to their position, 
as N. E., N.W., S, E., and S.W. 



fi 


5 


i 


S 


•i 


^ 


7 


3 


9 


10 


11 




18 


17 


16 


IB 


14 


IS 


~ 


~ 


V 


— 


^ 


— 


31 


3i 


33 


■Si 


S5 


36 



Every fifth parallel is called a Standard Parallel o 
tion Line. 



Correc- 



Let JVS (Fig. 35) represent ; 



, principal meridian; WS a 
base line; rp, etc., meridians; 
and ms the fifth parallel. If 
Op equals six miles, mr will 
be less than six miles on 
account of the convergence 
of the meridians. Surveyors 
are instructed to make Op 
such a distance that mr shall 
be six miles; then mh, hk, 
etc., are taken similarly. At 
the correction lines north of 
ms the same operation is 
repeated. 

^' _ The township and section 

lines are surveyed in such 
an order as to throw the errors on the north and outer town- 
ships and sections. 

If, in running a line, a navigable stream or a lake more 
than one mile in length Is cncounterGd, it is meandered by 
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marking tlie iiiterBection of the line with the bank and 
running lines from thia point along the bank to prominent 
points which ai-e marked, and the lengths and bearinge of tlie 
connecting lines recorded. 

Six principal meridians have been established and con- 
nected. In addition to these there are several independent 
meridians in the Western States and Territories which will 
in time be connected with each other and with the < 



§ 26. Plane-Table Surveying.* 

After the principal lines of a survey have been determined 
and plotted, the details of the plot may be filled in by means 
of the plane-table ; or, when a plot only of a tract of land is 
desired, this instrament affords the most expeditious means 
of obtaining it. 

An approved form of the plane-table, as used in the United 
States Coast and Geodetic Survey, is shown in the plate on 
page 51. 

The Table-top is a boai^d of well-seasoned wood, panelled 
with the grain at right angles to prevent warping, and sup- 
ported at a convenient height by a Tripod and Levelling 
Head. 

The Alidade is a ruler of brass or steel supporting a 
telescope or sight standards, whose line of sight is parallel to 
a plane perpendicular to the lower side of the ruler, and 
embracing its fiducial edge. 

The Deelinatoire consists of a detached rectangular box 
containing a magnetic needle which moves over an arc of 
about 10° on each side of the 0, 

* In preparing this section the writer has consulted, by permission, 
tie treatise on the plane-table by Mr. E. Hergeaheimer, contained in the 
report for 1880 of the U.S. Coast and Geodetic Survey. 
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Two spirit levels at right angles are attached to the ruler or 
to the deelinatoire. In some instruments these are replaced 
by a eirculai' level, or by a detached spring level. 

The paper upon which the plot is to be made or completed 
is faistened evenly to the board by clamps, the surplus paper 
being looaely roUed under the aides of the board. 

To place the table in position. This operation, which is 
sometimes called orienting the table, consists in placing the 
table so that the lines of the plot shall be parallel to the 
corresponding lines on the ground. 

This may be accomplished approximately by turning the 
table until the needle of the declinatoii'e indicates the same 
bearing as at a previous station, the edge of the deelinatoire 
coinciding with the same line on the paper at both stations. 

If, however, the line connecting the station at which the 
instrument is placed with another station is already plotted, 
the table may be placed m position accurately Yy placing it 
over the station so that the plotted line is by estunation over 
and in the direction of the line on the ^lound then making 
the edge of the ruler coincide Mith the plotted line ind turn- 
ing the board until the line of sight bisects the signal at the 
other end of the line on the ground 

To plot any point. Let ab on the i ^pei rnpreaent the line 
JS on the ground ; it is recLUiied to plot c lepreaenting C on 
the ground. 



1, By intersection. 

Place the table in position a 



B 



A (Fig. 36), plumbing a over A, antl 
making the fiducial edge of tbe ruler 
pasH through a ; turn the alidade 
about a until the line oH sight 
bisects the signal at C, and draw a 

— I line along the fiducial edge of the 
ruler. Place the table in position 
at B, plumbing 6 over B, and repeat 

-a tbe operation just described, c will 
be the intersection of the two lines 
thus drawn. 
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2. By resecMon. 

Place the table in position at ji (rig. 37), and dv; 
tiou of C, an in the former case ; then 
it in position! by the line drawn from 
a, make the edge of the ruler pass 
through 6, and tnm the alidade about 
6 until B is in the line ol s^ijt. A 
line drawn along the edge of the 
ruler will intersect the line from 
a inc. 



Place the table in position at A 
(Fig. 88), and draw a line from a 
toward C, as hi tlie former cases, 
Measure AC, and lay off ac to the 



L the dirco- 
o C, place 



Toplotafie]d^£(7Z>.,„. 

1. By radiation. 

Set up the table at any point F, 
and mark p on the paper over P. . 
Draw indefinite lines from j) to- 
ward A, B, C Measure PA, 

PB, , and lay off jio, pb, , to i 

b and c, i; and d, etc. 

2. J 



!, and join a and b. 



y prot/ression. 

Set np the table at A, and draw a line from a toward B. Measure 
AB, and plot a* to a suitable scale. Set up the table in position at B, 
and in like manner determine and plot 6c, etc. 



Plot one 
interaectlon, and join. 



interseetion. 

i side aa a base line. Plot the other oi 



E by the method of 



le line. Plot the otbc" 



s by the method of 
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The Three Point Problem. 
Let A, B, C represent three field stations plotted as «, \ 
respectively (Fig. 39) ; it is required to plot d r 
fourth field station I), visihle from A, B, and C. 




Place the table over I>, level and orient approximately by 
the declinatoire. Determine d by resection as follows : Make 
the edge of the ruler pass through a and lie in the direction 
aA, and draw a line along the edge of the ruler. In like 
manner, draw lines through b toward B and through c toward 
C. If the table were oriented perfectly these lines would 
meet at the recLuired point d, but ordinarily they will form 
the triangle of error, ah, as, ho. In this case, through «, h, and 
ah; a, c, and ac; and S, e, and he, respectively, draw circles; 
these circles wiU intersect in the required point d. For at 
the required point the aides ah, ac, bo must subtend the same 
angle as at the points ab, ae, be, respectively. Hence, the 
required point d lies at the intersection of the three circles 
mentioned. The plane-table may now be oriented accurately. 

Note. The three point problem may be solved hy fastening on the 
board a piece of tracing paper and malting tlie point d representing D, 
after which lines are drawn from d toward A, S, and C. The tracing 
paper is then moved until the lines thus drawn pass through a, &, c, 
respectively, when by pricking tliroiigh d the point is determined on the 
plot below. 
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CHAPTEE HI. 

TRIANGULATION.* 

§ 27. Introductory Remakks. 

Geographical positions upon the surface of the earth are 
commonly determined by systems of triangles which con- 
nect a carefully determined base line with the points to be 
located- 

Let F (Fig. 40) represent a point whose position with refer- 
ence to the base line AB is 
required. Connect AB with 
F by the series of triangles 
ABC, ACB, ADB, and DEF, 
so that a signal at G is visible 
from A and B, a signal at D 
visible from A and C, a signal '^"''- ^"^ 

at E visible from A and D, and a signal at F visible from 
D and E. In the triangle ABC, the side AB ia known, 
and the angles at A and B may be measured; hence, AC 
may be computed. In the triangle ACD, AC is known, 
and the angles at A and C may be measured; hence, AD 
may be computed. In like manner DB and EF or BE 
may be determined. I>F, or some suitable line connected 
with BF, may be measured, and this result compared with 
the computed value to test the aeenracy of the field meas- 
urements, 

» In preparing tliis cliapter tlie writer has consulted, by permiasioa, 
recent reports of tlie United States Coast and Geodetic Survey. 
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Thrco orders of triangiilation are recognized, viz.: 
Primary, in whicti tte sides are from 20 to 150 miles in 

Secondary, in which the sides are from 5 to 40 miles in 
length, and which connect the primary with the tertiary. 

Tertiary, in -which the sides are seldom over 5 miles in 
length, and which bring the survey down to such dimensions 
as to admit of the minor details being filled in by the compass 
and plane-table. 

§ 28. The Measukgment o"p Base Lines. 

Base lines should be measured with a degree of accuracy 
corresponding to their importance. 

Suitable ground must be selected and cleared of all obstruc- 
tions. Eaoh extremity of the line may be marked by cross 
lines on the head of a copper tack driven into a stub which is 
sunk to the surface of the ground, Poles are set up in line 
about half a mile apart, the alignment being controlled by a 
transit placed over one end of the line. 

The prelim.inai'y measurement may be made with an iron 
wire about one-eighth of an inch in diameter and 60™ in 
length. In measuring, the wire is brought into line by means 
of a transit set up in line not more than one-fourth of a mile 
in the rear. The end of eafih 60"" is marked with pencil lines 
on a wooden bench whose legs are thmst into the ground after 
its position has been approximately determined. If the last 
measurement exceeds or falls short of the extremity of the 
line, the difference may be measured with the 20™ chain. 

The Jinal ineasurement is made with the base apparatus, 
which consists of bars 6*" long, which are supported upon 
trestles when in use. These bars are placed end to end, and 
brought to a horizontal position, if this can be quickly accom- 
plished ; if not, the angle of inclination is taken by a sector, 
or a vertical offset is measured with the aid of a transit, so 
that the exact horizontal distance can be computed. 
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A thermometer is attached to each bar, so that the tempera^ 
fcure of the bar may be noted and a correction for temperature 
applied. 

The method of measuring lines varies according to the 
required degree of accuracy in any particular case, but the 
brief description given above will give the student a general 
idea of the methods employed, 

§ 29. The Measubemest or Anoles. 

Angles are measured by the transit with much greater accu- 
racy than by the compass, since the reading of the plates of 
the transit is taken to minutes, and by means of microscopes 
to seconds, while the reading of the needle of the compass is 
to q^uarter or half-cLuarter degrees. 

In order to eliminate errors of observation, and errors 
arising from imperfect graduation of the circles, a large 
number of readings Is made and their mean taken. Two 
methods are in use ; viz., repetition and series. 

The method of repetition consists, essentially, in measuring 
the angles about a point singly, then taking two adjacent 
angles as a single angle, then three, etc. ; thus " closing the 
horizon," or measuring the whole angular magnitude about a 
point in several different ways. 

The method of series consists, essentially, in taking the 
readings of an angle with the circle or limb of the transit 
in one position, then turning the circle through an arc and 
taking the readings of the same circle again, etc. ; thus read- 
ing the angle from successive portions of the graduated circle. 

On account of the curvature of the earth, the sum of the 
three angles of a triangle upon its surface exceeds 180°. This 
spherical excess, as it is called, becomes appreciable only when 
the sides of the triangle are about 5 miles in length. To 
determine the angles of the rectilinear triangle having the 
same vertices, one-third of the spherical excess is deducted 
from eiich spherical angle. 
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LEVELLING-. 



§ 30. Definitions, Cubvatukb, 
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A Level Surface is a aur£aJ3e parallel with the surface of 
atill water ; and is, therefore, slightly curved, owing to the 
spheroidal shape of the earth. 

A Level Line is a line in a level surface. 
Levelling is the process of finding the difference of level of 
two places, or the distance of one place above or below a level 
line through another place. 

The Line of Apparent Level of a place is a tangent to the 
level line at that place. Hence, the line of apparent level is 
perpendicular to the plumb-line. 

The Correction for Curvature is the deviation of the line of 
apparent level fi-om the level line for any distance. 

Let ( (Fig. 41) represent the line of apparent level of the 
pla«e P, a the level line, d the diame- 
ter of the earth ; then c represents the 
correction for curvature. To compute 
the correction for curvature : 

(=^c(c+<^).(Geom.§348.) 

Therefore, c = — 7—, = — 
c + d d 

approximately, since e is very small 

compared with d, and t = a without 

appreciable error. 

Since" (? is constant (^7920 miles, nearly), the correction for 

curvature varies as the square of the distance. 
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Example. 'What is the correctidii for cui-vatuie toi 1 iuiIb '' 
By substituting in the formula deduced above 

Hence, the correction for curvature for any 
distance may be found in inches, approximately, 
by multiplying 8 by the square of the distance 



NoTB. The effect of curvature is to raako an otijoct 
appear lower than it really is ; and the efEect of refraction 
of iight, caused by the greater density of the atmosphere 
near the surface of the earth, is to make an object appeal 
higher than it really is. When both efiects are taiien into 



■e correctly 



hyc' 



koi-. 



§ 31. The Y Level. 

This instrument is shown on page 61. 

The telescope is about 20 inches in length, and 
rests on supports called Z's, from their shape 
The spirit level is underneath the telescope, and 
attached to it. The levelling-kead and tripod are 
similar to the same parts of the transit. 

§ 32. The Levelltng Rod. 

The two ends of the Philadelphia levelling rod 
are shown in Pig, 42. The rod is made of two 
pieces of wood, sliding upon each other, and held 
together in any position by a clamp. 

The front surface of the rod is graduated to 
hundredths of a foot up to 7 feet. If a greater 
height than 7 feet is desired, the back part of the 
rod is moved up until the target is at the required 
height. When the rod is extended to full length, 
the front surface of the rear half reads from 7 to ^'^- ^• 
13 feet, so that the rod becomes a self-reading rod 13 feet long. 
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The target slides along the front of the rod, and is held in 
place by two springs which press upon the sides of the rod. 
It has a Bqnare opening at the centre, through which the 
division line of the rod opposite to the horizontal line of the 
target may be seen, It carries a vernier by which heights 
may be read to thousandths of a foot (§ 7). 

§ 33. J>TPFKK"F.NCE OF Level. 

To find the difference of level between two places visible from 
an intermediate place, when the diflerenoe of level does not 
exceed 13 feet. 

Let A and B (Fig. 43) represent the two places. Set the 
Y level at a station equally distant, or nearly so, from A and 




£, but not necessarily on the line AB. Placo the legs of the 
tripod firmly in the ground, and level over each opposite pair 
of levelling screws, successively. Let the rodman hold the 
levelling rod vertically at A. Bring the telescope to bear 
upon the rod (§ 8), and by signal direct the rodman to move 
the target until its horizontal line is in the line of apparent 
level of the telescope. Let the rodman now record the height 
AA' of the target. In like manner find BJi'. The difference 
between AA' and B£' will be the difference of level reijuired. 
If the instrument be equally distant from A and B, or nearly 
so, the curvature and the refraction on the two sides of the 
instrument balance, and no correction for curvature or refrac- 
tion will be necessary. 
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If the instrument be set up at one station, and the rod at 
the other, the difference between the heights of the optical 
axis of the telescope and the target, corrected for curvature 
and refraction, will be the difference of level required. 

To find the difference of level of two places, one oi which 
cannot be seen from the other, and both invisible from the same 
place ; or, when the two places difier considerably in level. 

Let A and D (Fig. 44) represent the two places. Place the 
level midway between A and some intermediate station if. 




Find AA' and BB', as in the preceding case, and record the 
former as a hack-sight and the latter as a fore-sight. Select 
another intermediate station C, and in like manner find the 
back-sight BB" and the fore-sight CC; and so continue until 
the place D is reached. 

The difference between the sum of the fore-sights and the sum 
of the bach-sights wiU he the difference of level reguired. 
For, the sum of the fore-sights 

— BB' + CC + DD' 
^BB" + B'B"+CC"+C'G" + I'D'. 
The sum of the back-sights 

= AA + BB"+CC". 
Hence, the difference =B'Ji"-\- C'C"-\-BD'~AA' 
= A'A"~AA'^AA". 
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5 Si. Levelling foe Seci'ION. 

Xhe intersection of a vertical plane with the surface of the 
earth is called a Section or Profile. The term profile, how- 
ever, usually designates the Plot or representation of the 
section on paper. 

Levelling for Section is levelling to obtain the data neces- 
sary for making a profile or plot of any rec[uired section. 

A profile is made for the purpose of exhibiting in a single 
view the inequalities of the surface of the ground for great 
distances along the line of some proposed improvement, such 
as a railroad, canal, or ditch, and thus facilitating the estab- 
lishment of the proper grades. 

The data necessary for making a profile of any required 
section are, the heights of its different points above some 
t^sumed horizontal plane, called the Datum Plane, together 
with their horizontal distances apart or from the beginning of 
the section. 

The position of the datum plane is fixed with reference to 
some permanent object near the beginning of the section, 
called a Bench Kark, and, in order to avoid negative heights, 
is assumed at such a distance below this mark that all the 
points of the section shall be above it. 

Tbe heights of the different points of the section above 
the datum plane are determined by means of the level and 
leveUing-rod ; and the horizontal length of the section is 
measured with an engineer's chain or tape, and divided into 
equal parts, one hundred feet in length, called Stations, 
marked by stakes numbered 0, 1, 2, 3, etc. 

Where the gromid is very irregular, it may be necessary, 
besides taking sights at the regular stakes, to take occasional 
sights at points between them. If, for instance, at a point 
sixty feet in advance of stake 8 there is a sudden rise or fall 
in the surface, the height of this point would be determined 
and recorded as at stake 8.60. 
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The readings of the rod are ordinarily taken to the nearest 
tenth of a foot, except on' bench marks and points called 
turning points, where they are taken 
to thousandths of a foot. 

A Turning; Point is a point on 
which the last sight is taken just 
before changing the position of the 
level, and the first sight from the 
new position of the instrument. A 
turning point may be coincident with 
one of the stakes, but must always 
be a hard point, so that the foot of 
the rod may stand at the same level 
for both readings. 

To explain the method of obtain- 
ing the field notes necessary for 

making a profile, let 0, 1, 2, 3, 

11 (Fig. 45) represent a portion of a 
section to be levelled and plotted. 
Establish a bench mark at or near 
the beginning of the line, measure 
the horizontal length of the section, 
and set stakes one hundred feet apart, 
numbering them 0, 1, 2, 3, etc. Place 
the level at some point, as between 2 
and 3, and take the reading of the rod 
on the bench = 4.832. Let PP' rep- 
resent the datum plane, say 15 feet 
below the bench mark, then 
15 + 4.S32 — 19.832 
will be the height of the line of siglit 
AB, called the Height of the Instru- 
ment, above the datum plane. Now take the reading at 
=: 5.2 ^^ 0^, and subtract tlie same from 19.832, which 
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leaves 14.6 — OP, the height of the point above the datum 
plane. Next take sights at 1, 2, 3, 3.40, and 4 equal respec- 
tively to 3.7, 3.0, 5.1, 4.8, and 8,3, and subtract the same 
from 19.832; the re^naindera 16.1, 16.8, 14.7, 15.0, and 11.5 
will be the respective heights of the points 1, 2, 3, 3.40, 
and 4 Then, as it will be necessary to change the position 
of the instrument, select a point in the neighborhood of 4 
suitable as a turning point (f.^. in the figure), and take a 
careful reading on it = 8 480 ; subtract this from 19.832, and 
the remainder, 11 352, will be the height of the turning point. 
Now carry the in'itrument forward to a new position, as 
between 5 and 6, shown in the figure, while ,tho rodman 
remains at tp , take a second reading on t.p.=^ i.l02, and 
add it to 11 352, the height of t.p. above FP'; the sum 15.454 
win be the height of the instrument CD in its new position. 
Now take sight upon 5, 6. and 7, equal respectively to 4.9, 
2.8, and 0.904; subtract these sights from 15.454, and the 
results 10.6, 12.7, and 14.550 will bo the heights of the points 
5, 6, and 7 respectively. The point 7, being suitable, is made 
a turning point, and the instrument is moved forward to a 
point between 9 and 10. The sight at 7^=6.870 added to 
the height of 7 gives 21.420 as the height of the instrument 
SF in its new position. The readings at 8, 9, 10, and 11, 
which are respectively 5.4, 3.6, 5.8, and 9.0, subtracted from 
21.420, will give the heights of these points, namely, 16.0, 
17.8, 15.6, and 12.4. 

Proceed in like manner until the entire section is levelled, 
establishing bench marks at intervals along the line to serve 
as reference pointsifor future operations. 

As wind and bright sunshine affect the accuracy of levelling, 
for careful work a calm and cloudy day should be chosen ; and 
great pains be taken to hold the rod vertical and to manipu- 
late the level properly. 

A record of the work described above is kept as follows : 
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FOR SECTION. 



Sr..IO«. 


.S, 


11.1. 




H.S. 


K..A^«, 


B 


4.832 






16. 


Bencli on rock 20 tt. 



1 




19.832 


5.2 
3.7 


14.9 
16.1 


south of 0. 


2 






3.0 


16.8 




3 






5.1 


14.7 


S to 3.40 turnpike road. 


3.40 






4.8 


15.0 




4 






8.3 


11.5 




t.p. 


4.102 




8.480 


11.352 




5 




15.454 


4,9 


10.0 




6 






2.8 


12.7 




7 


6.870 




0.904 


14.550 




8 




21.420 


5.4 


16.0 




Q 






3.6 


17.8 




10 






6.8 


15,6 




11 






9.0 


12.4 




B 










Bencli on oak stump 


12 










27 ft. N.E. ot 12, 



The first column contains the numhors or names of all the 
points on which sights are taken. The second column con- 
tains the sight taken on the first bench mark, and the sight on 
each turning point taken immediately after the instrument 
has been moved to a new position. These are called Plus 
Sights (+ S.) because they are added to the heights of the 
points on which they ai'e taken to obtain the height of thp 
instrument given in the thii'd column (.ff.J.) The fourth 
column contains all the readings except those rei orded m tho 
second column. These are called Minus Sights (— & ) bet iwe 
they are subtracted from the numbers in the thud column to 
obtain all the numbers in the fifth column exi ept the fiist, 
which is the assumed depth of the datum plane below thebench 
The fifth column (H. S., height of surface) contains the required 
heights of all the points of the section named in the iirst lolumn 
together with the heights of all benches and turning points. 
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To find the diffei-oiice of level bet'n^een any two points of 
the section, we have only to take the difference between the 
numbers in the fifth column opposite these points. 

The real field notes are contained in the first, second, fourth, 
and last columns ; the other columns may be filled after the 
field operations are completed. The field book may contain 
other columns; one for height of grade (ILG.), another for 
depth of cut (C.) and another for height of embankment or 
fill (F.). 

To plot the section. Draw a line FF' (Fig. 45), to repre- 
sent the datum plane, and beginning at some point as F, lay 
off the distances 100, 200, 300, 340, 400 feet, etc., to the 
right, using some convenient scale, say 200 feet to the inch. 
At these points of division erect perpendiculars equal in 
length to the height of the points 0, 1, 2, 3.40, 4, etc., 
given in the fifth column of the above field notes, using in 
this case a larger scale, say 20 feet to the inch. Through the 
extremities of these perpendiculars di'aw the irregular line 

0, 1, 2, 3 11, and the result, with some explanatory figures, 

will be the required plot or profile. 

The making of a profile is much simplified by the use of 
profile paper, which may be had by the yard or roll. 

If a horizontal x'lot is required, the bearings of the different 
portions of the section must be taken. 

A plot should be made, if it Trill assist in properly under- 
standing the field work, or if it is desirable for future reference 
in connection with the field notes. 

§ 35. Substitutes fok the Y Level. 

Fop many purposes not requiring accuracy, the foRowing 
simple instruments in connection with a graduated rod will be 
found STiflicient. 

The Plumb Level (l^g- 46) consists of two pieces of wood 
joined at right angles. A straight line is drawn on the 
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upright perpendicular to the upper edge of the cross- 
head. 

The instrument is fastened to a support by a screw through 
the centre of the cross-head. The upper edge of the cross- 
head is brought to a level by making the line on the upright 
coincide with a plumb-line. 



n 



A modified form is shown in Fig. 47. A carpenter's square 
is supported by a post, the top of which is split or sawed so as 
to receive the longer arm. The shorter arm is made vertical 
by a plumb-line which brings the longer arm to a level. 

The Water Level is shown in Fig. 48. The upright tubes 
are of glass, cemented into a connecting tube of any suitable 
material. The whole is nearly filled with water, and sup- 
ported at a convenient height. The surface of the water in 
the uprights determines the level. 

By sighting along the upper surface of the block in which 
the Spirit Level is mounted for the use of mechanics, a level 
line may be obtained. 

Exercise V. 

1. Find the difference of level of two places from the fol- 
lowing field notes : back-sights, 5.2, 6.8, and 4.0 ; fore-sights, 
8,1, 9.5, and 7.9. 

2. Write the proper numbers in the third and fifth columns 
of the following table of field notes, and make a profile of the 
Bection : 
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Station. 


.s. 


H,I. 


-s. 


„.s. 


i«™„. 


B 


6.944 






30 


Bench on post 22 ft. 




1 






7.4 
5.6 




north of 0. 


2 
3 






3.9 
4.6 






i.p. 


3.8S5 




5.513 






5 






3.5 






« 






1.2 







3. Stake of the following notes stands at the lowest point 
of a pond to be drained into a creek ; stake 10 stands at the 
edge of the bank, and 10.25 at the bottom of the creek. Make 
a profile, draw the grade line through and 10.25, and fill 
out the columns II. 0. and C, the former to show the height 
of grade line above the datum, and the latter, the depth of 
cut at the several stakes necessary to construct the drain. 



S,.TIO«, 


+ S. 


H.I. 




H,S, 


n.<,. 


C. 


R..A«.«. 


B 


6.000 






25 






Bencli on rook 



1 






10.2 
5..1 




20,8 


0.0 

fi.a 


30 feet west of 
stake 1. 


2 






4.6 
4.0 










i 






6.8 










6 
6 

7 


4,572 




7.000 
3.9 
2.0 
4.9 










S 






4.3 










10 






4.5 










10.25 






11,8 
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§ 36. TopDGKAPHicAi. Levei>ling. 

The principal object of topographical sucveying is to show 
the contour of the ground. This operation, called topographi- 
cal levelling, is performed by representing on paper the curved 
lines in which parallel horizontal planes at uniform distances 
apart would meet the surface. 

It is evident that all points in the intersection of a horizontal 
plane with the surface of the ground are at the same level 
Hence, it is only necessary to find points at the same level, 
and join these to determine a line of intersection. 

The method commonly employed will he understood by a 
reference to !Fig. 49. The gi-ound ABCD is divided into 
equal scLuares, and a numbered stake driven at each intersec- 
tion. By means of a level and levelling rod the heights of the 
other stations above wi and D, the lowest stations, are deter- 
mined. A plot of the ground with the intersecting lines is 
then drawn, and theheight of each 
station written as in the figure. 

Suppose that the horizontal 
planes are 2 feet apart; if the 
first passes through m. and D, 
the second will pass through p, 
which is 2 feet above m ; and 
since M is 3 feet above m, the , 
second plane will cut the line 
mn in a point a determined by 
the proportion mn : ot.s :: 3 : 2. 
In like manner the points t, o. -^ in t . £ 

,^ Fig. 4B. 

and r are determined. 

The irregular line tsp qr represents the intersection of 

the second horizontal plane with the surface of the ground. 
In like manner the intersections of the planes, respectively, 
4, 6, and 8 feet above m are traced. The more rapid the change 
in level the nearer these lines will approach each other. 



/ sy 5 ^ 

\ s s 
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CHAPTER V. 

RAILROAD SURVEYING. 

5 37. Genebal Eemabks. 

When tlie general route of a railroad has been determined, 
a middle surface line is run with the transit. A profile of this 
line is determined, as in § Si. The levelling stations are com- 
monly 1 chain (100 feet) apart. Places of different level are 
connected by a gradient line, which intersects the perpendic- 
ulsjs to the datum line at the levelling stations in points 
determined by simple proportion. Hence, the distance of each 
levelling station, above or below the level or gradient line 
which represents the position of the road bed, is known. 

§ 38. Ckoss Section Work. 
AC'/ 



Excavations. If the road bed lies below the surface, an 
excavation is made. 

Let ACDB (Fig. 50) represent a cross section of an excava- 
tion, /a point in the middle surface line,/' the corresponding 
point in the road bed, and CD the width of the excavation at 
the bottom. The slopes at the sides are commonly made so 
that AA' — lA'C,ii.nA BB' = %DB'. ff and (72) being known, 
the points A, B, C, and D' are readily determiaed by a level 
and tape measure. 
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If from the area of the trapezoid ABB' A' the areas of the 
triangles AA'C and BB'D be deducted, the remainder will be. 
the area of the cross Beetion, 

In like manner the cross section at the next station may be 
determined. These two cross sections will be the bases of a 
frustum of a quadrangular pyramid whose volume will be tlie 
amount of the excavation, approximately. 

Embankments. If the road bed lies above the surface, an 
embankment is made, the cross section of which is like that of 
the excavation, but inverted. 




Fig. 51 represents the cross section of an embankment 
which is lettered so as to show its relation to Fig. 50. 



§ 39. Eaileoad Cueves. 

When it is necessary to change the direction of a railroad, 
it is done gradually by a ^ 

curve, usually the arc of 
a circle. 

Let AF and AO (Fig. 
52) represent two lines to 
be thus connected. Take 
any convenient distance , 
AB = AE= t. The inter- 
section of the perpendicu- 
lars BC and EC deter- Fro, 53, 
mines the centre C, and the radius of curvature BG — 
The length of the radius of curvature will depend 




A 
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the angle A and the tangent AB. For, in the right 
triangle ABC, 

,., n An -_ , 

AB 

Hence, 5-:^(tan^^. 

The degree of a railroad curve is the angle subtended at the 
centre of the curve by a chord of 100 feet. If D is the degree 
of a curve and r its radius, 

sin^i> — — and j'=50csc^/>. 
Fop example, a 6° curve has a radius of 956.37 feet. 



To Lay out the Curve. 

First Method. Let Bm (Fig. 63) represent a portion of the 
tangent. It is required to find mP, the 
perpendicular to the tangent meeting 
the curve at P. 

mP — Bn=CB—Cn. 
But CD=r, 

and Cn^'^'cF—Pn 

Hence, trhP = r — ■sir' — 1\ 

Second Hfethod. It is required to find 
mP (Fig. 54) in the direction of the 
centre. 

m.P = raG-PC. 

But m(7^V^C^+^? = V^^H^. 
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Third Method, Place tiajisits at B and E (Fig. 55). Direct 
the telescope of the former 
to E, and of the latter to A. 
Turn each toward the curve 
the same number of degrees, 
and mark P, tlie point of 
intersection of the lines of 
sight. F will be a point in 
the circle to which AB and 
AE are tangents at B and E, 

Fourth Method. If the degree D of the curve 
the tangent BA at B (Fig. 
56), place the transit at B 
and direct toward A. Turn 
off successively tbe angles 

ABP, FBP', F'BP", ea«h 

equal to ^D, and take DP, 

PP', P'F", each. 100 ft., 

the length of the tape. Then ' 

P, F', P", he ou the 

required curve. 

If the angle A and the tangent distance BA ■ 
D can be found from the formulas 



5 given and 




oii) 



50 



= tt!iiiiA, .■.ainJZ*; 



50 
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TSANSIT WITH SOLAR ATTACHMENT. 
Th.e circles sliown in tlie out ate iiitendcd to represent in miniature 
cireiea supposed to bo drawn upon tlie oonoaTe surface of tlie heavens. 
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AN SAVE ES. 

PLANE TRIGONOMETRY. 
.Exercist: I. 

123° 45^ = ^/, 37° 30' = If. 

3. 1° = 0,0174533-racliaii. 1' = 0.00029089 radian. 

4. 1 radian = 206265". 7. 14° 27' 27". 10. 3hr.40min. Usee, 
^ 3^_ ^_ g G9,1G7 miles. 11, 9 ft. 2 in. 

C, 11-27' 33". 9. 57 ft. 3.55 ill. 12. i^jSec. 



tan = f, cot -I, (iii.) aia- ^^, etc. {"ri,) sin-|J.^, etc, 
aec = f , CBC = f , (It.) sin = ^, etc. 
4, lUe required condition is tliat a^ + fi^ = c2. It is. 



5. (i.) Biii:-^;^5^ir;^, etc. (iii,) sin = |. el 

(i'.)- = S^.-tc. (iv.)sin = ^. 

7. In (iii.) JJV+ 5^82 = ^=82; m (iv.) nfiifi^ + m^p^^ = n\^^. 

8. c = 145; wiieiice, sin^-T^-eosB; coa^=:iJJ=ain] 
tan^ = -^/j = cotB; Pot^ = v/=tanBi sec,d = t|5 = osc j 
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2 THIGONOMETKT. 

0.6 = 0.023 ; whence, tan ^ - cot B = W ; cot .A = tan B - /bi^ etc. 

10. a = 10.8 ; -whence, sin ^ - j ^f = cos B, etc. 

11. c ~ p + ff ; whence, sin A = , — — = cos I! : etc. 

' ^' ^"""^ _ 

12. b — -^q{]> + q); whence, ianA — -^-^ cotB; etc. 

13. a = j>-3; whence, sin^ = 2-^ = cosB; etc. 

U. Bm4 = jV5 = 0.88443; etc. 15. smJ.= |;etc. 

16. Bin^ = J(6 + V7} = 0.95572; etc. 

17. cos^= J (V31-1)- 0.57097; sin ^ = H^ + ^) = "-82097; etc. 

18. a =12.3. 20. a = 9. 22. c = 40. 

19. 6 = 1.54. 21, 6-68. 23. c = 229.02. 
24. Construct a I't. A with legs equal to 3 and 2 respectively ; then 

construct a similar A with hypotenuse equal to 6. 
In Ute manner, 25, 26, 27, may be solved. 
28. a = 1.5 miles; 6=2 miles. 31. 400,000 miles. 

30. a = 0.342, 6 = 0.940; (i=1.308, 6 = 3.760. 32. 142,926 yards. 

Exercise I IT. 

6. Through A {Fig. 3) draw a tangent, and talie ji T = 3 ; the angle 
AOTis the required angle. 

6. I"rom ( Jig, 3) as a centre, with a radius = 2, describe an arc c\il> 

ting at T the tangent drawn through B ; the angle AOT is the 
required angle. 

7. In Pig, 3, take 0M= }, and erect MP ± OA and mterseoting the 

circumference at P ; the angle POM is the required angle. 

8. Since sin a; = cos s, OM = PM (Fig. 3), and a; = 45° ; hence, con- 

atruct a = 45°. 

9. Construct a rt. A w'th oae leg = twice the other ; the angle opposite 

the longer leg is the required angle. 

10. Divide OA (Fig, 3) into four equal parls ; at the first point of divi- 
sion from erect a perpendicular to meet the oiroumferenee at 
some point P. Join OF ; the angle AOP is the required angle. 

21. r sin cc. 22. Leg adjacent to A = iic, 1^ opposite to ^ = rm. 
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Exercise IV. 






COS 60=. 


cot P. 


sec 71° 50'. 




tan 7° 41'. 


Bin 45°. 


tan 75° 


sin 62° 36'. 




sec 35° 14'. 


cos 30°. 


cot 33°. 


sec 20° 58'. 




tanO°l'. 


Bin 15". 


tanG". 


sin 4° 21'. 




sec 44° 59', 


iV3 










tan 4 = cot^ 


= cot {90°-^ 


; hence, 4-90° 


- 4 and 4 = 45° 


30°. 


7. S0° 


9. 22° 30'. 




11. 10°. 


30=. 


8. 60°. 


10. 18". 




-S- 




Exercise YI. 






cosA=-f„imA^^^, CO 


t4-A. sec4- 


V-, 


CSC4-1I. 


CO34-0.6, ta 


n^ = 1.3333, CO 


t4-0.76, sec4- 


^1.6607 


CSC 4- 1.25. 


Bin A- ^, ts 


nA=^, CO 


t4=n, sec4= 


u< 


csc4=S^. 


Bin ^^0.90, 


tan 4-3.4285, 


cot 4 = 0.29197, 


sec 4= 


3.57U. 


Bin ^=0.8, c 


3 A-0.6, CO 


1 4 =0,75, sec .4= 


=1.6667 


CSC 4= 1.25. 


Bin A=i Vs, 


osA^i-^, ta 


i4=l, sec 4= 


^. 


cso4=V2. 


tan ^=2, 


in 4=0.90, CO 


s4=0.45,sec4= 


2.22, 


CSC 4=1.11. 


cos^=i, 


in4=.|V3, tanA=V3, cot 4 = 


iV3, 


csc4=tV3- 


BiiiA==iV2, 


coa4^^^^, ta 


i4=I, cot 4= 


1, 


360 4= V2. 




m^ + 7fi' 


aii^i 


" 2mn 




2mn 


1, s}n = 


iVa, 


COS-W2, 


sec 


= ^, c 


iVS, tan- 


^V3, 


cot = VS, 


sec 


= =V3, c 


jVi, cos = 


k. 


tan = V3, 


cot 


= i^, s 


JV2-V3, 


cos = 


i V2 + V3, 


cot 


= 2 + Vs. 


jV^^, 


cos = 


1 V2 + ^/^, 


tan 


= V2-1. 
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)S-4 = Vl — sin^jl, ta,nA = 



•Jl + cot^A 



... 


Vl-Bin=4 


A = 


Vl - Go^A 


cos A 

1 


A- 


1 


Vl + ts.ri'A 


A = 


Vl + taiiM 


tan 4 


A = 


Vl + cotM, 




Vl + cot^-d 



-Hoo^A + Sooa^A 



Exercise VII. 
5. x~m. 9. a!-0( 



ExEnciSE yill. 



a= Vc^ - 6". 
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EXEKOISE IX. 


31. 0=7.8112, 


^ = 39° 48', 


B = 50°12', J" =15, 


32 


6-69.907, 


^ = 30' 12" 


B- 89° 29- 48", F= 21.526. 


33 


ffl= 1.1886, 


4 = 43° 20' 


B=46°40', *-= 0.74876. 


34 


6 = 21.249, 


e = 22.372, 


B = 7P46', ^=74.371. 


35 


a = 6.6883, 


c = 13.738, 


B = 60°52', F= 40.129. 


36 


o = 63.859, 


6 = 28.369, 


B=20°6', F= 746.15. 


87 


a = 19.40, 


6=18.778, 


^ = 45°66', P=182.15. 


38 


6 = 53.719, 


c= 71.877 


A = 41° 11', F = 1262.4. 


39 


a = 12.981, 


c = 15.796 


^-56° 16', F= 58.416. 


40 


a = 0.58046, 


6=8.442, 


A^ 3° 56', F= 2.4501. 


41. F=i(c^slRAc 


03^). 


43. P=i(6itan4). 


42. F = Ha^co\,A) 




44, F = lM<:^-»^)- 


45. 6=11.6, c = 


15.316, A = 


40° 45' 48", B = 49° 14' 12". 


46. ffi=7.2, c = 


8.7658, B = 


34° 46' 40" A - 56° 13' 20". 


47. a = 3.6474, 6 = 


6.58, C = 


7.6233, B = 61°. 


48. a = 10.283, 6 = 


19.449, A = 


27° 52', B=62°8'. 


49. 19° 38' 17" and 70° 31' 43". 

50. 3 and 6.1961.' 


57, ^ = 59° 44' 35". 

58. 05,34, 


. so° 




59. 1°26'56". 

60. 7.0712 miles in each direction 


»="'■> in 




61. 20.88 feet. 


52. 36° 52' 12" and 53° T 48", 


62. 56.05 feet. 


63. 213.1 feet. 




63. 228,63 yaids. 


64. 732.22 feet. 




64. 136.6 feet. 


55. 3270 feet. 




65. 140 feet. 


5G. 37.3 feet, !)G feet. 


60, 84.74 feet. 




Exercise X. 


1. C=2 (90° 


-A), c = 2aeosA, h = asmA. 


2. 4 = i(180° 


-C), c = 


-ia<;<MA, h=a^mA. 




3. = 2 (0C° 


-A), a = 


-^2co3^, h-amnA. 
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A=>{lS(f-G), 


a-c-f-2oos^ 


k = adaA. 


0^2 (90°-^), 


a^/i-^sm.4, 


c = 2aco6A. 


A-i{im°~G), 


a = h^smA, 


e = 2a<iosA. 


8inJ, = 7t^a, 


C=2(90°-^), 


c = 2aao5A. 


tasiA = h-^ic, 


C^2(9(r--i), 


n = A-=-sin4. 


A = 07° 22-- 50", 


0^45° 14' 20", 


A =13.2. 


c - 0.21943, 


A = 0.27384, 


F= 0.03004. 


a ^ 2.0555, 


A =1.6852, 


P= 1.9819. 


a - 7.706, 


c = 3.6676, 


F= 13.725. 


^-7S°36'30", 


= 20" 47', 


c = 2.4206. 


A - 77° 19' 11", 


= 25° 21' 38", 


a =20.5. 


-d^26°28'. 


0=129° 4', 


a =81.40, 


.4-31°J2'9", 


0=17° 35' 43", 


a =17, 


F= jcV4a2-<;S 




22. 0,76537. 


J'-n^BiQiCcoaJC. 


23. 94° 20'. 


F^cfismAooaA 




24. 2.7261. 


F-h^ts.n^C. 




25. 38° 66' 33" 



21. 38.284 feet, 4525.44 sq, feet. 





Exercise XI. 




r = 1.618, 


A= 1,5388, i^= 7.694. 




r= 11.269, 


ft =10.886, F= 381.04. 




A =0.9848, 


J) = 6.2514, F= 3.0782. 




A =19.754, 


c = 6,2572, F=I236. 




r= 1,0824, 


c = 0.82842, F= 3,3137. 




r= 2,592, 


ft = 2,4882, c = 1.4615. 




r= 1,5994, 


A=l,441, i> = 9,716. 




0.6181. 


12. 0.2238, 17, 


11.636 


0.64984. 


13. 0.31, 18. 


09.64. 


0,51764. 


14, 0.82842, 19, 


1.0235 


'°rT2 


15, 94.63. 20. 

16. 415. 


0.635. 



y Google 



Exercise XII. 

5. Two angles ; one in Quadrant I., the other in Quadrant II. 

6. Tout values : two in Quadrant I., two in Quadrant IV. 

7. X may liave two values in the first case, and one value iu each of the 

8. If cos 3! = — I, a; is between 90' and 270° ; if Cot e — 4, a is between 

0° and S0° or 180" and 370° ; if sec a; = 80, ai is between 0° and 90= 
or between 270° and 360° ; it cdca: = — 3, aia between 180° and 
360°. 

9. In Quadrant HI ; in Quadrant II. ; in Quadrant III. 

10. 40 angles ; 20 positive and 20 negative. 

11. +, when X is known to be in Quadrant I. or IV. ; — , when x is 

known to be in Quadrant JI. or III. 
H. sina;=-^V3, tmz = -4-\/3, eotx = -~j\-j3, ciiCX=—^\'J3. 

15. since = ±^oVio, cos3; = ^i^VlO, tani--f, see a - ::f J VlO. 

csca^i VlO. 

16. The cosine, the tangent, the cotangent, and the secant are negative 

when the angle is obtuse. 
n. Sine and cosecant leave it doubtful whether the angle is an acute 
angle or an obtuse angle ; the other functions, if + determine an 
acute angle, if — an obtuse angle. 

20. sin45O°-sin(36O°+0O°)-sin9O°=l; tan540°- tanl80° = ; 
cos 030°= cos 270° = 0; cot720° = cot 0°=f»; 

21. 45°, 135°, 225°, 315'. 22. 0. 23. 0. 24. 0. 
25. a^-62 + 4(i6. 

Exercise XIII. 



2. 


sin 172°: 


3. 


cos 100° ■■ 


4. 


tan 125° : 


6. 


cot 91°: 


e. 


sec 110° : 
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COS 195° 33' = 

sin(- 75°) = 
cos(- 76=) = 
sin (- 127°) = 
cos (-137°) = 
sin (- 200°) = 



37. cot 139° 17'-- 
18. sec 299° 45-^ 
IS. cao 92° 25'- 



n20% 



It 40° 43'. 
;c 29° 45'. 
10 2° 25'. 



36 (- 



0°) = 



sin (- 345°) = - sin 346° = sin 15' 
cos(-345°)= coa345o= 0O6l5< 

cos(— 52° 37')= cos 52° 37'= sin 37° 23', etc. 

sin (- 19S° 54') = - sin 196° 54' = sin 16° 54', 

co8{- 196° 54') = cos 196° 54' = - cos IQ" 54', etc. 

sin 120° = i VS, cos 120° =-i, etc. 

sinl35°=+iVi, cosl35°=-|-V2, etc. 

sinl50° = + i, cosl&0°=-4-V3, etc. 

sin 210° = - i, cos 2J0° = - ^-v^, etc. 

sin 235° = - i \^, cos 225° = - 1- V5, etc. 

sin 240° = - J VS, cos 240° = — *, eto. 

sin300°=-iV3, cos 300°= + i, etc. 

sin (-30°) = -h cos(-30°)- + *V3, etc, 

sin (- 225°) = + i^/i, cos (- 226°) - - i\^, etc. 

cos a = - i V2 or - Vj, etc., x. = 225°. 

tanK^-Vj, sin z = -i, cos a: = - iVs, x=150° 

sin 3640° = sin 300° = — sin 60° = — i V3, cos 3540° = + h etc. 

210° and 330°; 120° and 300°. 

135°, 226°, and - 225°; 150° and - 30°. 

30°, 180°, 390°, and 510°. 

sin 168°, cos 334°, tan 325°, cot 252°, 

sin 349°, cos 340°, tan 64, cot 177°. 

0.848. (Hint ; tan 238° = tan 58°, sin 122° = sin 58°.) 



-1.9: 



45. 
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47. ffls -f- 62 + 2 ah fios X. 49. cosk sin ?/-sm ^ cos j/. 

48. 0. 60. tana^. 

51. Positive between c = 0° and a; =135°, and between 3^ — 315° and 

a — 360° ; negative between x = 135° and x = 315°, 

52. Positive between 7, = 45° and x = 325°; negative between a; = 0° and 

a = 45°, and between s = 226° and i = 360°. 

53. sin (35- 90°) = -COSE, cos (a- 00°) - sin a:, etc. 

54. sin {x - 180°) = - sin a, cos (b - 180°) - - coa a:, etc. 

Exercises .53 and 54 abould be solved by drawing suitable figures, and 
employing a mode of proof similar to that used in S 24. 





Exercise XIV. 






1 


'sxa(x+-y)=^%, cos(* 


f!/) = H. 2. cos 


y, sin J/. 


8 


sin(60°+y)= COS!/ 


cos (90° + !/) = - 


sin y, etc. 


4 


sin (180°-!/)= sin8( 


cos (180° -!/) = - 


cosy 


el«. 


5 


sin (180° + !/)-- sin;/ 


cos (180° + y) = - 


COS!/ 


etc. 


6 


Bin (270° — !/) = — COS!/ 


cos(270°-!/) = - 


sin J/ 


etc. 


7 


Bin (270° + !/)^ -COS!/ 


cos(270°+!/) = 


sin;/ 


etc. 


8 


sin (360° -!/) = - Bin ^ 


COB (360°-!/) = 


cos?/ 


etc 


9 


sin (360° + !/) = sin 3/ 


cos (360° + !/) = 


COS!/ 


etc. 


10 


Bin (E - 90°) = - COB K 


COB (a;- 90°) = 


sin a 


etc. 


11 


sin (* - 180°) = - sin a; 


cos(ce-180°) = - 


cos 3; 


eto. 


12 


sin {X- 370°) = COS x 


eoB(a!-270°) = - 


sin 9; 


etc. 


18 


Sin(-y) =-sin!/ 


cos(-!/) = 


cos J/ 


etc. 


14 


sin(46°-j/) = jV2(cos!/~ 


sinz/), cos(45°-j/)- 


n^(cos;/+sin!/),etc. 


16 


sin(45°+!/)= J V2(cos!/ -1 


sin;/), cos(45°+!/) 


=\'j2lfio&y—smy), etc. 


16 


Bin(30°-fy)=i(cos!/+V" 


sinE<), cos(30°+y) 


= ^\'3(ooBy-Bin!/), etc. 


17 


Sin(a0°-v) = M V3 cos j(- 


sin!/), 008(60°-?/)= 


=l(cos!/+V3ain!/), etc. 


18 


3ain3;-4sin=a. 19 


4 cos^j; — 3 cos x. 
0.10051; cos|ce- 


30. 0. 21. iV3. 


22 


.mS.-V'"°j*^'' = 


|Jl±J|t^ = „.OM„, 


23 


cos3a;= —{, taa2a: = 


-V3. 
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10 TEIGONOMETKY. 

•2i. sin 22|' = ^V2-V2- 0.3827, cos 225° = a ^2 +' \^' = 0.9239. 
tan 231" -^^-1 ^0.4142, cot22^° = V2+ 1 =2.4142. 
26. sin 15° = tV2-V3- 0.25885, cos 15° = J V2 + VS = 0.9G592. 
tan 16° =2-V3 = 0.26799, cot 15° =2 + -^ =3.7321. 
27-33. The trutJi of these equations is to be establiahed by expressing 
the given functions in terms of the same function of the same angle. 
Thus, in Example 27, 

sin 2 a — 2 sin cos X, 
and 2 tan a: - 2 ^^ - I + tan^^ = sec^a; - — ~ ' 

By making tliese substitutions in the given equation its truth will 
be evident. 
S4. sin^+sinB+sin (7 = sin j1 + sin £ + sin[180 - (-4 + B)] 
= sin .4 + sin B + sin (A + B) 

= 2sitti(-d+ B) oosH-i-B) + 2sinJ(^ + B)cos^(^ + B) 
= 2 sin i (4 + B) [cosi (4 - B) + cos H-d + B)] 
= 4:sm.^(A-^B) cosi^cos^B, (see 5« 30 and 31). 

But cos| C - cos [90° —\{A + By]= sin \{A + B). 

Therefore, sin 4 + sin B + sin C = i cos ^ .d cos ^ B cos J e. 
35. Proof simitar to that for 34. 
86. tanzl + tanB + tanC = ^s J c^B + c^lc^B + ^ 



>3 C) Sin C _ rcos 4 cos B - cos {A + B)1 sin G 



. Proof similar to that for 36, 
2 42. tan^a. 



"C + Kl 
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EXEKCISE XV. 

1. sm-ilV3-60" + 2}ijE or laO^ + awnr. 

tan-i-^ =30='+2ii7r or 21CF + 2nnr. 

V3 
vers-i-i =±60° + 2n!T. 

cos-i/'-^'] = 135° + 2)i5r or 226<'4-2njr. 

csc-i^^ =45» + 2nit or 135''+2wir. 
tan-'a> =90'' + 2nn' or 21QP+2nir. 
sec-12 -±60° + 2int. 
cos-i(--jV3) = 150'' + 2n7r or 210°+2»jr. 

4. 4.- W. ±^- ^^- ±''^^'- 

2-v^ 13 

8. 0°, 90°, 180°. 11. ±~- 13. K-0, or±iV3. 

EXEKCISE XVI. 
1. If, for instance, B - 90°, [25] becomes j-sinA. 
3. a^-b'^ + c^, a=-6i' + c2-26e, a^ = b'» + (fl + 2ic. 
6, 90' in eaoli case. 

'■ ('■) "^rT = tan (^ — 45"'), andaright triangle, 

(ii.) 11 + 6- (a-6)(2 + VS), an isosceles triangle with the angles 
30°, 30°, 120°. 

EXEBCISE XVII. 

9. 300. 15. a = 6, c = 9.6502. 

10. ^B= 59.564 miles, 16. a = 7, ft-" j73. 

AC= 54.285 miles. . - _^,^eg^ qqq ^et and 1039,2 feet ; 

11. 4.6064 miles, 4.4494 miles, altitude, 519.6 feet 
S.7733 miles. ig. $55; 1607. 

12. 4.1501 aJid 8.67. lo. 6.438 and 6,857. 

13. 6,1433 miles and 8.7918 miles. 2o_ 15.538. 

14. 8 and 5.472a 
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TRIGONOMETRY. 







Exercise XVHI. 


11. 


420. 


12. Tlio other diagonal =121.617. 
EXEECISE XIX. 


11. 


6, 


16. 25. 18. 10.266. 


12. 


10.392. 


16. 3800 yards. 19. 5.0033 and 2.3385. 


14. 


8.9212. 


17. 72S.Q8yarda. 20. 26^ 0- ir and U° 6' 50". 
Exercise XX. 



11. ^ = 3«» 52' 12", 8 = 53° 7' 48", C-OO". 16. 45°, ■ 

12. ^=B=33°33'27",0 = 112°53'6". 17. 4"23'W.of N.,. 

13. A = B=C- 60'. 18. GO". 

14. Impossible. 20, 0.88S77. 



45', 120°, 15 






21. 54.510 miles. 






EsEKCISE 


XXI. 


1. 4333600. 






9. 17.3204 


2. 365.68. 






10. 10.3923 


3. 13260. 






11. 0.19952. 


i. 8160. 






12. obsinA, 


5. 240. 






13. J ((1^-6=) tan. 


6. 26208, 






14. 2431000. 


7. 15540. 






15. 30<=, 30°, 120°. 


8. 29450 or 


6983. 










Exercise 


XXII. 



1. 21,166 miles; 24,066 miles. 5. 20 feet. 

2. 6.3399 miles. 6. 2.6247 oi' 21.4587 

3. 119.20 feet. 7. 276.14 yards. 

4. 30°. 8. 383.35 yards, 
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MISCELLANEOUS EXAMT'LES. 



106. 70 feet; 


21. 


260.20 feet; 


46 


294,69 feet. 


142.86 (eet. 




3690.3 feet. 


47 


12,492,6 feet. 


1023,9 feet. 


22. 


1.3438 miles. 


48 


6.3397 miles. 


m" 34' 5". 


23. 


235.80 yards. 


49 


210.44 feet. 


238,400 miles. 


27. 


8 inclies. 


51 


757.50 feet. 


861,880 mOes. 


30. 


460.46 feet. 


52 


520.01 yards. 


2922.4 mileB. 


SI. 


88.9S6 feet. 


53 


1366.4 feet. 


60°. 


32. 


13.057 miles. 


54 


658..36 pounds; 


3.2068. 


34. 


56.564 feet. 




22° 28' 47" with first 


6.60.31. 


35. 


51.595 feet. 




force. 


189.56 feet. 


36. 


101,892 feet. 


55 


88.326 pounds; 


43.107 feet. 


38. 


N. 76''56'E.; 




45° 37' 16" with 


46 feet. 




13.938 miles an hr 




known force. 


26" 34'. 


39. 


442.11 yards. 


58 


500.10; 636.27. 


78.367 feet. 


40. 


265.78 feet. 


59 


345.48 feet. 


75 feet. 


41. 


,3121.2 feet ; 


60 


345.25 yards. 


1.4446 miles. 




3633,5 feet. 


61 


61.23 feet. 


3956.2 miles. 


42. 


529.49 feet. 


63 


307.77. 


56.049 feet. 


43. 


41.411 feet. 


64 


19.8; 35.7; 44.5. 


69.282 feet. 


44. 
45. 


2.34.51 feet. 
25.433 miles. 


65 


± 45°, ± 135°. 


66. c 


- m ± ViftS + 4 

2 


~n + 


IL. 


67. SI 


riA 
sB 


\ 1 - n^ ' 






± 60°, ± 12r. 
0°, 180°, ± 60°. 


72. r = ^csef-°. 




„ a 180° 


r, 30", 180°, 210° 


73. IbaemA. 






74 


i<^ 


sin 4 sin B CSC {^ + B) 





75. V.(.-(.)(.-S)(.-o). 
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13B A. 3 R. 8. p. 


04. 


10,281, 


114 


S. 50° 7' 30" E.; 


210 A. 3 II. 20 p. 


95. 


435.76 sq. ft. 




202.0 miles. 


12 A. 3 R. 30 P. 


96. 


49,088 sq. ft. 


115 


N. 17°25' W.i 


8 A. E, 6 r. 


07. 


750.13 eq. ft. 




37° 46' N. 


12 A. 1 R. 15 p. 


98. 


422.38 sq. ft. 


116. 


S.56°ll'E.i244.3. 


4 A. 2 R. 26 p. 


99. 


1834.95 sq. ft 


117. 


359.87 miles. 


14 A. 2 R. 9 p. 


100. 


26.87, 


121 


Long. 08° 56' W. 


61 A. 3 R. 


103. 


6. 


122. 


103.0 miles. 


4 A. 2 R. 26 P. 


108. 


6. 


124 


33° 18' N. ; 


13.93, 23.21, 


110. 


6086.4 feet. 




36° 24' W. 


32.50 oh. 


111. 


5°25'S.; 


125. 


N. 28°47'E.; 


fl A. B. 1 p. 




457,5 miles. 




1293 miles. 


870.34. 


112. 


460.8 milea; 


120 


S. S0°40'W.i 


1229.5. 




883.1 miles. 




250.8; 20° 9' W. 


1075.3. 


lis. 


220 miles ; 


127. 


S8° 21' N. ; 


2600.4. 




lat. 11° 39' S. 




66° 12' W. 


171 milea ; 32° 44 


W. 


129. N, 


30° 52' 


W. ; 86= 8' W. 


173 miles ; 51° 16 


S. ; 34° 13' E. 






S. 50° 58' E. ; 47° 


15' N 


; 20° 49' W. 






N. 53=20' E., 16° 


7'W. 


or N, 53° 20' 


W., 25 


53- W. 


N. 47° 42.5' E., 19 


27' N 


,121°5rE. ; 


r N. 47° 


42.5'W.,19°27'N. 


llfi°!>'E.; Of S. 47° 42.6' B., 14°83'N 


121° 48' E.; wS. 47° 42.5 


W., 14° S3' N., 116° 12' E. 






Lat. 30°, 359.82 miles ; lat. 46°, 359.73 miles ; lat 60°, 369.00 miles 


N. 72° 33' E. ; 45 miles 


42° 15' N., 69 


5'W. 




N. 72° 4' W., 287 miles 


32°54'S., 13 


2'B. 
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PROBLEMS IN 


GONIOMETKY. 


[The solutions here given a 


efor angles less than 3S0°] 


*V5'*4' 




102 
103 


a-±^^, ±|ff. 

a: ^ 0°, ± 60', ± 120°, 180°. 


± Va - 2. 




104 


x - tan-i Vi 


±iVs. 




105 


x=~ 15°, 105'. 


±h ±i- 




106 
107 


s = -3oot-ia. 


. C05-(-''±^-;+S«+«). 


VS-i V5+1 

4 4 




108 


x=- 46', 136°, 


3;=iJt, §>!. 




100 


I = ± 30°, ± 60°, ± 120°, 


X = 90^ 270=. 






± 150°. 


,=...%■-. 




110 
111 


3; - ± 00°, ± 30', ± 120°. 
a;'^±60', ±00', ±120°. 


tB = 0°, 90°. 




112 


X - 120°. 


a = 30°, siu-H-J)- 




113 


a = 30°, 150°, sin-ii. 


. a = 180°, coa-H- 




114 


» = ± 60°, ± i)0°. 


ic = 0°, 120°, 180°, 240". 


115 


a; = 0°, ± 20°, ± 100°, ±140°, 


. a = 45°, 225% tan-i(- 


*)■ 




±180=. 


. a; = 0°, ±60=, ±120° 


180°. 


ne 


it = ± 45°, ± 90°, ± 135°, 


. 15 = -46', 136°, 




117 


a = ± 30', ±60°, ± 90°, 


Jsiii-i(2\/2-2). 






± 120°, ± 150°. 


. x^O", 45°, 180=, 226' 




118 


X = 0', 45°, ± 00°, 225°, 


■ — '(-V5)' 




119 


x=^± 30°, ± 60°, ± 120°, 
± 150°. 


. 3) = 0', 45° 90°, 1B0° 


226° 


120 


-e = ± 30°, ±90°, ± 150°. 


270°. 




121 


a: = 0°, 45°, 180', 225°. 


, a; = 0', 180°, -Jsin-if. 




122 


x^ ± 45', ± 60°, ± 120°, 


. 3; = 0=, ±90', ±120° 






± 135°. 


. a; = 0', ±3G', ±72°, 


±108° 


123 


a; = 0', ±45°, ±135'. 


±144° 180°. 




I2i 


x=± 30°, ± 90°, ± 160°. 
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TKIGONOMETBY. 


. K = 8°, 168°. 




139. 


x^±h 


. x-tan-iV^. 




140, 


x-1. 


. a; =^±30=. 




141. 


x-0, 1, -1. 


. ,^=±00°, ±120° 




143. 


«-±Vi. 


. a; ^ ± 30°, ± 60°, 
±150°. 


± 120°, 


143. 


""" vi' 


). x = ±sir,-'i. 




Ii4. 


(a5 + 6?,i 


. !); = 30°, 160°-coa-l^■ 
i. K = tan-iT^, - tan-if. 
3. J, = — 90°, a: indetevminate ; 

* = 46°, 2/^0°; 

K = 135°, y = 180°; 


145. 
140. 
147. 
148. 




1 = 225% 2/^0'; 
3, ^ 316°, y = 180°. 




149. 

150, 
151. 
152. 


a+1 
V2a+1 


^ , ab q: V^ 


-4a& 


tan (a; + !/). 




— iab 


sinK 
sin!/ 


. X ^ 45", 225'. 




163. 


cot 5 a;. 






loi. 
155. 


'"-'l-2.>- 


. E^JVS. 




156. 


cot2a:-tan'!«. 



ENTRANCE EXAMINATION TArERS. 
I, 

6. rsin^^, rcoa^^. 7. 475.27 feet. 

11. 

4. sill -^V2-V2, tan^Va- 1, soc - V4 — 2V2, 
cos - ^ V2 + V2", cot - V2 + 1, CSC = V4 + 2 V2. 

5. {i.)oiie, (ii,)none, (iii.) none, (iv.) two. 

7. 383.35 yards, 
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(6) 30°, 90°, 150°, 270°, 
fi. 161.43, 33° Sr 5", 99° 4' 43". 7. 09.P 



7'52", C- 00° 57' 30". 



1. 17^ years. 4. 1. 



8iii23;=±m, tan2s-±-; 



5. 1,7208. 



N, SOoiS'E., 39!) miles. 
3, a;~210°, 330°, Bin-'T^- 

VI. 
1. IG. 4, 4G°, 225°, tan-i (- 2). 

5, First ship, 223 miles ; second 



1 — Stan^E sliip, 306 miles. 



1. 25. i. ±00°, 180", sin-U, 

3. 2, 5. S. 83°4:'W,; 1907 miles, 

3, 8,6814, Sj"-, 43° 43' 10", 106° 16' 50". 

VIII, 
1. 27. 2, a = -^2FianA, 6=\/2Fcotyl, 

3, a- ±45°, ±135°; 6- ± 30°, ± 150°, 

4, Smallest value of opposite side, 1 ; 1.75, 53° 7' 48", 81° 52' 12" or 

2,50, 126° 52' 12", 8° 7' 48". 

5, 39° 29' N,, 07° 14' W. 6, Ian n - tiin^ h or — notfi 6, 
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TRIGONOMETRY. 



1. 15.849. 

2. a = 2 (3 + V3), 6 = 2 ( V.^ + 1), c ^ 4 ( Vs + 1). 

3. tan 3 

4. 41° 24' 36", SS" 40' 9", &5° 46' 16". 

5. N. 76° 3' E.; 866 miles. 6. 1. 



■1. 1.23138. 4. 5,74U, 4,357. 

2. a-4, 6-3, c = C,^-53°7'48". 5. 14"' 10' E.; S12 miles, 

3. cos2^+4siQ3^Bin2C. C. 2. 



1. log3 4 = |. 4. n& feet. 

3. 0.039345,0.055226. 6. 47° 24' N., 03= 43-' W. 



XIII. 
7. 188,280. 8. 45° 24' 20". 

XIV. 
1. 200° 32' 6". 5. 1. 

7. a = 273.76, 6 = 272.94, c = 256.65, 

a = 02° S' 41", Ji = 61° eO' 19", 7 = 56°. 
3. 47° lO' 12". 



(a) 114° 35' 30", (6) rr. 6. 222° 62-' 12". 7. 461.91; 59° 11' 8". 
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Iogio4 =0 



ft 10 : 



-0.3: 



EXKKCISE XXIII. 
igioI4 -I.IiiflS. 
logiol2 =1.07918. 
logioi =1,39794. 

logs 5 =2.3324. 



= 0.60315. 

= 1.94591. 

= -0.40646. 
Iog.A -- 3.14843. 
a; =1.5439. K 



logic 21 = 1.32222. 
Iogio5 -0.69897. 



log, 5 =1.60944. 
logs9 -2.19722. 
log^^ =0.25962. 



= 0.83048. E = 0.42061. 

Exercise XXIV. 

logs5 =1.60944. 

logioe = 0.43429. 
EXEECISE XXV. 



logf7 =1.94691. 
logioll- 1.04139. 



1 1' = 0.0002908S820. 
n 1' - 0.000290888012. 
1 2' = 0.000581776. 



B 1'- 



, sine' =0.0017453: 
. Bin 2= = 0.034002; 

sin 3° =0.052340; 

sin 4°= 0.069762; 



Exercise XXVI. 

6' = 0.91 



Exercise XXVII. 



1. Tiieesis 
V3 + i 



Tlie 6 sixth roots of + 1 
, 1 + V^ -1- 



- 1 - V- 3 1 - V- ?> 
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20 SPHEKICAL TRIGONOMETEY. 

„ S + i -Vs + i 
2- — ^— ' 2 ' 

3. COB m" + i sin G7i°, cos 157i° + i sin 157^, cos247F + i sin 247^, 
cos337i=+isin337F- 

4. Ein4e=4oos3esinS-4cos9sin3A 
cos 4 fl — cos* e — 6 tos^ e sin^ e + sin' 0. 

Exercise XXVIII. 

5. sec^ = I + - + -^- + ^ + 
0. a; cot a; ^ ^j. ^g^^ 

7. BUI 10= = 0.173648, cos W^ 0,984808. 

8. tan 15' = 0.267044. 



Sl'HRRICAL TRIGONOMETRY. 

EXEKCISE XXTX. 
W. 2. 140°, 00°, 55°. T. Iff, 2ff, V' 



Exercise XXX. 

3. (i.) Either n or d must be equal to 90°. (lii.) A = 00°, S - &. 

(ii.) A - 90° and B-b. (;y.) c ~ 00°, A = 90°, B = 90°, 



Exercise XXXI. 

2, 1 llie cosine of Uie middle part = the product of tlie cotangents oi 
tlie adjacent parts. 
n. The cosine of the middle part F the product of the sines of tht 
opposite parts. 
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EXEKCISE XXXII. 
.2i. A~ 175° 57' 10", B - 135° 42' 50", C = 185° 34' 7". 

25. 0=104° 41' 89", a = 104° 53' 2", 6 = 133° 30' 48". 

26. a = 90°; 6 and B are iudetemiinate. 

27. a-4 = eo°, 6=90°, B=90. 
2S. The triangle is impossible. 

29. 6 = 130° 41' 43", c = 71° 27' 43", ^ = 112= 57' 2". 

30. a = 26° 3' 51", .A = 36', B=65°40'7". 

31. Impossible. 

Exercise XXXIII. 

2. Bini4 = Jsec^a. 

„ . , . -, 180° . ,, . , 180° 

3. sin J j1 = sec i a oos , siit 11 = sin | a osc , 

sin 1- = tan I a cot — ■ 

4. Tetraliedron, 70° 31' 40"; octahedron, 109° 28' 14"; icosaliedron, 

138° 11' 36"; cube, 90°; dodecahedron, 110° 33' 44". . 

Exercise XXXV. 
1. (i.) tajim-tan6cos.d, (ii.) tan m = tanc cosB, 

cos a = cos6secmcos{c-m); cos6 = cose seem cos (o- m). 



Exercise XXXVI. 

1. (i.) cot a; - tan B cso B, (ii.) cot i: = tanaescft, 

co3.d^cosBc6C3:sin(C-ce); C062J= cos Ccsoa^sin(J -»). 



Exercise XLI. 
4. 2000.5 square miles. 
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T 111 GO NO MET EY. 



ExEECISE XLII. 
, If X. denotes the angle required, sin f a: = cos 18° sec 9°, a = 148° 42'. 

, Let w = the inclination o£ the edge c to tlip plane of a and 6. Then 
it is easily shown that P'= ahc sin I sin lo. Now, conceive a sphere 
constructed having for centre the vertex of the trihedral angle 
whose edges are a, 6, e. The spherical triangle, whoso vertices 
are the points where a, b, c meet the surface of this sphere, has 
for its sides i, m, n; aJid w is equal to the perpendicular arc from 
the side t to the opposite vertex. Let £, M, N denote the angles 
of this triangle. Then, by means of [39] and [48], wo find tliat 
Bin ui - sin m sin if = 2 sinm sin J- itf" cos J JV 

-; VS^n s sin (n ~ i) sin (a - ml sin (s - n), 



11 i 
where s = J (I + m + u) ; 



hence, F~2atcVBin SBin(s- I)sin(«-m)sin(s-it). 

4. (1.) 9,976,500 square miles ; (ii.) 13,316,560 square miles. 

5. Let m = longitude of point where tie ship crosses tlie equator, JS = 

her course at the equator, d = distance sailed. Then 

6. Let fe = arc of the parallel between the places, x — difference required j 

thenslnj fc = sin ^d sect s = (K1°(V2- I), 

7. tan i (m - m-) ^ Vsec s sec (s ~ d) sin (s - () sin (s - V); where 2 s = 

j + [' + d, and 111 and m' are the longitudes of the places. 
9. 44 min. past 12 o'clock. 10. 60°. 

11. coat — — tandtani; time of sunrise — 12 — yr o'clock a.m. ; time 
of sunset — :rz o'clock p.m. ; cos a = sin d sec I. Tor longest day 
at Boston : time of sunrise, 4 hrs. 26 min. BO sec. a.m. ; time of 
snnset, 7 hrs. 33 min. 10 sec. p.m. Azimuth of sun at these times, 
57° 25' 15"; length of day, IShrs. 6min. 20sec. ; for shortest day, 
times of sunrise and sunset are 7 hrs. 33 min. 10 sec. a.m. and 
4 hrs. 26 min. 50 sec. p.m. ; azimuth of sun, 122° 34' 45" ; length 
of day, 8 hrs. 53 min. 40 sec, 

when cot d < tan i ; that is, for places in 
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ANSWERS. 23 

13. For the northern hemiBphere and positjve declination, 
sin A - sin i sin d, cot a = cos I tan d. 
Example: A=^ ]T° 11' 35", u - 73° 61' 34" E. 

14 The farther the place from the equator, the greater the sun's altitude 

at 6 i M m snmmer. At the equator it is 0°. At the north pole 
it is equal to the sun's declination. At a given place, the sun's 
altitude at 6 a.m. Is a maximum on the longest day of the year, 
and then sin A = sin i sin e (where e — 23° 27'). 

15 cos t — cot I tan d. rtinies of hearing due east and due west are 

13 — — clotk A.M., and T^ o'clock P.M., respectively. 
Example: 6hrs. 68min. a.m. and 5hr8. 2 min. p.m. 

16, When the days and nights are equal, d - 0°, cos t - 6, ( - 90° ; that 

is, sun is everywhere due east at 6 a.m., and due west at 6 p.m. 
Since J and d must both be less than 90°, cos t cannot be negative, 
therefore t cannot be greater than 90°. Aa d increases, ( decreaBes ; 
that is, the tjmes in question both approach noon. , If ;<<(, then 
cos (>1 ; fWerefore this case is impossible. Iil = d, then cos ( = 1, 
and ( = 0° ; that is, the times both coincide with noon. The ex- 
planation of this result is, that fot d= I the sun at noon is in the 
zenith, and south of the prime vertical at every other time. And 
If I >■ d, the diurnal circle of the sun and the prime vertical of the 
place meet in two points which separate further and further as I 
increases. At the pole the prime vertical is indeterminate i bnt 
near the pole, f — D0°, and the sun is always east ate a.m. 

17. sin i - sin d CSC ft. 18. 11° 50' 35". 

19. The bearing of the wall, reckoned from the north point of the hori- 

zon, is given by the equation oota; = cos i tan (i ; whence, for the 
given case, x = 75° 12' 38". 

20. 55° 46' 6" N. 21. 63° 23' 41" N. or S. 

22. (L)oost= — tanf cot^i [[i.)t = fi; (iii.)Uie result is indeterminate. 

23. cot a = COS ; tan d. 28. sin d = sin e sin ii, tan )• = cose tarn*. 

26. h = 65° 87' 20". 29. d = 32° 24' 12", r - 301° 48' 17". 
20. ft = 68° 26' 16", a = 162° 28'. 30. d = 20° 48' 12". 

27. « = 45°42', ; = G7°58'54". 31. 3hrs. 59min. 27j sec. p.m. 
32. cos ;. a = Vcos la + h +p)^si{l + h - p) sec I se^t. 
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SURVEYING. 



6. 13 A. 0iV p- 

7. 11 A, 157 p. 

8. 7.51025. 



2. 


20 A. 12 p. 


(i. 


5 A. 43 r. 


9. (i A. 2 r. 


4. 


2 A. 64 ... 
2 A. 151 p. 


7. 


EXEKCISE 


10. 9' A. 40 p. 
III. 




1. 2 a. 


12^ p. 


EXFKCISE 


IV. 


1, 


^E = 3.75 ch. 






9. .EM(on£^)^ 2.5087 ch. 


3, 


AB = SMch.; 






^JVfon^B)- 6.439 ch. 




EG = 3.42 oh. 






10. LetEff>DF, 


8. 
4. 


AE = 4.55 ch. 
AE = 5.60 oh. 






■XJB = 12.247 oh. 

AG= 9.798 ch. 

then ^j)^ 8.669 ch. 


5. 


C£^ = 4.450 ch. 






6. 


^D = 2.275 ch.. 






.-4F= 6.928 ch. 




BE = 1.82 oh. 






11. Let DG>£'F, 


7. 


AD = i.61 ab. ; 






■ CG = 14.862 ch. 




BE = 3.G1 ch. 






J CD = 13,113 ch. 


8. 


The distances oi 
and 5 oh. 


J Alia 


,rc 2, 3, 


fie"1 OF ^11 '404 oh. 
.CE=10.06Sch. 
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Exercise V. 

1. as feet. 

2. Third column : 26.644 opposite ; 25.286 opposite 4. 

riftli column; 20, 19.5, 21.3, 23, 22.3, 21.431, 20,4, 21.8, 24.1. 



11 


-^ 


j 




D3(u^ Level. 









. Column H.e. 20.8, 20.4, 20,0, 19.6, etc. 
Column 0. 0.0, 5.3, 6.4, 7.4, 5.0, 6.1, etc. 





Cr 


S:.rf 


ce. 


erSll. 


i 


y^ 


^ient- 






Ds 












4 






9 10 10 
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INTKODirCTION. 



1. If the natural numbers are regarded as powers of ten, the 
exponents of tbe powers are the Common or Briggs Logarithms of 
the numbers. If A and B denote natural numbers, a, and h their 
logarithms, then 10" = A, 10'' ^^B; or, written in logarithmic form, 

\o^A = a, \o^B = h. 

2. The logarithm of a product is found by adding the logarithms 
of its factors. 

For, A-X.B = 10" X ^0^ - 10" + '>. 

Therefore, log (4 x B) = a + 6 = log j1 + log B. 

8. The logarithm of a quotient is found by subtracting tlie 
logarithm of the divisor from that of the dividend. 

Tlierefore, log— = a — b^lo^ A — \ogB. 

4. The logarithm of a power of a number is found by multiply- 
ing the logarithm of the number by the exponent of the power. 

Tor, A' - (10")'^ = 10"-. 

Therefore, log ^^ = an — >i log A . 

5. The logarithm of the root of a number is found by dividing 
the logarithm of the number by the index of the root. 

For, \/I = ^^10^ = IC^. 

Tlierefore, log ^Va = - — -^ — 

6. The logarithms of 1, 10, 100, etc., and of 0.1, 0.01, 0.001, 
etc., are integral numbers. The logarithms of all other numbers 
are fractions. 
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:For, 10'= 1, hence logl = 0; lO-i— 0.1, hence logO.I = — 1; 

101= 10, henoe log 10 = 1; 10-*= 0. 01, hence log 0.01 = —2; 

10^= 100, henoe loglOO-2; 10-s - 0.001, hence log 0.001 = - 3 ; 

10" = 1000, lience log 1000 - 3 ; and so on. 

II the number is between 1 and 10, the logarithm is between and 1. 
If the number is between 10 and 100, the logarithm is between 1 and 2. 
If the number is between 100 and 1000, the logarithm is between 2 and 3. 
If the number is between 1 and 0.1, the logarithm ia between and —1. 
If the number is between 0.1 and 0.01, the logarithm is between —1 and —2. 
If the number is between 0.01 and 0.001, the logarithm ia between —2 and —3. 
And HO on. 

7. If the number is lesB than 1, the logarithm ia negative {§ 6), 
but ia written in such a, form that fiie. fractional part is always ^osiiiwe. 

I'or the number may be regarded as the product of two factors, one of 
which lies between 1 and 10, and the other is a negative power of 10 ; the 
logaritlim will then talcs the form of a difference whose minuend is a positive 
proper fraction, aad whose subtrahend is a positive integral number. 
Thus, 0.48-4.8x0.1. 

Therefore (§ 2), log 0.48 = log 4.8 + log 0.1 ~ 0.68124 — 1. (Page 1.) 
Again, 0.0007 = 7 X 0.0001. 

Therefore, log 0.0007 = log 7 + log O.OOOl = 0.84510 - 4. 

The logarithm 0.84510 — 4 is often written 3.84510. 

8. Every logarithm, therefore, consists of two parts : a positive 
or negative integral number, which is called the Charaeteristio, and 
a positive proper fraction, which is called the Mantissa. 

Thus, in the logarithm 3.52179, the integral number 3 is the characteristic, 
and the fraction .52179 the mantissa. In the logarithm 0.78354 — 2, the inte- 
gral number — 2 is the characteristic, and the fraction 0.78254 is the mantissa, 

9. If the logarithm is negative, it is customary to change the 
form of the difference so that the subtrahend shall be 10 or a multiple 
of 10. This is done by adding to both minuend and subtrahend a 
number which will increase the subtrahend to 10 or a multiple of 10. 

Thus, the logarithm 0.78254 — 2 is changed to 8.78254 — 10 by adding 8 to 
both minuend and subtrahend. The logarithm 0.92737 — 13 is changed to 
7.92737 — 20 by adding 7 to both minuend and subtrahend. 

10. The following rules are derived from § 6 : — 

If the number is greater than 1, make the characteristic of the 
logarithm one unit less than the number of figures on thS left of 
the decimal point. 

If the number is less than 1, make the characteristic of the loga- 
rithm negative, and one unit more than the nuinber of zeros between 
the decimal point and the first significant figure of the given number. 
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JNTEODUCTION. V 

If the ehaiacteristie of a given logarithm is positive, make tlie 
numi&r of figures in the integral part of the corresponding number 
one more than the number of units in the characteristic. 

If the characteristic is negative, make the nuniber of zeivs between 
the decimal point and the first significant figure of the correspond- 
ing number one less than the number of units in the characteristic. 

Thus, the characteriBtic of log 7849.27 — 3 ; 

the characteristic of log 0.037 = — 2 = 8.00000 — 10. 
If the characteristic Is 4, the corresponding number has five figures in its inte- 
gral part. If the characteristic is —3, that is, 7.0O00O— 10, the coiTesponcling 
friction his two zeros between the decimal point and the first significant figure. 

1 T e 1 ga tbms of nu be s that o. n e d ed one from 
a o h y E 1 pi at or y n cr of 10 

ha e t e e mau ssa 

F upynodduia "i of 10 will 

n aso d u ts n b h k h w f 10 ; and 

s n his xpnisanug hmu h n will bo 

unaffected 

Thus, log 4.6021 - 0.60206. (Page 9.) 

log 460.21 = log (4.6021 X 10«) = log 4.6021 -I- log 10^ 

= 0.06296 + 2 = a.6S296. 
log 400210 =1og (4.0021 X lOS) = log 4.0021 -I- log lOS 

'= 0.06296 -I- 5 = 6.60296. 
log 0.046021 - log (4.6021 -MO^) = log 4.0021 - log 10= 
= 0.66296 - 2 = 8.06296 - 10. 



TABLE I. 

12. In this table (pp. 1-19) the vertical columns headed W con- 
tain the numbers, and the other columns the logarithms. On page 1 
both the characteristic and the mantissa are printed. On pages 
2-19 the mantissa only is printed. 

The fractional part of a logarithm can be expressed only approx- 
imately, and in a five-place table all figures that follow the fifth ai-e 
rejected. "Whenever the sixth figure is 5, or more, the fifth figure 
is increased by 1, The figure 5 is written when the value of the 
figure in the pla«e in which it stands, together with the succeeding 
figures, is more than 4^, but less than 6. 

Thus, if the mantissa of a logarithnJ written to seven places is 5328732, it is 
written in this table (a five-place table) 682B7. If it is 5328751, it ia written 
53283. If it Is 6328461 or 5328490, it is written ju Uiis table 5328S. 

Again, if Uie mantissa is 5S24981, it is wiitten 53250 ; and i£ it is 4900907, it 
ia written 50000. 
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VI LOGARITHMS. 

This distinutioii bctwecu 5 and 5, in case it is desired to curtail 
still further the mantissas of logarithms, removes all doubt whether 
a 5 ia the last given place, or in the last but one followed by a 
zero, should be simply rejected, or whether the rejection should 
lead us to increase the preceding figure by one unit. 

Thus, the majitisaa 1392S when reduced to lour places should be 1392 ; but 
13925 sliould he 1393. 

To Find the Logarithm of a Given Numisek. 

13. If the given number consists of one or two signifieant 
figures, the logarithm is given on page 1. If zeros follow the 
significant figures, or if the number is a proper decimal fraction, 
the characteristic must be determined by § 10. 

14. If the given number has three significant figures, it will be 
found in the column headed N (pp. 2-19), and the mantissa of its 
logarithm in the next column to the right, and on the same line. 
Thus, 

Page 2. log 145 = 2.18137, log 14500 = 4.16137. 

Page 14. log 710 = 2.S5491, log 0.710 = 9.85191 - JO. 

15. If the given number has four significant figures, the first 
three will be found in the column headed N, and the fourth at the 
top of the page in the line containing the figures Ij 3, 3, etc. The 
mantissa will be found in the column headed by the fourth figure, 
and on the same line with the first tliree figures. Thus, 

Page 15. log 7i 
Page 18. log S; 

IS. If the given number hsa five or more significant figui-es, a 
process called interpolation is required. 

Interpolation is based on the assumption that between two con- 
secutive mantissas of the table the change in the mantissa is directly 
proportional to the change in the number. 

Required the logarithm of 34237. 

The required mantissa is (§ 11) the same as the raantJasa for 3423,7 ; there- 
fore it will he found by adding to Hie mantissa of 3423 eeven-tentha of tl» 
difference between the mantissas for 3423 and 8424. 
- The mantissa for 3423 is 53441. 

The difference between the mantiasaa for 3123 and 3424 is 12, 

Hence, the mEintiasa tor 3423.7 is 53441 + (0.7 X 12) = 53449. 

Therefore, the required logarithm of 34237 is 1.53449. 
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Required the logarithm of 0.0015764. 

The required mantissa is the same as fie mantissa for 1676.4 ; tliei-efore 
it will be found by adding to tlie mantissa for 1678 four-tenths of the difiecence 
between the mantissas for 1676 and 1577. 

The mantissa for 1676 is 19766. 

The difierence between the mantissas for 1676 and 1677 is 27, 

Hence, the mantissa for 1576.4 is 19756 + (0.4 x 27) = IS767. 

Therefore, the required logarithm of 0.0010764 is 7.19707 - 10. 

Required the logarithm of 32.6708. 

The required mantissa is the same as the mantissa for 3267.08 ; therefore 
it will be found by adding to the mantissa for 3267 eight>-hundi'edth3 of the 
dillerence between the mantissas for 8267 and 3208. 
Is 61416. 

n the mantissas for 3367 and 3268 is 13. 
Hence, the mantissa for 3267.08 is 61415 + (0.08 x 13) = 51410. 
Therefore, tlie required logarithm of 32.6708 is 1.51416. 

17. When the fraction of a unit in the part to be added to the 
mantissa for four figures is less than 0.5 it is to be neglected ; wlien 
it is 0.5 or more than 0.5 it is to be taken as OJie unit. 

Thus, in the first example, the part to be added to the mantissa for 3423 is 
8.4, and the .4 is rejected. In the second example, the part to be added to the 
:a for 1576 is 10.8, and 11 is added. 



To Find the Antilo<iabithm ; that is, the Numbee Coiiki^- 
SPONDiHG TO A GiYEN Logarithm. 

18. If the given mantissa can be found in the table, the first 
three figures of the required number will be found in the same line 
with the mantissa in the column headed K, and the fourth figure at 
the top of the column containing the mantissa. 

The position of the decimal point is determined by the charac- 
teristic (§ 10). 

Pind the number corresponding to the logaiithm 0,92002. 

Page 16., The number for the mantissa 02002 is 8318. 

The characteristic is 0; therefore, the required number is 8.318. 

Mnd the number corresponding to the logarithm 6.091C7. 

Page 2. The number for the mantissa 09197 is 1286. 

The characteristic is 6 ] tlierefore, the required number is 1235000. 

Find the number corresponding to the logai'ithm 7.50325 — 10. 

Page 6. The number for the mantissa 50325 is 3186. 

The characteristic is — 3 ; therefore, the required number is 0.003186, 
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19. If the given mantissa cannot be found in the table, find 
in the table the two adjacent mantissas between which the given 
mantissa lies, and the four figures corresponding to the smaller of 
these two mantissas will be the first four significant figures of the 
required number. If more than four figures are desired, they may 
be found by interpolation, as In the following examples : 

Find the number corresponding to the logarithm 1.48762. 

Here the two adjacent mantissas of tie taWe, between which the given man- 
tissa 48702 lies, are found to be {page 6) 487S6 and 48770. The correEponding 
mimbets are 3073 and 3074. The amalier of th^e, 3073, containa the first four 
sigiiifioaiit figures of the required number. 

The difierence between the two adjacent m■ultl^^s is 14, dnd the difference 
between the correspondhig numbers is 1. 

The difference between the smalier of tiie two adjicent unntiasaa, 48766, 
and the given mantissa, 48762, is 6. Theretcre, the number to be annexed to 
8073 is ^ of 1 = 0.428, and the fifth significant figure of the jeqmred number 
is 4. 

Hence, the required number is 30,734. 

Find the number corresponding to the logarithm 7.82336 — 30. 
o adjacent mantissas between which 82328 lies aio (page 13) 82321 



and 82328. The number corresponding K 

The diSerenoe between the two adjacent mantissas is 7, and the d 
between the corresponding numbers is 1. 

The difference between the smaller mantissa, 82321, and the given mantissa, 
82326, is 5, Therefore, the number to be amiexed to 6966 is f of 1 — 0.7, and 
the fifth significant figure of the req^aired number Is 7. 

Hence, the required number is 0.0066567. 

In using a five-place table the numbers corresponding to man- 
tissas may be carried to five significant figures, and in the first 
part of the table to sis figures.* 

20. The logarithm of the reciprocal of a number is called the 
Cologaritlim of the number. 

If A denotes any number, then 

colog.4=log--j=log 1 — log j1(§ 3) — — log.^. 

Hence, the cologarithm of a number is equal to the logarithm of 
the number with the minus sign prefixed, which sign affects the 
entire logai-ithm, both cliaraeterUtic and mantissa. 

*In most tables of logarithms proportional parts are given as an aid to 
interpolation ; bat, after a little practice, the operation can be performed nearly 
Bs rapidiy without them. Tlieir omission allows a page with larger-faced type 
and more open spacing, and consequently less trying to the eyes. 
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INTKODUCTION. IX 

In order to avoid a negative mantissa in the cologaiitlim, it is 
customary to substitute for —log A its equivalent 
(]0-]og^)-10. 

Hence, tlie cologaritlira of a number is found by subtracting tlic 
logaritlim of the number from 10, and then annexing — 10 to the 
remainder. 

The best way to perform the subtraction is to begin on tlie left 
and subtract each figure of log^ from 9 until we reach the last 
significant figure, which must be subtracted from 10. 

If log A is greater in absolute value than 10 and less than 20, 
theii in order to avoid a negative mantissa, it is necessary to write 
— log A in the form 

(20-log^)~20. 

So that, in this case, colog A is found by subtracting log A from 
20, and then annexing — 20 to the remainder. 

Find the eologarithm of 4007. 

10 -10 

Page 8. log 40U7 — 3.60282 

colog 4007= 3..30718-1O 

Find the eologarithm of 103992000000. 

20 -20 

Page 2. log 10S9S3000000 = 11.01700 

colog 103962000000 = 8. 9830(1 - 20 

If the characteristic of log A is negative, then the subtrahend, 
— 10 or — 20, will vanish in finding the value of colog A. 

]?ind the eologarithm of 0.004007. 

10 -10 

log 0.004007 = 7.60282 - 10 
colog 0,004007 = 2.30718 

With practice, the eologarithm o£ a number can be taken from 
the table as rapidly as the logarithm itself. 

By using cologarithms the inconvenience of subtracting the log- 
arithm of a divisor is avoided. For dividing by a number is 
equivalent to multiplying by its reciprocal. Hence, instead of 
subtracting the logarithm of a divisor its eologarithm may be 
added. 
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LOGAKITIIMS. 



Find the logarithms of : 

1. 6170. 4. 86.71 

2. 0.G17. 6. 296.t 

3. 2867. 6. 7004 



10. 67.3: 

11. 18.5! 

12. 0,00' 



Find the cologarithms of : 



13. 72433. 

14. 802.376, 

15. :5.7043, 



115. 869.278. 

17. 164000. 

18. 70.0426. 



19. 0.002403. 

20. 0.000777. 

21. 0.051828. 



I'ind the antilogarithm 

22. 2.47246. 

23. 7.89081. 

24. 2.91221. 



25. 1.26784. 

26. 3.70029. 

27. 6.18752. 



. 9.79029-10. 



30. 6,15466-10. 



COMrUTATIOK BY L 

21. (1) Kiid the value of x, if 3; = T2214 X 0.0 



Page 16. 
By §2. 
Page 11. 



log 72214 = 
log 0.08203 = 



(2) Find thB value of x,ilx — 5250 -f- 23487. 



log 6250 
colog 23487 



(3) Find the value of x, if x 



7.56 X 4667 X 567 
- 899.1 X 0.00337 X 23435* 



log 7.66 = 0.87852 

log 4667 =3.66904 

log 567 = 2.75368 

colog 899.1 = 7.0461S- 

colog 0.00337 = 2.47237 

colog 23435 = 5.63013 - 

logx =2.44983 = 
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INtKODUCTION. 

(4) Finil the cube oi 376. 

Page 7. iog STG = 2.5751S 

Multiply by 3 (§ 4), 3 

Page 10. log 3763 - 7.72567 - log 53158600 



(S) Find the scLuaie of 0,003278. 

PageO. log 0.003278 - 7.61561- 



(6) Find the sqasje root of 8322. 

Pago 16. log 8322 = 3.92023 

Divide hy 2 (g 5), 2 )3.92023 

log Vssia = 1.96012 = log 01.226 

.-. \^322 -91.226. 

If the given number is a proper fraction, its logarithm will have 
as a subtrahend 10 or a miiltiple of 10. In tbis case, before divid- 
ing the logarithm by the index of the root, both the subtrahend and 
the number preceding the mantissa should be increased by such a 
number as will make the subtrahend, when divided by the index of 
the root, 10 or a multiple of 10. 

(7) Find the square root of 0.000043641. 

Pages. log 0.000043641 = 5,03989-10 

10 -10 

Divide by 2 (§ 5), 2 )l5.G3989 •- 20 

Page 13. log V o.00004364i ■ " 



(8) Find the sixth root of 0.076553. 

Page 15. Jog 0.070553 = 8.88397-10 

60 -60 

Divide by 6 (§5), 6) 68.88397 -lo 

Page 13. log yo.07tl563 =" 9.81400 - 10 - log 0.66163 

.'. VO. 076553 = 0.65163, 



Find by logarithms the value of : 
45007 5.6123 

■ 31045' ■ 0.01987' 
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74.038 


>: 0.05938 


4.667 X 


0.03467 


8.808 X 


0.07189 


0.0075389 X 0.0079 


0.00907 


X 009784 


312 X 7 


18 X 31,82 



317 X 00.38 X 47li.6 



10 


/0.003467 X 43.;i87 X 99.2 X 0.00025 


Vo.005824 X 16.724 x 1.38 x 0.00089 


Jl 


flteaSIS X 29.36 X 0.007 X 0.62487 


VO.O0OT2 X 9.23B X 5.924 X 3.0007 




/3.1416 X 0.031416 X 0.0031416 



.7285 X 0.017285 X 0.0017285 



33. This table (page 20) contains the value of the number tt, 
its most useful combinations, and their logarithms. 



Find the length of an arc of 47° 32' 57"' in a unit circle. 



47° 33' 57" = 17J177" 
logl7;i77 =5.23344 

log ■\, = 4.68557 - 10 



log arc 47° 32' 57" = 9.91901 - 10 - log 0.82994 
.-. length of arc = 0.82994. 

Find the angle if the length of its arc in a unit circle = 0.54936. 
log 0.54936 =9.73986-10 

colog ~ = log a" - 5.31443 
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23. The relations between arcs and angles given in Table II. 
:e readily deduced from the cirRiilar measure of an angle, 
lu Circular Iffeasure an angle is defined by the ecLuation 



angles 



radius ' 



in which the word arc denotes the length of the arc corresponding 
to the angle, when both arc and radius are expressed in terms of 
the saTKe linear unit. 

Since the arc and radius for a given angle in different circles 
vary in the same ratio, the value of the angle given by this equa- 
tion is independent of the value of the radius. 

The angle which is measured by a radius-arc is called a Radian, 
and is the amjular imit in circular measure. 

Since C^2-Kli, it follows that -^ =2 tt, and ^-^- = tt. Therefore, 

If the arc =^ circumference, the angle — 2 x. 

If the arc = semicircumference, the angle ^ ir. 

If the arc = quadrant, the angle ^^^ir. 

If the are = radius, the angle = 1. 

Therefore, tt = 180°, ^ tt ^ 90°, ^ tt ^ 60°, i tt = 45°, i tt ^ 30", 
^ TT := 22^°, and so on. 

Since 180° in common measure equals tt units in circular measure, 

1° in common measure = TqT units in circular measure ; 

, ., . . , 180°. 

1 unit m circular measure = — — in common measure. 

By means of these two equations, the value of an angle expressed 
in one measure may be changed to its value in the other measure. 
Thus, the angle whose arc is equal to the radius is an angle of 

1 unit in circular measure, and is equal to , or 57° 17' 45", 

very nearly. 

TABLE III. 

24. This table {pp. 21-49) contains the logarithms of the trigo- 
nometric functions of angles. In order to avoid negative character- 
istics, the characteristic of every logarithm is printed 10 too large. 
Therefore, — 10 is to be annexed to each logarithm. 

On pages 28-49 the characteristic remains the same throughout 
each column, and is pi'inted at tlie top aud the bottom of the column. 
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But on pp. 30, 49, the characteristic changes one unit in value at the 
places marked with bars. Above these bars the proper characteristic 
is printed at the top, and below them at the bottom, of the column. 

25. On pages 28-49 the log sin, log tan, log cot, and log cos, of 
1° to 89", are given to every minute. Conversely, this part of the 
table gives the value of the angle to the nearest minute when 
log sin, log tan, log cot, or log cos is known, provided log sin or 
log cos lies between 8.24186 and 9,99993, and log tan or log cot 
lies between 8.24192 and 11.75808. 

If the exact value of the given logarithm of a function is not 
found in the table, the value nearest to it is to be taken, unless 
interpolation is employed as explained in § 26. 

If the angle is less than 45° the number of degrees is printed at 
the top of the page, and the number of minutes in the column to 
the left of the columns containing the logarithm. If the angle 
is greater than 45°, the number of degrees is printed at the bottom 
of the page, and the number of minutes in the column to the right 
of the columns containing the logarithms. 

If the angle is less than 45°, the names of its functions are 
printed at the top of the page ; if greater than 45°, at the bottom 
of the page. Thus, 



Page 
Page 45. 
Page S7. 



log cot Se" 53' = 10.12473 - 10= 0,12*73. 
log cos 69" 14'= 8.54969-10. 
log tan 45" 59' = 10.01491 - 10 = 0.01491. 
H log coa = 9.87108 - 10, angle - 41" 28'. 
If log cot = 9.39353 - 10, angle = 76° 6'. 
H log sin = 9.47760 - 10, the nearest log sin in tlie table is 9,47774 - 10 
(page 30), and the angle corresponding to this value is 17° 29'. 

If log tan = 0.76520 = 10.70520 — 10, the nearest log tan in the tahle is 
10.70490 — 10 (page 32), and the angle corresponding to this value is 80° 16'. 

36. If it is desired to obtain the logarithms of the functions of 
angles that contain seconds, or to obtain the value of the angle in 
degrees, minutes, and seconds, from the logarithms of its functions, 
interpolation must be employed. Here it must be remembered 
that, 

The difference between two consecutive angles in the table 
is 60". 

Log sin and log tan increase as the angle increases ; log cos and 
log cot diminish as the angle increases. 
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INTKODUCTIOK 



Find log tan 70" 46' 8". 

Page 37. log tan 70° 46' - 0.45731. 

The difference between the mantissas of log tan 70° 46' and log ti 
is 41, and ^ of 41 - E. 

As the function is increasing, the 5 must be added to the figure ii 
place of the mantissa 45731 ; and 

re log tan 70" 46' 8" = 0.45736. 



.n 70= 47' 
the fifth 



lind log COS 47° 35' 4". 

Page 48. log cos 47= 35' = 9.82899 - 10. 

The difference between this mantissa and the mantissas of the next log cos 
is 14, and ^% of 14 = 1. 

As the function is decreasing, the 1 must be subtracted from the figure in the 
fifth place of tlie mantissa 82899 ; and 

Therefore log cos 47° 35' 4" = 9.838!)8 - 10. 



Find the angle for wliieli log sin = 9.45359 — 10. 

Page 35. The mantissa of the nearest smaller log sin in the table is 45334. 

The angle corresponding to this valne is 16° 30'. 

The difference between 46384 and the given mantissa, 65359, is 25. 

The difference between 45334 and the nest following mantissa, 45377, is 43, 
and If of 60" = 35". 

As the function ia increasing, the 3Q" must be added to 16° 30'; and the 
reijuired angle is 16° 30' 35". 



Find the angle for which log cot — 0,73478. 

Page 32. The miintissa of tlie nearest smaller log cot in the table is 73415, 

The angle corresponding to tills value is 10° 27'. 

The difference between 73415 and the given m^itissa is 63, 

The difference between 73415 and the next following mantissa is 71, and ^ 
of 60" = 53". 

As tlie function is decreasing, the 53" must be subtracted from 10° 27'; and 
the required angle is 10° 26' 7". 





Exercises 




I. log sin 30° 8' 9" 


9 


log tan 26° 27' 47' 


2, log sin 54° 54' 40" 


10 


log cos 66° 11' 67' 


3, log cos 43° 32' 81" 


11 


log cot 62° 0' 4' 


4. log cos 69° 26' 11" 


13 


log cos 75° 26' 58' 


6. logtan32° »■ 17" 


18 


log tan 33° 27' 13' 


6. log tan 50° 2' 2" 


14 


log cot 81° 55' 24 


1. log cot 44° 33- 17" 


15 


log tan 89° 46' 35' 


8, log cot 56° 0'32" 


16 


log tan 1°25'56 
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LOGAKl'IHMS, 



ind the angle A if 








17. logaiii^= 9.70075 


25 


log cos A = 


9.40008. 


18. logsia^= 0.S1289 


26 


log cot A = 


9.78815. 


19. logeoajl= 9.83026 


27 


log cobA = 


9.34301. 


20. logcos^= 9.54595 


28 


iogtmA- 


10.52288. 


21. logtan.d= 0.79840 


29 


log cot A ^ 


65349. 


32. log tau^ = 10.07671 


30 


log Bin 4 = 


8.30310. 


23. log oot^= 10.00675 


31 


log sin ^ ^ 


8.06078 


24. log cot J. = S.8426S 


32 


log tan A = 


8.11148 



27. If log see or log esc of au angle is desired, it may be found 
from tlio table by the formulas, 

see A = ■ — ■■ : ■ ; hence, log sec'.4 — colog cos A. 



CSC A — -: — J i lienoe, log esc A ^= colog sin A. 

Page 31. log sec 8° 28' =oologcos 8" 28' =0.00476, 
Page 42. log cso 59° 36' 44" = colog sin 59° 36' 44" ~ 0.06418. 

38. If a given angle is between 0° and 1°, or between 89° and 90°; 
or, conversely, if a given log sin oi- log cos does not lie between the 
limits 8.24186 and 9.99993 in the table; or, if a given log tan or 
log cot does not lie between the limits 8.24192 and 11.76808 in the 
table ; then pages 21-24 of Table III. must be used. 

On page 21, log sin of angles between 0° and 0° 3', or log cos of 
the complementary angles between 89° 67' and 90°, are given to 
every second; for the angles between 0° and 0° 3', log tan ^ log sin, 
and log cos ^= 0.00000 ; for the angles between 89° 57' and 90°, 
log cot =; log cos, and log sin = 0.00000. 

On pages 22-24, log sin, log tan, and log cos of angles between 
0° and 1°, or log cos, log cot, and log sin of the complementary 
angles between 89° and 90°, are given to every 10". 

Whenever log tan or log cot is not given, they may be found by 
the formulas, 

log tan ^^ colog cot. log cot = colog tan. 

Conversely, if a given log tan or log cot is not contained in tlie 
table, then the colog must be found ; this will be the log cot or 
log tan, as the ease may be, and will be contained in the table. 

On pages 25—27 the logarithms of the functions of angles 
between 1° and 2°, or between 88° and 90°, are given in the manner 
employed on pages 22-24. These pages should be used if the angle 
lies between these limits, and if not only degrees and minutes, but 
., minutes, and multiples of 10" are given or r 
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When the angle is between 0° and 2°, or 88° and 90°, and a 
greater degree of aeeiitacy is desired than tliat given by the table, 
interpolation may be employed ; but for these angles interpolation 
does not always give true results, and it is better to nse Table IV. 

Find log tan 0° 2' 47", and log cos 89° 37' 20". 

Fage21. log tan O'' 2' 47" = log sin 0° 2' 47" = 6.90820 - 10. 
Page 23. log coa 89= 37' 30" - 7.81911 - 10. 

Find log cot 0° 2' 15". 

10 -10 

Page 21. log tan 0= 2' 16" =0.81691- 
Therefore, log cot 0° 2' 15" = : 



3.18409 




10 


-10 


7.79617- 


-10 



Find log tan 89° 38' 30". 



Page 23. log cot 88° 1 
Tlierefore, log tan 89° ; 

Find the angle for which log tan = 6.92090 — 10. 
Page 21. The nearest log tan is 6.02110 — 10. 
The corresponding angle for which ia 0° 2' 62". 

Find the angle for which log cos — 7.70240 — 10. 
Page 22. The nearest log cos is 7. 70201 - 10. 
The corresponding angle for which is 89° 42' 40". 

Find the angle for which log cot — 2.37368. 
This log cot is not contained in the tal)lc. 
The colog cot = 7.G2632 ~ 10 = log tan. 

The log tan In the table nearest to this is (page 22) 7.62610 — 10, and the 
angle corresponding to this value of log tan is 0° 14' 30". 

39. If an angle x is between 90° and 360°, it follows, from 
formulas established in Trigonometry, that, 

between 180° and 270°, 
log sin a;=^log sin (a; — 180°)„, 
log cos x = log coa (x — 180°)„, 
log tana) = log tan (a; — 180°), 
log cot ^ = log cot (as — 180°); 



11 90° and 180°, 
log sin x^log sin (180° — a:), 
log cos K^^log coa {180° — a;)„ 
log tan X = log tan (180" — x)„, 
log cot X = log cot (180° — x), ; 

between 270° 
log Bin a; =: log 



log coa (860" — x), 
tan X = log tan (360° — x)„ 
cot a^ = log cot (360° — a:)„. 
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The letter n is placed (according to custom) after the logarithms 
of those functions which are negative in value. 

The above formulas show, without further explanation, how to 
find by means of Table III. the logarithms of the functions of any 
angle between 90° and 360°. 

Thus, log sin 187= 45' 22" = log sin iS" 14' 38" = 9.83766 - 10. 
log COS 187° 45' 22" = log„ cos 42° 14' 38" = 9.8304O„ - 10. 
log tan 137° 45' 22" - log„ tan 42° 14' 38" = e.S5815„ - 10. 
log cot 137° 45' 22" = log„ cot 42° 14' 38" = 0.04185„. 
log sin 209° 82' 50" = log„ ain 29° 32' 60" = 0.39297„ - 10. 
log cos 830° 2T 10" = log cos 28° 32' 50" = 9.S3949 - 10. 
Conversely, to a given logarithm of a trigonometric function 
there correspond between 0° and 360° four angles, one angle in 
each c[uadTant, and so related that if x denote the acute angle, the 
other three angles are 180°— a:, 180°+3;, and 360°— a^. 

If besides the given logarithm it is known whether the function 
is positive or negative, the ambiguity is confined to two quadrants, 
therefore to two angles. 

Thus, if the log tan = 8.47451 — 10, the angles are 16° 36' 17" in Quadrant I. 
and 108° 36' 17" in Quadrant III.; hut if the log tan = 9.47451,— 10, the angles 
are 1G3° 23' 43" in Quadrant H. and 343° 23' 43" in Quadrant IV. 

To remove all ambiguity, further conditions are reijuired, or a 
knowledge of the special circumstances connected with the problem 
in question. 

TABLE IT. 
30. This table (page 50) must be used when great accuracy is 
desired in working with angles between 0° and 2°, or between 88" 
and 90°. 

The values of S and T are such that when the angle a is 
expressed in seconds, 

S -log sin «- log ft", 

T = log tan a — log a". 

Hence follow the formulae given on page 50. 

The values of 8 and T are printed with the characteristic 10 too 
large, and in using them — 10 must always be annexed. 



i-ind log sin 0° 58' 17". 




Find log COS 88° 26' 41.2". 


0° 58' 17" - 3497" 




90° - 88° 20' 41.2" - 1° 33' 18.8" 


log 8497 = 3.54370 




= 5598.8" 


8 = 4.68555- 


10 


log 5598.8 = 3.74809 


log sin 0° 68' 17" = 8.22935 - 


-10 


S = 4.68552 - 10 
log cos 88° 20' 41.2" = 8.43301 - 10 
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INTROntlCTION. 



Find log tan 0° 52' 4T.5". 
tF63' 47.6" = 3167.6" 
log 3167.6 = 3.50072 

T = 4.68561 - 
log tan 0° 52' 47.5" = 8.18633 - 10 



Eind log tan 89° 54' 37.362". 
00° - 80° 54' 37.362" = 0° 5' 22.038" 

log 322.638 = 2.50871 



Find tho angle, if log sin — 6.72306 - 
6.72306-10 
S = 4-68557 - 



Find the angle for ivhieli log cot ; 





Subtract, 


4348,3" 


" = log 4348.3 
= 1" 12' 38,8" 




ind the angl 


e for which log tan = 


1.55407. 






colog tan 


- 8.446S3 - 1 









T 


- 4,68569-1 









Subti'aCt, 


3.70024 
5757. 6" 


= log 6757.6 
- 1" 85' 57.6" 






and 90° 


- 1° 35' 57.6 


' - 88° 24' 2,4" 






Therefore 


the angle required ia 88' 24' 


2.4' 



TABLE V, 

31. This tahle (p. 51), containing the cireumforcnces and areas 
of circles, does aiot require explanation. 

TABLE VI. 

32. Tahle VI. (pp. 52-69) contains the natural sines, cosines, 
tangents, and cotangents of angles from 0° to 90°, at inter- 
vals of 1'. If greater accuracy is desired it may be ohtained 
by interpolation. 

Note. In preparing the preceding explimations, we liavo made free use 
of the Logarithmic Tables by F. G. GauM. Fov Table VI. we are indebted 
to D. Carhart. 



33. This table (pp. 70-75) gives the latitude and departur'e to 
three plaeea of decimals for distances from 1 to 10, corresponding 
tn bearings from 0° to 90" at intervals of 15', 
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XX to GA KITH MS. 

If the bearing does not exceed 45° it is found in the lefi-hnMil 
column, and the designations of the columns under " Distance " 
ai'e taken from the top of the page ; but if the bearing exceeds 
45°, it is found in the riffht-ha.nd column, and the designatious 
of the columns under " Distance " are taken from the bottom of 
the page. 

The method of using the table will be made plain by the follow- 
ing examples : — 



(1) Let it be required to find the latitude and departure of the 
course N. 35° 15' E. 6 chains. 

On p. 75, left-hand column, look for 35° 15'; opposite this bearing, in the 
vertical column headed "Distance 6," are found 4.900 and 3.463 under the 
headings "Latitude" and "Departure" respectirely. .Hence, latitude or 
nortliing = 4.000 chains, and departure or eastjng = 3.463 cliains. 



(2) Let it be required to find the latitude and departure of the 
course S. 87° W. 2 chains. 

As the bearing esoeeds 45°, we look in the right-hand column of p. 70, and 
opposite 87° in the column marked ' ' Distance 2 " we find (taking the designa- 
tions of the columns from the bottom of the page) latitude — 0.106 chains, and 
departure = 1.997 chains. Hence, latitude or southing = 0.105 chains, and 
departure or westing = 1,097 chains. 

(3) Let it be required to find the latitude and departure of the 
course N. 15° 45' W. 27.36 chains. 

In this case we find the required numbers for each figure of the distance 
separately, arranging the work as in the following table. In practice, only the 
last colutnus under " Latitude " and " Departure " are written. 



I,.r^o.. 


Latitude. 


DEPARTUttK. 


20 = 2 X 10 
7 

0.3 zzg^io 
O.OG - 6 -:- 100 


1.025 X 10 ^ 10.25 
6.737 

5.775 -MOO = 0.058 


0.543 X 10 ^ 5.43 

1.00 

0.814 4-10 =0.081 

1.628-^100 = 0.016 


£7.36 


20.334 


7,427 



Hence, latitude = £C,3.!!4 chains, and departur 
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rABLE I. 














THE 








COMMON OE BEIGGS LOGARITHMS 










0,™. 










NATUBAL NUMBERS 










Fi-om 1 to 10000. 














1-100 








H log 


N 


los 


N log 


N 


log 


N 


log 


1 0. OOOOO 


31 


1. 32 222 


41 1.61278 


61 1 


78533 


81 


.90 849 


2 0.30103 


22 


1. 34 242 


42 1.62 325 


62 1 


79 2.39 


82 


. 91 381 


3 0.47 712 


23 


1. 36 173 


43 1.63 347 


63 1 


79 934 


83 


.91908 


4 0.60 206 


24 


1.3S021 


44 1.64345 


64 1 


80618 


84 


.92 428 


5 0.69 897 


25 


1.39 794 


45 1.65 321 


65 1 


81291 


85 


.92 942 


6 a 77 81S 


26 


I. 41 497 


46 1.66276 


66 1 


81954 


86 


. 93 450 


7 0.84 510 


27 


1, 43 136 


47 1.67 210 


67 1 


82 607 


87 


. 93 952 


8 0.90309 


28 


1. 44 716 


48 1.68124 


68 1 


83 251 


88 


. 94 448 


9 0. 95 424 


29 


1.46240 


49 1.69020 


69 1 


83 885 


89 


.94939 


10 1.00000 


30 


1. 47 712 


50 1.69897 


70 1 


84 510 


90 


. 95 424 


11 1.04139 


31 


1. 49 136 


51 1.70 757 


71 1 


85 126 


91 


,95 904 


12 1. 07 91S 


32 


1.50 515 


52 1.71600 


72 1 


85 733 


92 


.96 379 


13 "l. 11394 


33 


1.518S1 


53 1.72 428 


73 1 


86 332 


93 


.96 848 


14 1.14613 


34 


1.53148 


54 1. 73 239 


74 1 


86 923 


94 


. 97 313 


IS 1.17 609 


35 


1.54407 


55 1.74036 


75 1 


87 506 


95 


. 97 772 


16 1.20412 


36 


1.55 630 


56 1.74819 


76 1 


88 081 


96 


. 98 227 


17 1. 2304S 


37 


1. 56 820 


57 1.75 587 


77 1 


88 649 


97 


. 98 677 


IS 1.25 527 


38 


1. 57 978 


58 1.76343 


78 1 


89 209 


98 


.99123 


19 1.27 875 


39 


1. 59 106 


59 1.77 085 


79 1 


89 763 


99 


. 99 564 


20 1.30103 


40 


1.60 206 


60 1, 77 815 


80 1 


90309 


100 


,00000 


N log 


N 


log 


N log 


N 


log 


N 


log 



1-100 
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2 








10 


0-1 


50 










N 


O 


1 


2 


3 


4 


5 


e 


7 


8 


9 


100 


00 000 


00 043 


00087 


00130 


00173 


00 217 


00 260 


00303 


00 346 


00389 


101 


00432 


00 475 


00 518 


00561 


0060+ 


00 647 


00 689 


00 732 


00 775 


00817 


102 


00 860 


00 903 


00 945 


00988 


01030 


01072 


01115 


01157 


01199 


01242 


103 


012S4 


01326 


01368 


01 410 


01452 


01494 


01S36 


01578 


01620 


01662 


104 


01703 


01745 


01787 


01828 


01870 


01912 


01953 


01995 


02 036 


02 078 


105 


02 119 


02 160 


02 202 


02 243 


02 284 


02 325 


02 366 


02 407 


02449 


02490 


106 


02 531 


02 572 


02612 


02 653 


02 694 


02 735 


02 776 


02 816 


02857 


02 898 ■ 


107 


02 938 


02 979 


03 019 


03 060 


03 100 


03141 


03 181 
03l83 


03 222 


03 262 


03 302 


lOS 


03 342 


03 383 


03 423 


03 463 


03 503 


03 543 


03 623 


03 663 


03 703 


109 


03 743 


03 782 


03 822 


03 862 


03 902 


03 Wl 


03 981 


0402! 


04060 


04100 


110 


04139 


04179 


04 218 


04 258 


04 297 


04335 


04376 04415 


04454 


W493 


111 


04 532 


04 571 


04610 046i0 


04689 


04 727 


04 766 


04 80S 


04 844 


04883 


112 


04922 


04 961 


04 999 


05 038 


05 077 


05115 


05 154 


05192 


05 231 


05 269 


113 


05 308 


05 346 


05 385 


05 423 


05 461 


05 500 


05 538 


05 576 


05 614 


05 652 


114 


05 690 


05 729 


05 767 


05 805 


05 843 


05 881 


05 918 


05 956 


05 994 


06032' 


115 


06070 


06108 


06145 


06183 


06221 


06258 


06 296 


06333 


06371 


06408 


116 


06446 


06483 


06 521 


06558 


06 595 


06 633 


06670 


06 707 


06 744 


06 781 


117 


06819 


06 856 


06893 


06930 


06967 


07004 


07041 


07 078 


07115 


07151 


118 


07188 


07 225 


07 262 


07 298 


07 33S 


07 372 


07 408 


07445 


07482 


07 513 


119 


07S5S 


07 591 


07628 


07664 


07 700 


07 737 


07 773 


07 809 


07 8+6 


07 882 


120 


07918 


07 954 


07990 


08027 


08063 


08099 


08135 


08171 


08 207 


08 2+3 


121 


08279 


08314 


08350 


08386 


08 422 


08458 


08 493 


08 529 


08 565 


08600 


122 


08 636 


08672 


08 707 


08 7+3 


08 778 


08814 


08 849 


08884 


08920 


08955 


123 


08991 


09026 


09061 


090% 


09132 


09167 


09 202 


09237 


09 272 


09307 


12+ 


09342 


09 377 


09412 


09447 


09 482 


09S17 


09 552 


09 587 


09621 


09656 


135 


09 691 


09 726 


09 760 


09 795 


09 830 


09 864 


09899 


09934 


09968 


10003 


126 


10037 


10072 


10106 


10140 


10175 


10 209 


10243 


10 278 


10312 


10346 


127 


10380 


10 415 


10449 


10483 


10 517 


10 551 


10 585 


10619 


10653 


10687 


128 


10 721 


10 755 


10 789 


10823 


10S57 


10890 


10924 


10958 


10992 


11025 


129 


11059 


11093 


11126 


11160 


11193 


11227 


11261 


11294 


11327 


11361 


130 


11394 


11428 


11461 


11+94 


11 523 


11561 


11 594 


11628 


11661 


11694 


131 


11727 


11760 


11793 


11826 


11860 


11893 


11926 


11959 


11992 




132 


12057 


12 090 


12123 


12156 


12189 


12 222 


12 254 


12 287 


12 320 


12352 


133 


12385 


12 418 


12 450 


12 483 


12 516 


12 548 


12 581 


12613 


12 6+6 


12678 


134 


12 710 


12 743 


12 775 


12 808 


12 840 


12872 


12905 


12937 


12 969 


13 001 


135 


13033 


13066 


13 098 


13130 


13162 


1319+ 


13 226 


13 258 


13 290 


13 322 


136 


13 354 


13 386 


13 413 


13 450 


13 481 


13S13 


13 545 


13 577 


13 609 


13 6+0 


]37 


13 672 


13 704 


13 735 


13 767 


13 799 


13 830 


13 862 


13 893 


13 925 


13956 


133 


13 988 


14019 


14 051 


14082 


14114 


14 145 


14176 


1+208 


14 239 


14270 


139 


14 301 


14333 


14 364 


1439S 


14426 


14457 


14489 


14S20 


14 551 


14 582 


140 


14 613 


14644 


14675 


14 706 


14 737 


14 768 


14 799 


14829 


14860 


14 891 


141 


14922 


14953 


1+983 


IS 014 


IS 0+5 


15 076 


15106 


15137 


15168 


15198 


143 




15 259 


15 290 


15 320 


15 351 


IS 381 


15 412 


15 442 


15 473 


15 503 


143 


15 534 


15 564 


15 594 


IS 625 


15 6S5 


15 685 


15 715 


15 746 


IS 776 


IS 806 


144 


15 836 


15 866 


15 897 


15 927 


IS 957 


15 987 


16017 


16047 


16077 


16107 


145 


16137 


16167 


16197 


16 227 


16 256 


16286 


16316 


16346 


16376 


16406 


146 


16435 


16465 


16495 


16524 


16 554 


16584 


16613 


16 643 


16673 


16702 


147 


16 732 


16761 


16 791 


16 820 


16 850 


16879 


16909 


16 93S 


16967 


16997 


148 


17 026 


17 056 


17085 


17114 


17143 


17173 


17 202 


17 231 


17 260 


17289 


149 


17 319 


17 348 


17377 


17+06 


17 435 


17 464 


17+93 


17 522 


17 551 


17 580 


150 


17 609 
O 


17 638 
1 


17 667 
2 


17 696 
3 


17 725 
4 


17 754 
5 


17 782 
6 


17 811 
7 


17 840 
8 


17 869 
9 


N 



100-150 
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150-200 






3 


N 


O 

17 609 


1 

17638 


2 

17 667 


3 

17 6% 


4 

17 725 


5 

17 754 


« 

17 782 


7 
17 811 


S 9 

17 840 17869 


150 


151 


17 898 


17926 


17 955 


17984 


18013 


18041 


18070 


18099 


18127 18156 


152 


18184 


18 213 


18 241 


18270 


18 298 


18327 


18355 


18384 


18 412 18441 


153 


18 469 


18498 


18 526 


18 55+ 


18 5S3 


18611 


18639 


18667 


18 6% 18 724 


154 


18 752 


18 780 


18808 


18837 


18865 


18 893 


18921 


18949 


18977 19005 


155 


19033 


19061 


19089 


19117 


19145 


19173 


19 201 


19 229 


19 257 19 28i 


156 


19312 


19 340 


19 368 


19 3% 


19424 


19451 


19479 


19507 


19 535 19 562 


157 


19 590 


19618 


19645 


19673 


19 700 


19 728 


19 756 


19 783 


19811 19 838 


158 


19866 


19893 


19 921 


19 948 


19976 


20003 


20030 


20058 


20 085 20112 


159 


20140 


20167 


20194 


20 222 


20249 


20276 


20303 


20330 20358 20385 | 


160 


20412 


20439 


20466 


20493 


20520 


20548 


20575 


20602 


20629 20,6^6 


161 


20683 


20710 


20 737 


20 763 


20 790 


20817 


20844 


20871 


20898 20925 


162 


209S2 


20978 


21005 


21032 


21059 


21085 


21112 


21139 


21 165 21 192 


163 


21219 


21245 


21272 


21299 


21325 


21352 


21378 


21405 


21431 21458 


164 


21484 


21511 


21S37 


21S64 


21S90 


21617 


21643 


21669 


21696 21722 


165 


21748 


2177S 


21801 


21827 


21854 


21880 


21906 


21932 


21958 21985 


166 


22011 


22 037 


22063 


22 089 


22115 


22141 


22167 


22194 


22 220 22 246 


167 


22 272 


22 298 


22 324 


22 350 


22 376 


22401 


22427 


22453 


22479 22 505 


168 


22 531 


22 557 


22 583 


22 608 


2263+ 


22660 


22686 


22 712 


22 737 22 763 


169 


22 789 


22814 


22 840 


22 866 


22891 


22917 


22943 


22 %8 


22994 23019 


170 


23 045 


23 070 


23 096 


23121 


23147 


23172 


23198 


23 223 


23 249 23 274 


171 


23 300 


23 325 


23 350 


23 376 


23 401 


23 426 


23 452 


23 477 


23 502 23.528 


172 


23 553 


23 578 


23 603 


23 629 


23 6S4 


23 679 


23 704 


23 729 


23 75+ 23 779 


173 


23 805 


23 830 23 855 




23 905 


23930 23955 


23980 24005 24030 | 


174 


24 05i 


24080 24105 


24130 


2415i 


2+180 


24204 


24229 


2+25+ 24 279 


175 


24304 


24 329 


243S3 


24 378 


24403 


24 428 


24 452 


24+77 


24502 24 527 


176 


24 SSI 


24S76 


24601 


24 625 


24 650 


2467+ 


24699 


24 724 


24 748 24 773 


177 


24 797 




24 846 


2+871 




24920 


2+944 


24969 


24993 25 018 


178 


25 042 


25 066 


25 091 


25 lis 


25 139 


2S164 


25188 


2S212 


25 337 25 261 


179 


25 285 


25 310 


25 334 


25 358 


25 382 


25 406 


25 431 


25455 


25479 25 503 


180 


25 527 


25 551 


25 575 


25 600 


25 624 


25 648 


25 672 


25 696 


2S720 2S7H 


181 


25 768 


25 792 


2S816 


25 840 


25 864 




25 912 


25 935 


25 959 25 983 


1S2 


26007 


26031 


26055 


26079 


26102 


26126 


26 ISO 


26174 


26198 26221 


183 


26 245 


26 269 


26 293 


26316 


26340 


26364 


26387 


26+11 


2643i 26+58 


18+ 


26482 


26 505 


26 529 


26 553 


26 576 


26600 


26623 


26647 


26670 26694 


185 


26 717 


26 741 


26764 


26788 


26811 


26 834 


26 858 


26881 


26905 26928 


186 


26951 


26975 


26998 


27 021 


27045 


27068 


27091 


27114 


27138 37161 


187 


27184 


27 207 


27 231 


27 254 


27277 


27 300 


27 323 


27346 


27 370 27 393 


188 


27416 


27 439 


27 4^2 


27 485 


27 508 


27 531 


27 554 


27 577 


27 600 27 633 


189 


27 646 


27 669 


27^92 


27 715 


27 738 


27 761 


27 784 


27 807 


27830 27 852 


i»o 


27875 


27 898 


27921 


27 944 


27 %7 


27989 


28012 


28 035 


28058 28081 


191 


2S103 


28126 


28149 


28171 


28194 


28 217 


28 240 


28 262 


28385 38307 


192 


28330 


28 3S3 


28 375 


28 398 


28 421 


28443 


28466 


28+88 


28511 28 533 


193 


2SSS6 


2SS78 


28601 


28623 


28646 


38668 


28691 


28 713 


28735 28 758 


194 


28780 


28 803 


28 825 


28 847 


28870 


28892 


28914 


28 937 


28959 28981 


195 


29003 


29026 


29048 


29070 


29092 


29115 


29137 


29159 


29181 29 203 


196 


29226 


29248 


29 270 


29292 


29314 


29336 


29 3S8 


29380 


29403 29 425 


197 


29447 


29469 


29491 


29 513 


29 535 


29 557 


29579 


29601 


29623 29 645 


198 


29667 


29683 


29 710 


29 732 


29 754 


29776 


29798 


29820 


29 8+3 29 863 


199 


29SS5 


29907 


29929 


29 951 


29973 


29994 


30 016 


30038 


30060 30081 


200 


30103 



30125 

1 


30146 

3 


30168 
3 


30190 
4 


30 211 
5 


30 233 
6 


30 255 
7 


30 276 30 293 
8 9 


N 



160-300 
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SCO -250 










N 




30103 


1 3 

30125 30146 


3 

30I6S 


4 

30190 


5 

30 211 


6 

30 233 


7 

30 255 


8 

30276 


9 

30 293 


300 


201 


30320 


30341 30363 


30 3S4 


30406 


30428 


30449 


30471 


30492 


30 514 


202 


30535 


30557 30 578 


30 600 


30621 


30643 


30664 


30 685 


30 707 


30 728 


203 


30 7^0 


30771 30 792 


30 814 


30835 


30856 


30 878 


30899 


30920 


30942 


2CH 


30963 


30984 31006 


31027 


31048 


31069 


31091 


31112 


31133 


31154 


205 


3117S 


31197 31218 


31239 


31260 


31281 


31302 


31323 


31345 31366 [ 


206 


31387 


31408 31429 


31450 


31471 


31492 


31513 


31534 


31555 


31576 


207 


31S97 


31618 31639 


31660 


31681 


31702 


31723 31744 31765 


31785 


208 


31806 


31827 31848 


31869 


31890 


31911 


31931 


31952 


31973 


31994 


209 


32015 


32 035 32 056 


32077 


32098 


33118 


32139 


32160 


32181 


32 201 


2tO 


32 222 


32 243 32 263 


32 284 


32 305 


32 325 


32 346 


32366 


32337 


32 408 


211 


32 428 


32449 32469 


32490 


32 510 


32 531 


32 552 


32 572 


32 593 


32 613 


212 


32634 32 654 32 67S 


32 695 32 715 


32 736 


32 756 


32 777 


32 797 


32 818 


213 




32 858 32879 




32919 


32940 


32960 


32980 


33001 


33 021 


21+ 


33 041 


33062 33 082 


33102 


33122 


33143 


33163 


33183 


33 203 


33 224 


315 


33 244 


33 264 33 284 


33 304 


33325 


33 345 


33 365 


33 385 


33 405 


33 425 


216 


33 445 


33 465 33 486 


33 506 


33 526 


33 546 


33 566 


33 586 


33 606 


33 626 


217 


33 646 


33 666 33 686 


33 706 


33 726 


33 746 


33 766 


33 786 


33 806 


33826 


218 


33S46 


33 866 33 885 


33 905 


33925 


33 945 


33 965 


33 985 


34 005 


34025 


219 


34 OM 


34064 34 084 


34104 


34124 


34143 


34163 


34183 


34203 


34223 


320 


34242 


34262 34 282 


34301 


34321 


34 341 


34361 


34 380 


34400 


34420 


221 


34439 


34459 34479 


34498 


34 518 


34537 


34 557 


34 577 


34596 


34616 


222 


3463S 


34655 34 674 


34 694 


34 713 


34 733 


34 753 


34772 


34792 


34811 


223 


34830 348S0 34 869 34889 


34908 


34 928 


34947 


34967 




35 005 


224 


35025 


3S044 35 064 


35 083 


35102 


35122 


35141 


35160 


35 180 


35199 


335 


35 218 


35 238 35 257 


35 276 


35 295 


35 315 


35 334 


35353 


35 372 


35 392 


226 


35 411 


35 430 35 449 


35 468 


35 488 


35 507 


35 526 


35 545 


35 564 


35 583 


227 
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20 TABLE 11. -LOGARITHMS OF CONSTANTS. 
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Circumference of tii 
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alt the Circumferenci 
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1 _ f 
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Foa Dbtbkmining with Geeatee Accueacy than can be done by 


MRANS OF Table III. : 


1. log sin, log tan, and log cot, wien the angle is between 0° and 2" ; 


2. log cos, log tan, and log cot, when the angle is between 88" and 90° ; 


3. The value of the angle when the logarithm of the function does not 


Ue between the limits 8. 54 684 and 11. 45 316. 




FORMULAS FOE THE USE OF THE NUMBERS S AND T. 


I. "V^Hieii the angle a is between 0° and 2° : 


log sin t = log «" + S. log cl" = log mn a - S, 


log tan a - log a" + T. = log tan a - T, 


log OOL a = colog tan a. = colog cut a ~ T. 


II. "VVlien the angle a is between 8^° and f|0° ; 


log cos o = log (90° - 0.)" H- S. log (90O - =)" = log cos a - S, 


log cot a = log (90" - aV + r, = log cot a - T. 


log tan o = colog cot v.. ^ colog tan o - T, 


and a = 00°- (!»0^ - a). 
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15.60 


64 


402.12 


12 868 


10,19 


325, 95 


15 


94.25 


706.9 


2.387 


17,90' 


«5 


403,41 


13 273 


10.35 


336, 21 


16 


100.53 


804.2 


2.546 


20.37 


66 


414.69 


13 685 


10,50 


346,64 


n 


106,81 


907.9 


2.706 


23,00 


67 


420,97 


14103 


10 66 


357. 22 


18 


113, 10 


1017.9 


2,865 


25,78 


68 


427.26 


14 527 


10.83 


367,97 


19 


119, 38 


1 134. 1 


3.024 


28.73 


69 


433, 54 


14957 


10.98 


378, 87 


20 


125,66 


1256.6 


3,183 


31.83 


70 


439. 82 


15 394 


11.14 


389, 93 


21 


131,95 


1 385. 4 


3,342 


35,09 


71 


446.11 


15 837 


11.30 


401, IS 


22 


138. 23 


I 520, 5 


3.501 


38.52 


72 


452, 39 


16286 


11.46 


412. 53 


23 


144.51 


1661.9 


3,661 


42,10 


73 


458. 67 


16742 


11.62 


424. 07 


24 


ISO, 80 


1 809. 6 


3.820 


45.84 


74 


464.% 


17 201 


11.78 


435. 77 


25 


157. 08 


1%3.5 


3.979 


49,74 


75 


471. 24 


17 671 


11.94 


447.62 


26 


163.36 


2123,7 


4 138 


53,79 


76 


477. 52 


18146 


12.10 


459.64 


27 


169. 65 


2 290.2 


4,297 


58,01 


77 


433,81 


18627 


12,25 


471. 81 


23 


17S. 93 


2463.0 


4 456 


62,39 


78 


490,09 


19113 


12.41 




29 


182. 21 


2642,1 


4.615 


66.92 


79 


4%. 37 


19607 


12,57 


496.64 


SO 


133, 50 


2827,4 


4.775 


71.62 


SO 


502. 65 


20106 


12,73 


509.30 


31 


194.78 


3 019. 1 


4,934 


76.47 


81 


508.94 


20612 


12,89 


522. 11 


32 


201,06 


3 217. 


5,093 


31,49 


82 


515. 22 


21124 


13.05 


535, 03 


33 


207, 35 


3 421. 2 


5.252 


85,65 


83 


521- 50 


21642 


13.21 


S48. 21 


34 


213,63 


3 631.7 


5.411 


91.99 


34 


527.79 


22167 


13.37 


561. iO 


35 


219. 91 


3 848.5 


5,570 


97,48 


85 


534, 07 


22 698 


13.53 


S74, 95 


36 


226, 19 


4071.5 


5,730 


103. 13 


86 


540,35 


23 235 


13.69 


588,55 


37 


232.43 


4300.3 


5,839 


108.94 


87 


546,64 


33 779 


13,85 


602. 32 


38 


238,76 


4536.5 


6.048 


114.91 




553. 92 


24 328 


14 01 


616. 25 


39 


24S.04 


4 778. 4 


6,207 


121. 04 


89 


559. 20 


34 885 


14,16 


630,33 


40 


251.33 


5 026,5 


6,366 


127. 32 


»0 


565,49 


25 447 


14.32 


644. S8 


41 


257.61 


5281,0 


6. .S2S 


133, 77 


91 


571. 77 


26016 


14.48 


658, 98 


42 


263.89 


5 541, 3 


6 635 


140.37 


92 


578. 05 


26590 


14.64 


673, 54 


43 


270. 18 


5 308.8 


6.844 


147. 14 


93 


584. 34 


27172 


14,80 


683,27 




276,46 


6082,1 


7,003 


154,06 


94 


590. 62 


27 759 


14.96 


703, 15 


45 


282,74 


6361.7 


7.162 


161. 14 


95 


5%. 90 


28353 


15.12 


713. 19 


46 


289.03 


6647.6 


7.321 


168,39 


% 


603.19 


28953 


15,28 


733, 39 


47 


295. 31 


6939,8 


7.430 


175. 79 


97 


609.47 


29SS9 


15, H 


748, 74 


4S 


301,59 


7 238. 2 


7.639 


183,35 




615. 75 


30172 


15.60 


764,26 


49 


307.88 


7 543, 


7,799 


191, 07 


99 


622,04 


30 791 


15,76 


779,94 


50 


314, 16 


7 854, 


7,958 


198, 94 


TOO 


628,32 


31416 


15,92 


795, 77 


H 


H 



y Google 
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TABLE VI. -NATUBAL FUNCTIONS. 




' 


0° 


1° 


2" 


3' 


4'= 


' 








Bin cos 


sin cos 


Bin cos 







0000 1,000 


0175 999S 


0349 9994 


0523 9986 


0698 9976 


60 


1 


0003 1 


000 


0177 9998 


0352 999+ 


0526 99S6 


0700 9975 


59 


2 


0006 1 


000 


0180 9998 


03S5 9994 


0529 9986 


0703 9975 


58 


3 


0009 I 


000 


0183 9998 


0358 9994 


0532 9986 


0706 9975 


57 


4 


0012 1 


ooo 


0186 9998 


0361 9993 


0535 99S6 


0709 9975 


56 


5 


OOIS 1 


000 


0189 9998 


0364 9993 


0538 9986 


0712 9975 


55 


6 


0017 1 


000 


0192 9998 


0366 9993 


0541 9985 


0715 9974 


5+ 


7 


0020 1 


000 


0195 9998 


0369 9993 


05H 998S 


0718 9974 


53 


8 


0023 1 


000 


0198 9998 


0372 9993 


0547 9985 


0721 9974 


52 


9 


0026 1 


000 


0201 9998 


0375 9993 


0550 9985 


0724 9974 


51 


lO 


0029 1 


000 


0204 9998 


0378 9993 


0552 9985 


0727 997+ 


50 


11 


0032 1 


000 


0207 9998 


0381 9993 


0555 9985 


0729 9973 


49 


12 


003S 1 


000 


0209 9998 


0384 9993 


0558 9984 


0732 9973 


48 


13 


0038 1 


000 


0212 9998 


0337 9993 


0561 9984 


0735 9973 


47 


14 


0041 1 


000 


0215 9998 


0390 9992 


0564 99S4 


0738 9973 


46 


15 


0044 1 


000 


0218 9998 


0393 9992 


0567 9984 


0741 9973 


45 


16 


0047 1 


000 


0221 9998 


0396 9992 


0570 99S+ 


0744 9972 


44 


17 


0049 1 


000 


0224 9997 


0398 9992 


0573 9984 


0747 9972 


43 


18 


0052 1 


000 


0227 9997 


0401 9992 


0576 9983 


0750 9972 


42 


19 


0055 1 


000 


0230 9997 


0404 9992 


0579 9983 


0753 9972 


41 


20 


0058 1 


000 


0233 9997 


0407 9992 


0581 9983 


0756 9971 


40 


21 


0061 1 


000 


0236 9997 


0410 9992 


0584 9983 


0758 9971 


39 


22 


0064 1 


000 


0239 9997 


0413 9991 


0587 9983 


0761 9971 


38 


2.1 


0067 1 


000 


0241 9997 


0416 9991 


0590 9983 


0764 9971 


37 


24 


0070 1 


000 


0244 9997 


0419 9991 


0593 9982 


0767 9971 


36 


25 


0073 1 


000 


0247 9997 


0422 9991 


0596 9982 


0770 9970 


36 


26 


0076 1 


000 


0250 9997 


0425 9991 


0599 9982 


0773 9970 


34 


27 


0079 1 


000 


0253 9997 


0427 9991 


0602 9982 


0776 9970 


33 




0081 1 


000 


0256 9997 


0430 9991 


0605 9982 


0779 9970 


32 


29 


0084 1 


000 


0259 9997 


0433 9991 


0608 9982 


0782 9969 


31 


30 


0087 1 


ooo 


0262 9997 


0436 9990 


0610 9981 


078S 9%9 


30 


31 


0090 1 


000 


0265 9996 


0439 9990 


0613 9981 


0787 9%9 


29 


32 


0093 1 


000 


0268 9996 


0442 9990 


0616 9981 


0790 9%9 


28 


33 


0096 1 


000 


0270 9996 


0145 9990 


0619 9981 


0793 9963 


27 


34 


0099 1 


000 


0273 9996 


0448 9990 


0622 9981 


0796 9968 


26 


35 


0102 9999 


0276 9996 


0451 9990 


0625 9980 


0799 9963 


25 


36 


0105 9999 


0279 9996 


0454 9990 


0628 9980 


0802 9968 


2+ 


37 


0108 9999 


0282 9996 


0457 9990 


0631 9980 


0805 9968 


23 


38 


0111 9999 


0285 9996 


0459 9989 


0634 9980 


0808 9%7 




39 


0113 9999 


0288 9996 


0462 9989 


0637 9980 


0811 9967 


21 


40 


0116 9999 


0291 9996 


046S 9989 


0640 9980 


0814 9%7 


30 


41 


0119 9999 


0294 99% 


0468 9989 


0642 9979 


0816 9967 


19 


42 


0122 9999 


0297 9996 


0471 9989 


0645 9979 


0819 9966 


IS 


43 


0125 9999 


0300 9996 


0474 9989 


0648 9979 


0822 9966 


17 


4+ 


0128 9999 


0302 9995 


0477 9989 


0651 9979 


0825 9966 


16 


45 


0131 9999 


0305 9995 


0480 9988 


06S4 9979 


0828 9966 


15 


46 


0134 9999 


0308 9995 


0483 9988 


0657 9973 


0831 9965 


14 


47 


0137 9999 


0311 9995 


0486 9988 


0660 9978 


0834 9%5 


13 


48 


0140 9999 


0314 9995 


0488 9988 


0663 9978 


0837 9965 


12 


49 


0143 9999 


0317 9995 


0491 9988 


0666 9978 


0840 9965 


• 11 


50 


014S 9999 


0320 9995 


0494 9988 


0669 9978 


0843 9964 


10 


51 


0148 9999 


0323 9995 


0497 9988 


0671 9977 


08+5 996+ 


9 


52 


OlSl 9999 


0326( 9995 


OSOO 9987 


0674 9977 


0848 9964 


8 


53 


0154 9999 


0329 9995 


0503 9987 


0677 9977 


OSSl 9964 


7 


54 


0157 9999 


0332 9995 


0506 9987 


0680 9977 


0854 9963 


6 


55 


0160 9999 


0334 9994 


0509 9987 


0683 9977 


0857 9%3 


5 


56 


0163 9999 


0337 999+ 


0512 9987 


0686 9976 


0860 9%3 


4 


57 


0166 9999 


0340 9994 


051S 9987 


0689 9976 


0863 9963 


3 


58 


0169 9999 


0343 9994 


0518 9987 


0692 9976 


0866 9962 


2 


59 


0172 9999 


0346 9994 


0520 9986 


069S 9976 


0869 9962 


1 


60 


0175 9999 


0349 9994 


0523 9986 


0698 9976 


0872 9962 


O 




cos ain 


eos sin 


eos sin 


cos sin 


cos sin 




' 


89° 


SS" 


87° 


86" 


85" 


' 



y Google 







NATUltAL 


SINES AXD 


COSINES. 




53 


, 


5° 


&' 


70 


8° 


9° 


, 




sin tos 


si., cos 


sin cos 


sin cos 


sin cos 







0872 9962 


1045 9945 


1219 9925 


1392 9903 


1564 9877 


60 


1 


0874 9%2 


1043 9945 


1222 9925 


1395 9902 


1567 9876 


59 


2 


0877 9%1 


1051 9945 


1324 9925 


1397 9902 


1570 9876 


58 


3 


0880 9961 


105+ 9944 


1227 9924 


1400 9901 


1573 9876 


57 


4 


0883 9%1 


1057 9944 


1230 9924 


1403 9901 


1576 9875 


56 


5 


0886 9961 


1060 9944 


1233 9924 


1406 9901 


1579 9875 


55 


6 


0889 9960 


1063 9943 


1236 9923 


1409 9900 


1582 9874 


54 


7 


0892 9960 


1066 9943 


1239 9923 


1412 9900 


1584 9874 


S3 


8 


0895 9960 


1068 9943 


1241 9923 


1415 9899 


1587 9873 


52 


9 


0898 9%0 


1071 9942 


1245 9922 


1418 9899 


1590 9873 


51 


lO 


0901 9959 


1074 9942 


1248 9922 


1421 9899 


1593 9873 


50 


11 


0903 9959 


1077 9942 


1250 9922 


1+23 9898 


1596 9872 


49 


12 


0906 99S9 


1080 9942 


12S3 9921 


1426 9898 


1599 9871 


43 


13 


O909 9959 


1083 9941 


1256 9921 


1439 9897 


1602 9871 


47 


14 


0912 99S8 


1086 9941 


12S9 9920 


1+32 9897 


1605 9870 


46 


15 


0915 9958 


1089 9941 


1262 9920 


1435 9897 


1607 9870 


45 


16 


0918 9958 


1092 9940 


1265 9920 


1438 9896 


1610 9869 


44 


17 


0921 9958 


1094 9940 


1268 9919 


1441 9896 


1613 9369 


+3 


IS 


0924 99S7 


1097 9940 


1271 9919 


1444 9895 


1616 9869 


42 


19 


0927 9957 


1100 9939 


1274 9919 


1446 9895 


1619 9868 


41 


20 


0929 9957 


1103 9939 


1276 9918 


1449 9894 


1622 9868 


40 


21 


0932 9956 


1106 9939 


1279 9918 


1452 9894 


1625 9867 


39 


22 


0935 9956 


1109 9933 


1282 9917 


1455 9894 


1628 9867 


38 


2^ 


0938 9956 


1112 9938 


1285 9917 


1458 9893 


1630 9866 


37 


24 


094L 9956 


1115 9938 


1288 9917 


1461 9893 


1633 9866 


36 


25 


0944 9955 


1118 9937 


1391 9916 


1464 9892 


1636 9865 


35 


26 


0947 995S 


1120 9937 


1294 9916 


1467 9892 


1639 9865 


34 


27 


0950 9955 


11Z3 9937 


1297 9916 


1469 9891 


1642 9864 


33 


28 


0953 9955 


1126 9936 


1299 9915 


1473 9891 


1645 9864 


32 


29 


0956 9954 


1129 9936 


1302 9915 


1475 9891 


1648 9863 


31 


SO 


0958 9954 


1132 9936 


]30S 9914 


1478 9890 


1650 9863 


30 


31 


0961 9954 


1135 9935 


1303 9914 


1481 9890 


1653 9862 


29 


32 


096t 9953 


1138 993S 


1311 9914 


1484 9889 


1656 9862 


28 


33 


0967 9953 


1141 9935 


1314 9913 


1487 9389 


1659 9361 


27 


34 


0970 9953 


1144 9934 


1317 9913 


1490 9888 


1662 9861 


26 


35 


0973 9953 


1146 9934 


1320 9913 


1492 9838 


1665 9360 


25 


36 


0976 9952 


1149 9934 


1323 9912 


1495 9888 


1668 9860 




37 


0979 9952 


1152 9933 


1325 9912 


1498 9887 


1671 9859 


23 


38 


0982 9952 


1155 9933 


1328 9911 


1501 9887 


1673 9859 


22 


39 


0935 9951 


1158 9933 


1331 9911 


1S04 9886 


1676 98S9 


21 


40 


0987 9951 


1161 9932 


1334 9911 


1507 9886 


1679 9858 


20 


41 


0990 9951 


1164 9932 


1337 9910 


1510 9885 


1682 9858 


19 


42 


0993 9951 


1167 9932 


1340 9910 


1513 9885 


1685 9857 


IS 


43 


0996 9950 


1170 9931 


1343 9909 


1515 988+ 


1688 9857 


17 




0999 9950 


1172 9931 


1346 9909 


1518 9884 


1691 9856 


16 


45 


1002 9950 


1175 9931 


1349 9909 


1521 988+ 


1693 9856 


15 


46 


1005 9949 


1178 9930 


1351 9903 


152+ 9883 


1696 9855 


14 


47 


1008 9949 


1131 9930 


1354 9908 


1527 9383 


1699 9855 


13 


48 


1011 9949 


1184 9930 


1357 9907 


1530 9882 


1702 9854 


12 


49 


1013 9949 


1187 9929 


1360 9907 


1533 9882 


1705 9854 


11 


50 


1016 9948 


1190 9929 


1363 9907 


1536 9881 


1708 9853 


10 


51 


1019 9943 


1193 9939 


1366 9906 


1538 9881 


1711 9853 


9 


52 


1032 9948 


1196 9923 


1369 9906 


1541 9880 


1714 9852 




53 


1025 9947 


1198 9928 


1372 9905 


1544 9880 


1716 9852 


7 


54 


1028 9947 


1201 9928 


1374 9905 


1547 9880 


1719 9851 


6 


55 


1031 9947 


1204 9927 


1377 9905 


1550 9879 


1722 9851 


6 


56 


1034 9946 


1207 9927 


1380 9904 


1553 9879 


1725 9850 


+ 


57 


1037 9946 


1210 9927 


1383 9904 


1556 9878 


1728 9850 


3 


58 


1039 9946 


1213 9926 


1386 9903 


1559 9878 


1731 9849 




59 


1042 9946 


1216 9926 


1389 9903 


1561 9877 


1734 9849 


1 


60 


1045 9945 


1219 9925 


1392 9903 


1564 9877 


1736 9848 







fOS sill 


cos sin 


cos sin 


cos sin 


cos sin 











y Google 
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NATURAL 


SIKES AND 


COSINES. 






) 


10° 


11° 


12° 


13° 


14° 


' 






sin cos 


Bin cos 


sin COB 


Bin cos 




O 


1736 9843 


1908 9816 


2079 9781 


2250 9744 


2419 9703 


60 




1739 9848 


1911 9816 


2082 9781 


2252 9743 


2423 9702 


59 




1742 9847 


1914 9815 


2085 9780 


2255 9742 


3425 9702 


58 


3 


1745 9847 


1917 9815 


2088 9780 


2258 9742 


2428 9701 


57 


4 


1748 9846 


1920 9814 


2090 9779 


2261 9741 


2431 9700 


56 


5 


1751 9846 


1922 9813 


2093 9778 


2264 9740 


2433 9699 


55 


G 


1754 9845 


1925 9813 


2096 9778 


2267 9740 


2436 9699 


54 


7 


17S7 984S 


1928 9812 


2099 9777 


2269 9739 


2439 %98 


53 


8 


1759 9844 


1931 9812 


2102 9777 


2273 9738 


3443 9697 


52 


9 


1762 9843 


1934 9811 


2105 9776 


2275 9738 


2445 9697 


51 


10 


1765 9843 


1937 9811 


2108 9775 


2278 9737 


2447 9696 


50 




1768 9842 


1939 9810 


2110 977S 


2281 9736 


2450 9695 


49 


12 


1771 9842 


1942 9810 


2113 9774 


2284 9736 


2453 9694 


4S 


13 


1774 9841 


1945 9809 


2116 9774 


2286. 973S 


2456 9694 


47 


14 


1777 9841 


1948 9808 


2119 9773 


3239 9734 


2459 9693 


46 


15 


1779 9840 


1951 9808 


2122 9772 


2292 973+ 


2462 9692 


45 


16 


1782 9840 


1954 9807 


2125 9772 


2295 9733 


2464 9692 


+4 


17 


1785 9839 


1957 9807 


2127 9771 


2298 9732 


2467 9691 


43 


18 


1788 9839 


1959 9806 


2130 9770 


2300 9732 


2470 %90 


42 


19 


1791 9858 


1962 9806 


2133 9770 


2303 9731 


2473 9639 


41 


20 


1794 9838 


1%5 9805 


2136 9769 


2306 9730 


2476 9689 


40 


21 


1797 9837 


1968 9804 


2139 9769 


2309 9730 


2478 9688 


39 


22 


1799 9837 


1971 9804 


2142 9768 


2312 9729 


2431 %S7 


33 


23 


1802 9836 


1974 9803 


2145 9767 


2315 9728 


2484 9687 


37 


24 


1805 9836 


1977 9803 


2147 9767 


2317 9728 


2487 9686 


36 


25 


1808 9835 


1979 9802 


2150 9766 


2320 9727 


2490 9685 


35 


26 


1811 9835 


1982 9802 


2153 9765 


2323 9726 


2493 9684 


34 


27 


1814 9834 


1985 9801 


21S6 976S 


2326 9726 


2495 9684 


33 


28 


1817 9834 


1988 9800 


2159 9764 


2329 9725 


2498 9683 


32 


29 


1819 9833 


1991 9800 


2162 9764 


2332 9724 


2501 9682 


31 


30 


1822 9833 


1994 9799 


2164 9763 


2334 9724 


2504 %81 


30 


31 


1825 9832 


1997 9799 


2167 9762 


2337 9733 


2507 9681 


29 


32 


1828 9831 


1999 9798 


2170 9762 


2340 9722 


2509 9680 


28 


33 


1831 9331 


2002 9798 


2173 9761 


2343 9722 


2512 9679 


27 


34 


1834 9830 


2005 9797 


2176 9760 


2346 9721 


2515 9679 


26 


35 


1837 9830 


2008 9796 


2179 9760 


2349 9720 


2518 9673 


25 


36 


1840 9829 


2011 97% 


3181 9759 


2351 9720 


2521 9677 


24 


37 


1842 9829 


2014 9795 


2184 9759 


2354 9719 


2524 9676 


23 


38 


1845 9823 


3016 9795 


2187 9758 


23S7 9718 


2526 %76 


32 


39 


1848 9828 


2019 9794 


2190 9757 


2360 9718 


2529 967S 


21 


40 


1851 9827 


2022 9793 


3193 9757 


2363 9717 


2532 9674 


20 


41 


1854 9827 


202S 9793 


2196 9756 
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7600 


1,3159 


7879 


1.2693 


816S 


1.2247 


46 


16 


7067 


1.4150 


7332 


1.3638 


7604 


1J151 


7883 


1.2685 


8170 


1.2239 


45 


16 


7072 


1.4141 


7337 


1.3630 


7609 


1.3143 




1.2677 


8175 


1.2232 


44 


17 


7076 


1.4132 


7341 


U622 


7613 


1.3135 


■ 7893 


1,2670 


8180 


1.2225 


43 


18 


7080 


1.4124 


7346 


1.3613 


7618 


1.3127 




1.2662 


8185 


1.2218 


42 


19 


7085 


1.4115 


7350 


1.3605 


7623 


1.3119 


7902 


1,2655 


8190 


1.2210 


41 


20 


7089 


1.4106 


7355 


1.3597 


7627 


1,3111 


7907 


1,2647 


8195 


1.2203 


40 


21 


7094 


1.4097 


7359 


1.3588 


7632 


1.3103 


7912 


1.2640 


8199 


1.2196 


39 


22 


7098 


1,4089 


7364 


1.3580 


7636 


1.3095 


7916 


1.2632 


8204 


1.2189 


38 


23 


7102 


1.4080 


7368 


1.3572 


7641 


1.3087 


7921 


1,2624 


8209 


1.2181 


37 


24 


7107 


1.4071 


7373 


1,3564 


7646 


1.3079 


7926 


1.2617 


8214 


1.2174 


36 


35 


7111 


1.4063 


7377 


1.3555 


7650 


1.3072 


7931 


1.2609 


8219 


1.2167 


35 


26 


7115 


1.4054 


7382 


1.3547 


7655 


1.3064 


7935 


1.2602 




1.2160 


34 


27 


7120 


1.4045 


7336 


1.3539 


7659 


1.3056 


7940 


1.2594 


8229 


1,2153 


33 




7124 


1.4037 


7391 


1.3531 


7664 


1.3048 


7945 


1.2587 


8234 


1.2145 


32 


29 


7129 


1.4028 


7395 


1,3522 


7669 


1.3040 


7950 


1,2579 


8238 


1,2138 


31 


30 


7133 


1,40'19 


7400 


US14 


7673 


1.3032 


7954 


1.2572 


8243 


1.2131 


30 


31 


7137 


1.4011 


7404 


1.3506 


7678 


1.3024 


7959 


1.2564 


8248 


1.2124 


29 


32 


7142 


1.4002 


7409 


1.3498 


7683 


1.3017 


7964 


1.2557 


8253 


1.2117 


28 


33 


7146 


1.3994 


7413 


1.3490 


76S7 


1.3009 


7969 


1.2549 


8258 


1.2109 


27 


34 


7151 


1,3985. 


7418 


1J481 


7692 


1.3001 


7973 


1.2542 


8263 


1.2102 


26 


35 


7155 


1.3976 


7422 


1.3473 


7696 


1.2993 


7978 


1.2534 




1.2095 


35 


36 


7159 


1.3968 


7427 


1.3465 


7701 


1.2985 


7983 


1,2527 


8273 


1.2088 


24 


37 


7164 


1.3959 


7431 


1.3457 


7706 


1.2977 


7988 


1.2519 


S278 


1,2081 


23 


38 


7168 


13951 


7436 


1.3449 


7710 


1.2970 


7992 


1.2512 


8283 


1.2074 


22 


39 


7173 


1.3942 


7440 


1.3440 


7715 


1.2962 


7997 


1.2504 


8287 


1.2066 


21 


*0 


7177 


1.3934 


744S 


1.3432 


7720 


1.2954 




1.2497 


8292 


1.2059 


20 


41 


7181 


1.3925 


7449 


1.3424 


7724 


1.2946 


8007 


1.2489 


8297 


1.2032 


19 


42 


7186 


1.3916 


7454 


1.3416 


7729 


1-2938 


8012 


1,2482 


8302 


1,2045 


18 


43 


7190 


1,3908 


7458 


1.3408 


7734 


1.2931 


8016 


1.2475 


8307 


1.2038 


17 


44 


7195 


1.3899 


7463 


1.3400 


7738 


1,2923 


8021 


1,2467 


8312 


1.2031 


16 


45 


7199 


1.3891 


7467 


1.3392 


7743 


1.2915 


8026 


1.2460 


8317 


1,2024 


15 


46 


7203 


1.3882 


7472 


1.3384 


7747 


1.2907 


8031 


1.2452 


8322 


1.2017 


14 


47 


7208 


1.3874 


7476 


1.3375 


7752 


1.2900 


8035 


1.2445 


8327 


1,2009 


13 


48 


7212 


1,3865 


7481 


1.3367 


7757 


1.2892 


8040 


1,2437 


8332 


1,2002 


12 


49 


7217 


1.3857 


7485 


1.3359 


7761 


1.2884 


8045 


1.2430 


8337 


1.1995 


11 


50 


7221 


1.3848 


7490 


1.3351 


7766 


1.2876 


8050 


1.2423 


8342 


1.1988 


10 


51 


7226 


1.3840 


7495 


1.3343 


7771 


1.2869 


8055 


1.2415 


8346 


1.1981 


9 


52 


7230 


1,3831 


7499 


1.333! 


7775 


1.2861 


8059 


1.2408 


8351 


1.1974 




S3 


7234 


1.3823 


7504 


1.3327 


7780 


1.28,53 


8064 


1.2401 


8356 


1.1967 


7 


54 


7239 


1.3814 


7508 


1-3319 


7785 


1.2846 


8069 


1.2393 


8361 


1.1960 


6 


55 


7243 


1.3806 


7513 


1.3311 


7789 


1,2838 


8074 


1.2386 


8366 


1.1953 


5 


56 


7248 


1.3798 


7517 


1.3303 


7794 


1.2830 


8079 


1.2378 


8371 


1.1946 




57 


7252 


1,3789 


7522 


1.3295 


7799 


1.2822 


8083 


1.2371 


8376 


1-1939 


3 


58 


7257 


1.3781 


7526 


1,3287 


7803 


1.2815 


8088 


1.2364 


8381 


1.1932 


2 


59 


7261 


1,3772 


7531 


1.3278 


7808 


1.2807 


8093 


1.2356 


8386 


1,1925 


1 


60 


7265 


1.3764 


7536 


U270 


7813 


1.2799 


8098 


1.2349 


8391 


1.1918 





— 


cot 




cot tan 
53° 


cot 


tan 


cot 


tan 


cot 


tan 


-,- 


54° 


5 


J" 


51" 


500 
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NATTTEAr. TANGENTS AND COTAUGBNTS. 



J_ 


40^ 


410 


43"^ 


43° 


44° 

tan cot 


.J- 


tun 


cot 




cot 








cot 





8391 


1.1918 


8693 


1,1504 


9004 


1,1106 


9325 


1.0724 


%57 


1.0355 


60 


1 


8396 


1.1910 




1.1497 


9009 


1.1100 


9331 


1.0717 


9663 


1.0349 


59 


2 


8401 


1.1903 


8703 


1.1490 


.9015 


1,1093 


9336 


1,0711 


%58 


1.0343 


58 


3 


8406 


1.1896 


8708 


1.1483 


9020 


1.1087 


9341 


1.0705 


9674 


1.0337 


57 


4 


8411 


1.1889 


8713 


1.1477 


9025 


I.IOSO 


9347 


1.0599 


%79 


1.0331 


55 


5 


84-16 


1.1882 


8718 


1.1470 


9030 


1.1074 


9352 


1.0692 


9685 


1,0325 


55 


6 


8421 


1.1875 


8724 


1.1463 


9036 


1.1067 


9358 


1.0686 


9691 


1,0319 


54 


7 


S426 




8729 


1.1456 


9041 


1.1061 


9363 


1.0680 


9696 


1,0313 


53 




8431 


l!l861 


8734 


1.1450 


9046 


1.1054 


9369 


1.0674 


9702 


1.0307 


52 


9 


8436 


1.1854 


8739 


1.1443 


9052 


1.1043 


9374 


1.0663 


9708 


1,0301 


51 


10 


8441 


1.1847 


8744 


1.1436 


9057 


1.1041 


9380 


1.0661 


9713 


1,0295 


50 


u 


8446 


1.1840 


8749 


1.1430 


9052 


1.1035 


9385 


1.0655 


9719 


1.0289 


49 


12 


8451 


1.1833 


8754 


1.1423 


9067 


1.1028 


9391 


1.0649 


9725 


1.0283 


48 


13 


8456 


1.1826 


8759 


1.1416 


9073 


1,1022 


93% 


1.0543 


9730 


1,0277 


47 


14 


8461 


1.1819 


8765 


1.1410 


9078 


1.1016 


9402 


1.0637 


9736 


1.0271 


46 


15 


8466 


1.1812 


8770 


1.1403 


9083 


1.1009 


9407 


1.0530 


9742 


1,0265 


45 


16 


8471 


1.1806 


8775 


1.1396 


9089 


1.1003 


9413 


1.0624 


9747 


1.0259 


44 


17 


8476 


1.1799 


8780 




9094 


1,09% 


9418 


1.0518 


9753 


1.0253 


43 


18 


8481 


1.1792 


8785 


1.1383 


9099 


1,0990 


9424 


1.0612 


9759 


1.0247 


42 


19 


8486 


1.178S 


8790 


1.1376 


9105 


1.0983 


9429 


1,0606 


9764 


1.0241 


41 


20 


8491 


1.1778 


8796 


1.1369 


9110 


1.0977 


9435 


1,0599 


9770 


1.0235 


40 


21 


8496 


1.1771 


8801 


1.1363 


9115 


1.0971 


9440 


1.0593 


9776 


1.0230 


39 


22 


8501 


1.1764 




1.1356 


9121 


1,0964 


9446 


1,0587 


9781 


1.0224 


38 


23 


8506 


1.1757 


8811 


1.1349 


9126 


1,0958 


9451 


1,0581 


9787 


1.0218 


37 


24 


8511 


1.1750 


8816 


1,1343 


9131 


1.0951 


9457 


1.0S75 


9793 


1.0212 


36 


as 


8516 


1.1743 


8821 


1.13i6 


9137 


1-0945 


9462 


1.0569 


9798 


1.0206 


35 


26 


8521 


1.1736 


8827 


1.1329 


9142 


1.0939 


9468 


1.0562 


9804 


1.0200 


34 


27 


8526 


1.1729 


8832 


1.1323 


9147 


1,0932 


9473 


1.0556 


9810 


1,0194 


33 


28 


8S31 


1.1722 


8837 


J.1316 


9153 


1.0926 


9479 


I.OSSO 


9816 


1,0188 


32 


29 


8536 


1.1715 




1.1310 


9158 


1.0919 


9484 


1.0544 


9821 


1,0132 


31 


30 


8541 


1.1708 


8847 


1.1303 


9163 


1.0913 


9490 


1,0538 


9827 


1.0176 


30 


31 


8546 


1.1702 


8852 


1.1296 


9169 


1.0907 


9495 


1,0532 


9833 


1,0170 


29 


32 


8551 


1.1695 


8858 


1.1290 


9174 


1.0900 


9501 


1.0526 


9838 


1,0164 


28 


33 


8555 


1.1683 


8863 


1.1283 


9179 


1.0894 


9506 


1,0519 




1.0153 


27 


34 


8561 


1.1681 




1.1276 


9185 


1.0888 


9512 


1,0513 


9850 


1.0152 


26 


35 


8566 


1.1674 


8873 


1.1270 


9190 


1,0881 


9517 


1.0507 


9356 


1,0147 


25 


36 


8571 


1.1667 


8878 


1,1263 


9195 


1.0875 


9523 


1,0501 


9861 


1.0141 


24 


37 


8S76 


1.1660 


8884 


1.1257 


9201 


1.0869 


9523 


1,0495 


9857 


1.0135 


23 


38 


8581 


1.1653 




1.1250 


9206 


1.0862 


9534 


1.0489 


9873 


1.0129 


22 


39 


8586 


1.1647 


8894 


1.1243 


9212 


1.0856 


9540 


1,0)83 


9879 


1.0123 


21 


40 


8591 


1.1640 


8899 


1.1237 


9217 


1.0850 


9545 


1.0477 


9884 


1.0117 


20 


41 


8596 


1.1633 


8904 


1.1230 


9222 


1.0843 


9551 


1.0470 


9890 


1,0111 


19 


42 


8601 


1.1626 


8910 


1.1224 


9228 


1.0837 


9556 


1.0464 


9896 


1,0105 


IS 


43 


8606 


1.1619 


8915 


1.1217 


9233 


1,0831 


9562 


1.W58 


9902 


1,0099 


17 


H 


8611 


1.1612 


3920 


1.I2I1 


9239 


1.0824 


9567 


1,0452 


9907 


1.0094 


16 


45 


S617 


1-1606 


8925 


1.1204 


9244 


1.0818 


9573 


l,Ot46 


9913 




15 


46 




1.1599 


8931 


1.1197 


9249 


1.0812 


9578 


1.0440 


9919 


i:0082 


14 


47 


8627 


1.1592 


8936 


1.1191 


9255 


1.0805 


9584 


1.0434 


9925 


1,0076 


13 


48 


8632 


1.1585 


8941 


1.1184 


9260 


1,0799 


9590 


1,0428 


9930 


1.0070 


12 


49 


8637 


1.1578 


8946 


1.1178 


9266 


1.0793 


9595 


1.0422 


9936 


1.0064 


11 


50 


8642 


1.1571 


8952 


1.1171 


9271 


1.0786 


9601 


1.0416 


9942 


1,0058 


10 


SI 


8647 


1.1565 


3957 


1.1165 


9276 


1.0730 


9606 


1.0410 


9948 


1.0052 


9 


52 


8652 


1.1558 


8962 


1.1158 


9282 


1.0774 


%12 


1.0404 


9954 


1.0047 


8 


S3 


8657 


1.1551 


8967 


1.1152 


9287 


1.0768 


%18 


1.0398 


9959 


1,0041 


7 


54 


8662 


1.1544 


8972 


1.1145 


9293 


1.0761 


%23 


1,0392 


9965 


1.0035 


6 


55 


8667 


1.1538 


8973 


1.U39 


9298 


1.0755 


9629 


1,0385 


9971 


1.0029 


5 


56 


8672 


1.1531 


8983 


1.1132 


9303 


1.0749 


9534 


1,0379 


9977 


1,0023 


4 


57 


8678 


1.1524 




1.1126 


9309 


1.0742 


9640 


1,0373 


9933 


1,0017 


3 


58 


8683 


1,1517 


3994 


1.1119 


9314 


1.0736 


9646 


1.0367 


9988 


1,0012 


2 


59 




1.1510 


8999 


1,1] 13 


9320 


1.0730 


%51 


1.0361 


9994 


1.0006 


1 


60 


8693 


1.1504 


9004 


1.1106 


9325 


1.0724 


%S7 


1.0355 


1.000 


1,0000 





— 


cot tan 
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cot 


tan 


cot 


tan 


cot tan 
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-T 


48-^ 
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TABLE VII. 


-TBAVEESE TABLE. 




Bearing. 


Distance 1. 


Distance 2. 


Distance S. 


Distance 4. 


Distani^e 6. 

L^t, Dep, 


Be^g. 


o t 


Lat, Sep, 


Lat. Dep. 


Lat, Sep, 


Lat, Sep, 


o ' 


15 


1.000 0,004 


2.000 0.009 


3.000 0.013 


4.000 0,017 


5,000 0,022 


89 45 


30 


1.000 0.009 


2.000 0.017 


3.0O0 0.026 


4.000 0.03S 


S.OOO 0.044 


30 


45 


1.000 0.013 


2,000 0.026 


3.000 0,039 


4.000 0052 


5.000 0.065 


15 


1 


1.000 0.017 


2,000 0,035 


3,000 0.052 


3.999 0.070 


4.999 0.087 


89 


15 


1.000 0-0Z2 


2.000 0,044 


2,999 O065 


3.999 0.087 


4,999 0,109 


45 


30 


1.000 0.026 


1,999 0.052 


2.999 0,079 


3.999 0.105 


4.998 0.131 


30 


45 


1,000 0.031 


1.999 0.061 


2.999 0.092 


3.998 0.122 


4.99S 0.153 


IS 


3 


0.999 0.03S 


1,999 0,070 


2.998 OlOS 


3.998 0.140 


4.997 0.174 


88 


15 


0.999 039 


1,993 0,079 


2.998 0.118 


3.997 0.1S7 


4,996 0,1% 


4S 


30 


0.999 0.044 


1.998 0,087 


2,997 0.131 


3.9% 0.174 


4.995 0,218 


30 


45 


0.999 0,043 


1,998 0.096 


2.997 0,144 


3.995 0.192 


4,994 0,240 


15 


3 


0.999 0.052 


1,997 0,105 


2.9% 0.157 


3.995 0.209 


4.993 0.262 


87 


15 


0,998 0.057 


1.997 0.113 


2.995 0.170 


3.994 0.227 


4.992 0,283 


45 


30 


0.993 0,061 


1.996 0,122 


2.994 0.183 


3.993 0,244 


4.991 0.305 


30 


45 


0,998 0.065 


1.996 0.131 


2,994 0.196 


3.991 0,262 


4.989 0,327 


IS 


4 


0,998 0,070 


1.995 0,140 


2.993 0.209 


3.990 0.279 


4.988 0.349 


86 


15 


0.997 0.074 


1.99S 0.148 


2.992 0.222 


3.989 0.2% 




45 


30 


0,997 0,078 


1.994 0,1S7 


2.991 0.235 


3.9SS 0,314 


4^985 0^392 


30 


« 


0,997 0.083 


1,993 0.166 


2.990 0.248 


3.986 0.331 


4.983 0.414 


IS 


5 


0,996 0,087 


1,992 0.174 


2.989 0.261 


3.985 0.349 


4,931 0.436 


85 


15 


0.996 0.092 


1,992 0.1S3 


2.987 0.275 


3,983 0,366 


4.979 0,458 


45 


30 


0.99S 0096 


1.991 0,192 


2.986 0.288 


3.982 0.383 


4,977 0.479 


30 


45 


0.99S 0,100 


1.990 0,200 


2.985 0.301 


3.980 0,401 


4,975 0,501 


IS 


6 


0.995 0.105 


1.989 0209 


2.984 0,314 


3.978 0,418 


4.973 0.523 


84 


15 


0,994 0109 


1.988 0.218 


2.982 0,327 


3,976 0.435 


4,970 0,544 


4S 


30 


0,994 0.113 


1.987 0.226 


2.981 0,340 


3.974 0.453 


4,968 0.566 


30 


45 


0.993 0.118 


1.936 0.235 


2,979 0,353 


3.972 0,470 


4,%S 0.588 


15 


7 


0.993 0.122 


1,985 0.244 


2.978 0366 


3.970 0.487 


4.963 0,609 


S3 


15 


0,992 0126 


1.984 0,252 


2.976 0.379 


3.968 0.50S 


4.960 0,631 


45 


30 


0.991 0,131 


1.983 0,261 


2.974 0.392 


3.966 0.522 


4.957 0,653 


30 


45 


0,991 0,135 


1.982 0.270 


2.973 0.405 


3,963 0.539 


4,954 0.674 


15 


8 


0.990 0.139 


1,981 278 


2.971 0.418 


3,%1 0.557 


4.951 0.696 


82 


15 


0,990 0.143 


1.979 0,287 


2.%9 0,430 


3.959 0-574 


4,948 0,717 


45 


30 


0.989 0.148 


1.978 0.296 


2,%7 0,443 


3.956 0.591 


4,945 0.739 


30 


45 


0.988 0.152 


1,977 0304 


2.96S 0.4S6 


3.953 0.608 


4,942 0.761 


15 


9 


0.988 0.156 


1,975 0,313 


2.963 0,469 


3,951 0,626 


4.93S 0,782 
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